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Prefaces

Preface to the English Edition

An entire generation of mathematicians has grown up during the time be-
tween the appearance of the first edition of this textbook and the publication
of the fourth edition, a translation of which is before you. The book is famil-
iar to many people, who either attended the lectures on which it is based or
studied out of it, and who now teach others in universities all over the world.
I am glad that it has become accessible to English-speaking readers.

This textbook consists of two parts. It is aimed primarily at university
students and teachers specializing in mathematics and natural sciences, and
at all those who wish to see both the rigorous mathematical theory and
examples of its effective use in the solution of real problems of natural science.

The textbook exposes classical analysis as it is today, as an integral part
of Mathematics in its interrelations with other modern mathematical courses
such as algebra, differential geometry, differential equations, complex and
functional analysis.

The two chapters with which this second book begins, summarize and
explain in a general form essentially all most important results of the first
volume concerning continuous and differentiable functions, as well as differ-
ential calculus. The presence of these two chapters makes the second book
formally independent of the first one. This assumes, however, that the reader
is sufficiently well prepared to get by without introductory considerations of
the first part, which preceded the resulting formalism discussed here. This
second book, containing both the differential calculus in its generalized form
and integral calculus of functions of several variables, developed up to the
general formula of Newton-Leibniz—Stokes, thus acquires a certain unity and
becomes more self-contained.

More complete information on the textbook and some recommendations
for its use in teaching can be found in the translations of the prefaces to the
first and second Russian editions.

Moscow, 2003 V. Zorich
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Preface to the Fourth Russian Edition

In the fourth edition all misprints that the author is aware of have been
corrected.

Moscow, 2002 V. Zorich

Preface to the Third Russian Edition

The third edition differs from the second only in local corrections (although
in one case it also involves the correction of a proof) and in the addition of
some problems that seem to me to be useful.

Moscow, 2001 V. Zorich

Preface to the Second Russian Edition

In addition to the correction of all the misprints in the first edition of which
the author is aware, the differences between the second edition and the first
edition of this book are mainly the following. Certain sections on individual
topics — for example, Fourier series and the Fourier transform — have been
recast (for the better, I hope). We have included several new examples of
applications and new substantive problems relating to various parts of the
theory and sometimes significantly extending it. Test questions are given, as
well as questions and problems from the midferm examinations. The list of
further readings has been expanded.

Further information on the material and some characteristics of this sec-
ond part of the course are given below in the preface to the first edition.

Moscow, 1998 V. Zorich

Preface to the First Russian Edition

The preface to the first part contained a rather detailed characterization of
the course as a whole, and hence I confine myself here to some remarks on
the content of the second part only.

The basic material of the present volume consists on the one hand of
multiple integrals and line and surface integrals, leading to the generalized
Stokes’ formula and some examples of its application, and on the other hand
the machinery of series and integrals depending on a parameter, including



Preface to the First Russian FEdition VII

Fourier series, the Fourier transform, and the presentation of asymptotic
expansions.

Thus, this Part 2 basically conforms to the curriculum of the second year
of study in the mathematics departments of universities.

So as not to impose rigid restrictions on the order of presentation of these
two major topics during the two semesters, I have discussed them practically
independently of each other.

Chapters 9 and 10, with which this book begins, reproduce in compressed
and generalized form, essentially all of the most important results that were
obtained in the first part concerning continuous and differentiable functions.
These chapters are starred and written as an appendix to Part 1. This ap-
pendix contains, however, many concepts that play a role in any exposition
of analysis to mathematicians. The presence of these two chapters makes the
second book formally independent of the first, provided the reader is suffi-
ciently well prepared to get by without the numerous examples and introduc-
tory considerations that, in the first part, preceded the formalism discussed
here.

The main new material in the book, which is devoted to the integral
calculus of several variables, begins in Chapter 11. One who has completed
the first part may begin the second part of the course at this point without
any loss of continuity in the ideas.

The language of differential forms is explained and used in the discussion
of the theory of line and surface integrals. All the basic geometric concepts
and analytic constructions that later form a scale of abstract definitions lead-
ing to the generalized Stokes’ formula are first introduced by using elementary
material.

Chapter 15 is devoted to a similar summary exposition of the integration
of differential forms on manifolds. I regard this chapter as a very desirable
and systematizing supplement to what was expounded and explained using
specific objects in the mandatory Chapters 11-14.

The section on series and integrals depenrding on a parameter gives, along
with the traditional mnaterial, some elementary information on asymptotic
series and asymptotics of integrals (Chap. 19), since, due to its effectiveness,
the latter is an unquestionably useful piece of analytic machinery.

For convenience in orientation, ancillary material or sections that may be
omitted on a first reading, are starred.

The numbering of the chapters and figures in this book continues the
numbering of the first part.

Biographical information is given here only for those scholars not men-
tioned in the first part.

As before, for the convenience of the reader, and to shorten the text, the
end of a proof is denoted by 0. Where convenient, definitions are introduced
by the special symbols := or =: (equality by definition), in which the colon
stands on the side of the object being defined.
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Continuing the tradition of Part 1, a great deal of attention has been
paid to both the lucidity and logical clarity of the mathematical construc-
tions themselves and the demonstration of substantive applications in natural
science for the theory developed.

Moscow, 1982 V. Zorich
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9 *Continuous Mappings (General Theory)

In this chapter we shall generalize the properties of continuous mappings
established earlier for numerical-valued functions and mappings of the type
f : R™ — R™ and discuss them from a unified point of view. In the process
we shall introduce a number of simple, yet important concepts that are used
everywhere in mathematics.

9.1 Metric Spaces

9.1.1 Definition and Examples

Definition 1. A set X is sald to be endowed with a metric or @ metric space
structure or to be a metric space if a function

d: XxX—-R (9.1)

is exhibited satisfying the following conditions:

a) d(zy,22) =0 & 2y =23,

b) d(z;,22) = d(22, z2) (symmetry),

c) d(z;,z3) < d(zy,22) + d(z2,23) (the triangle inequality),
where z;, 3, 23 are arbitrary elements of X.

In that case, the function (9.1) is called a metric or distance on X.

Thus a metric space is a pair (X, d) consisting of a set X and a metric
defined on it.

In accordance with geometric terminology the elements of X are called
poiInts.

We remark that if we set £3 = z; in the triangle inequality and take
account of conditions a) and b) in the definition of a metric, we find that

0 E d(:Bl)mZ) 4

that is, a distance satisfying axioms a), b), and c) is nonnegative.



2 9 *Continuous Mappings (General Theory)

Let us now consider some examples.

Brample 1. The set R of real numbers becomes a metric space if we set
d(zy,x3) = |xg — 1| for any two numbers 2, and z2, as we have always done.

Example 2. Other metrics can also be introduced on R. A trivial metric, for
example, is the discrete metric in which the distance between any two distinct
points is 1.

The following metric on R is much more substantive. Let z — f(z) be
a nonnegative function defined for > 0 and vanishing for £ = 0. If this
function is strictly convex upward, then, setting

d(21, %) = f(lz1 — 22) (9-2)

for points z;,22 € R, we obtain a metric on R.

Axioms a) and b) obviously hold here, and the triangle inequality follows
from the easily verified fact that f is strictly monotonic and satisfies the
following inequalities for 0 < a < b:

fla+b)— f(b) < f(a) — f(0) = f(a).

In particular, one could set d(zy,z2) = +/|z1 —z2| or d(z1,22) =
14'%?[' In the latter case the distance between any two points of the line
is less than 1.

Ezxample 3. Besides the traditional distance

d(zy, 22) = Z 2§ — 5|7 (9.3)
between points z; = (zi,...,27) and 23 = (&3,...,2%) in k™, one can also
introduce the distance

L o\ Ve
dp(ml,mg) = (Z ICE; = .’E;lp) ' (94)
i=1

where p > 1. The validity of the triangle inequality for the function (9.4)
follows from Minkowski’s inequality (see Subsect. 5.4.2).

Example 4. When we encounter a word with incorrect letters while reading a
text, we can reconstruct the word without too much trouble by correcting the
errors, provided the number of errors is not too large. However, correcting the
error and obtaining the word is an operation that is sometimes ambiguous.
For that reason, other conditions being equal, one must give preference to
the interpretation of the incorrect text that requires the fewest corrections.
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Accordingly, in coding theory the metric (9.4) with p = 1 is used on the set
of all finite sequences of length n consisting of zeros and ones.

Geometrically the set of such sequences can be interpreted as the set of
vertices of the unit cube 7 = {z € R*|0 € 2* £ 1,{ = 1,...,n} in R™.
The distance between two vertices is the number of interchanges of zeros and
ones needed to obtain the coordinates of one vertex from the other. Each
such interchange represents a passage along one edge of the cube. Thus this
distance is the shortest path along the edges of the cube from one of the
vertices under consideration to the other.

Ezxample 5. In comparing the results of two series of n measurements of the
same quantity the metric most commonly used is (9.4) with p = 2. The
distance between points in this metric is usually called their mean-square
deviation.

Example 6. As one can easily see, if we pass to the limit in (9.4) as p — +o0,
we obtain the following metric in R™:

d(ws,22) = mex [a} - ] (95)

Example 7. The set Cla, b] of functions that are continuous on a closed inter-
val becomes a metric space if we define the distance between two functions
f and g to be

d(f,g) = Jex, |f(z) — g(z)| - (9.6)

Axioms a) and b) for a metric obviously hold, and the triangle inequality
follows from the relations

[f () — h(z) < [£(z) = g(z)| + |g(z) — h(z)] < d(f,9) + d(g, ) ,

that is,
d(f,h) = b |f(z) — h(z)| < d(f,g) + d(g,R) .

The metric (9.6) — the so-called uniform or Chebyshev metric in Cla, b|
— i3 used when we wish to replace one function by another (for example,
a polynomial) from which it is possible to compute the values of the first
with a required degree of precision at any point z € [a,b]. The quantity
d(f, g) is precisely a characterization of the precision of such an approximate
computation.

The metric (9.6) closely resembles the metric (9.5) in R™.

Erample 8. Like the metric (9.4), for p > 1 we can introduce in C[a, b] the
metric

()= fb 1 - o) dm)m - (9.)
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It follows from Minkowski’s inequality for integrals, which can be obtained
from Minkowski’s inequality for the Riemann sums by passing to the limit,
that this is indeed a metric for p > 1.

The following special cases of the metric (9.7) are especially important:
p = 1, which is the integral metric; p = 2, the metric of mean-square devia-
tion; and p = 400, the uniform metric.

The space Cle, b] endowed with the metric (9.7) is often denoted C)la, b].
One can verify that Cu[a,b] is the space Cla,b] endowed with the metric
(9.6).

Example 9. The metric (9.7) could also have been used on the set Ra,b] of
Riemann-integrable functions on the closed interval [a, b]. However, since the
integral of the absolute value of the difference of two functions may vanish
even when the two functions are not identically equal, axiom a) will not hold
in this case. Nevertheless, we know that the integral of a nonnegative function
¢ € Rla,b] equals zero if and only if p(z) = 0 at almost all points of the
closed interval [a, b].

Therefore, if we partition R[a,b] into equivalence classes of functions,
regarding two functions in R[a, b] as equivalent if they differ on at most a set
of measure zero, then the relation (9.7) really does define a metric on the set
Rla, b) of such equivalence classes. The set R[a, b] endowed with this metric

will be denoted R,[a, b] and sometimes simply by R,[a, b].

Example 10. In the set C®[a,b] of functions defined on [a,b] and having
continuous derivatives up to order k inclusive one can define the following
metric:

d(f,9) = max{Mp...., M}, (9.8)

where " .
- i i :
M; = {J{l&é{bﬁ () =g (z)|, i=0,1,...,k.

Using the fact that (9.6) is a metric, one can easily verify that (9.8) is
also a metric.

Assume for example that f is the coordinate of & moving point consid-
ered as a function of time. If a restriction is placed on the allowable region
where the point can be during the time interval [a,b] and the particle is not
allowed to exceed a certain speed, and, in addition, we wish to have some
assurance that the accelerations cannot exceed a certain level, it is natural
to consider the set {ma.x | f(z)], ax |/ ()], max Ij'”( )|} for a function

f € C@®[a,b] and usmg these cha.ra,ctenstlcs, to regard two motions f and ¢
as close together if the quantity (9.8) for them is small.

These examples show that a given set can be metrized in various ways. The
choice of the metric to be introduced is usually controlled by the statement of
the problem. At present we shall be interested in the most general properties
of metric spaces, the properties that are inherent in all of them.
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9.1.2 Open and Closed Subsets of a Metric Space

Let (X,d) be a metric space. In the general case, as was done for the case
X = R" 1 Sect. 7.1, one can also introduce the concept of a ball with center
at a given point, open set, closed set, neighborhood of a point, limit point of
a set, and so forth.

Let us now recall these concepts, which are basic for what is to follow.

Definition 2. For § > 0 and @ € X the set
Bl(a,8) = {z € X|d(a,z) < &}
is called the ball _'with center a € X of radius § or the d-neighborhood of the

point a.

This name is a convenient one in a general metric space, but it must not
be identified with the traditional geometric image we are familiar with in R3.

Ezample 11. The unit ball in C[a, b] with center at the function that is iden-
tically O on [a,b] consists of the functions that are continuous on the closed
interval [a,b] and whose absolute values are less than 1 on that interval.

Ezample 12. Let X be the unit square in R? for which the distance between
two points is defined to be the distance between those same points in RZ,
Then X is a metric space, while the square X considered as a metric space
in its own right can be regarded as the ball of any radius p > v/2/2 about its
center,

It is clear that in this way one could construct balls of very peculiar shape.
Hence the term ball should not be understood too literally.

Definition 3. A set G C X is open in the metric space (X,d) if for each
point € G there exists a ball B(z, §) such that B(z,9) C G.

It obviously follows from this definition that X itself is an open set in
(X, d). The empty set @ is also open. By the same reasoning as in the case of
R™ one can prove that a ball B(a,r) and its exterior {z € X : d(a,z) > r}
are open sets. (Sce Examples 3 and 4 of Sect. 7.1).

Definition 4. A set F' C X is closed in (X, d) if its complement X \ F is
open in (X, d).

In particular, we conclude from this definition that the closed ball
B(a,r) = {z € X|d(a,z) < 7}

is a closed set in a metric space (X, d).
The following proposition holds for open and closed sets in a metric space
(X, d).
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Proposition 1. a) The union |J G. of the sets in any system {G4, a € A}
oA
of sets G, that are open in X is an open set in X,

n
b) The intersection (| G; of any finite number of sets that are open in X
i=1
15 an open set in X.

a’) The intersection (| F, of the sets in any system {F,, a € A} of sets
acA
F, that are closed in X is a closed set in X,

b') The union |J F; of any finite number of sets that are closed in X is
i=]
a closed set in X.

The proof of Proposition 1 is a verbatim repetition of the proof of the
corresponding proposition for open and closed sets in R, and we omit it.
(See Proposition 1 in Sect. 7.1.)

Definition 5. An open set in X containing the point z € X is called a
neighborhood of the point z in X.
Definijtion 6. Relative to aset £ C X, a point z € X is called

an inierior point of £ if some neighborhood of it is contained in X,

an exterior point of E if some neighborhood of it is contained in the
complement of F in X,

a boundary point of E if it is neither interior nor exterior to E (that is,
every neighborhood of the point contains both a point belonging to F and a
point not belonging to E). '

Ezample 13. All points of a ball B(a,r) are interior to it, and the set
CxB(a,r) = X \ B(e,r) consists of the points exterior to the ball B(a,r).

In the case of R™ with the standard metric d the sphere S(a,r) = {z €
R™| d(a, z) = r > 0} is the set of boundary points of the ball B(a,r).}

Definition 7. A point 4 € X is a limii pomnt of the set E C X if the set
E N O(a) is infinite for every neighborhood O(a) of the point.

Definition 8. The union of the set £ and the set of all its limit points is
called the closure of the set E in X.

As before, the closure of a set E C X will be denoted E.
Proposition 2. A set F' C X s closed in X if and only if it contains all its
limit points.
Thus _
(F' is closed in X) <= (F=F in X);.

We omit the proof, since it repeats the proof of the analogous proposition
for the case X = R"™ discussed in Sect. 7.1.

! In connection with Example 13 see also Problem 2 at the end of this section.
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9.1.3 Subspaces of a Metric space

If (X, d) is a metric space and E 1s a subset of X, then, setting the distance
between two points z; and z2 of E equal to d(z;,z2), that is, the distance
between them in X, we obtain the metric space (E,d), which is customarily
called a subspace of the original space (X, d).

Thus we adopt the following definition.

Definition 9. A metric space (Xi1,dy) 1s a subspace of the meiric space
(X.d) if X; C X and the equality di(a,b) = d(a,b) holds for any pair of
points a,b in X;.

Since the ball By (a,r) = {z € Xi|di(a,z) < r} in a subspace (X;,d;) of
the metric space (X, d) is obviously the intersection

Bi(a,r) = X; N B(a,r)

of the set X3 C X with the ball B(a,r) in X, it follows that every open set

in X1 has the form
G =XinG '

where G is an open set in X, and every closed set Fy in X; has the form
h=XiNF,

where F' is a closed set in X.

It follows from what has just been said that the properties of a set in a
metric space of being open or closed are relative properties and depend on
the ambient space.

Example 14. The open interval |z| < 1, y = 0 of the z-axis in the plane
R? with the standard metric in R? is a metric space (X1, d; ), which, like any
metric space, is closed as a subset of itself, since it contains all its limit points
in X,. At the same time, it is obviously not closed in R? = X,

This same example shows that openness is also a relative concept.

Brxample 15. The set C[a,b] of continuous functions on the closed interval
la, b] with the metric (9.7) is a subspace of the metric space Ry[a, b]. However,
if we consider the metric (9.6) on Cla, b] rather than (9.7), this is no longer
true.

9.1.4 The Direct Product of Metric Spaces

If (X1,d;) and (X2, d2) are two netric spaces, one can introduce a metric d on
the direct product X x X3. The commonest methods of introducing a metric
in X3 x X» are the following. If (z1,z2) € X; x X3 and (z},25) € X1 x X3,
one may set
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d((21,32), (2}, 25)) = y/B(21,2}) + B2, ),

or
d(ml,&:z}, (:B;,:t:"z)) = dl(mlsm’l) i d2(m2:ma) ’

d((mI:mE)a ($; ,:B;)) = max {dl (mlrm’z)rdE(mzam;)} 2

It is easy to see that we obtain a metric on X; X X5 in all of these cases.

Definition 10. if (X;,d;) and (X3,d2) are two metric spaces, the space
(X; x X2, d), where d is a metric on X x X introduced by any of the methods
just indicated, will be called the direct produet of the original metric spaces.

Bxample 16. The space R? can be regarded as the direct product of two
copies of the metric space R with its standard metric, and R? is the direct
product R? x R! of the spaces R? and R* = R.

9.1.5 Problems and Exercises

1. a) Extending Example 2, show that if f : Ry — Ry is a continuous function
that is strictly convex upward and satisfies f(0) = 0, while (X, d) is a metric space,

then one can introduce a new metric dy on X by setting ds(zs,z2) = f (d(.'z:l . 3.!2)) :

b) Show that on any metric space (X, d) one can introduce a metric d'(z1,z2) =

7 8zs.za) - jn which the distance between the points will be less than 1.

2. Let (X,d) be a metric space with the trivial (discrete) metric shown in Example
2, and let a € X. For this case, what are the sets B(a, 1/2), B(a,1), B(a, 1), B(a, 1),
B(a,3/2), and what are the sets {z € X|d(a,z) = 1/2}, {z € X|d(a,z) = 1},
B(a,1)\ B(a,1), B(a, 1) \ B(a,1)?

3. a) Is it true that the union of any family of closed sets is a closed set?
b) Is every boundary point of a set a limit point of that set?

c) Is it true that in any neighborhood of a boundary point of a set there are
points in both the interior and exterior of that set?

d) Show that the set of boundary points of any set is a closed set.

4. 3) Prove that if (V,dy) is a subspace of the metric space (X, dx), then for any
open (resp. closed) set Gy (resp. Fy) in Y there is an open (resp. closed) set Gx
(resp. Fx) in X such that Gy =Y NGx, (resp. Fy =Y N Fx).

b) Verify that if the open sets Gy and GY in Y do not intersect, then the
corresponding sets G and G% in X can be chosen so that they also have no
peoints in common.
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5. Having a metric d on a set X, one may attempt to define the distance d(A, B)
between sets A C X and B C X as follows:

d(A,B) = o j&?ﬁes d(a,b) .

a) Give an example of & metric space and two nonintersecting subsets of it A
and B for which d(A4, B) = 0.

b) Show, following Hausdorff, that on the set of closed sets of a metric space
(X, d) one can introduce the Hausdorff metric D by assuming that for A C X and
Bc X

D(A,B) := ma.x{ sup d(a, B), sup d(A, b)} .
agc A beB

9.2 Topological Spaces

For questions connected with the concept of the limit of a function or a
mapping, what is essential in many cases is not the presence of any particular
metric on the space, but rather the possibility of saying what a neighborhood
of a point is. To convince oneself of that it suffices to recall that the very
definition of a limit or the definition of continuity can be stated in terms
of neighborhoods. Topological spaces are the mathematical objects on which
the operation of passage to the limit and the concept of continuity can be
studied in maximum generality.

9.2.1 Basic Definitions

Definition 1. A set X is said to be endowed with the structure of a topo-
logicol space or a topology or is said to be a topological space if a system 7
of subsets of X is exhibited (called open sets in X) possessing the following
properties:

a)@en; Xer.

b) (VacA(aer) = U 7€

aEA
n

¢) (iemi=1,...,n) = (R ET

i=1

Thus, a topological space is a pair (X,7) consisting of a set X and a
system 7 of distinguished subsets of the set having the properties that 7
contains the empty set and the whole set X, the union of any number of sets
of 7 is a set of 7, and the intersection of any finite number of sets of T is a
set of 7.

As one can see, in the axiom system a), b), ¢) for a topological space we
have postulated precisely the properties of open sets that we already proved
in the case of a metric space. Thus any metric space with the definition of
open sets given above is a topological space.
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Thus defining ¢ topology on X means exhibiting a system 7 of subsets of
X satisfying the axioms a), b), and c) for & topological space.

Defining a metric in X, as we have seen, automatically defines the topol-
ogy on X induced by that metric. It should be remarked, however, that
different metrics on X may generate the same topology on that set.

Example 1. Let X = R" (n > 1). Consider the metric d;(z;,23) defined by
relation (9.5) in Sect. 9.1, and the metric da(21,22) defined by formula (9.3)
in Sect. 9.1.

The inequalities

di(zy,22) < d2(21,22) < Vndi(z1,22) ,

obviously imply that every ball B(a,r) with center at an arbitrary point
a € X, mterpreted in the sense of one of these two metrics, contains a ball
with the same center, interpreted in the sense of the other metric. Hence by
definition of an open subset of a metric space, it follows that the two metrics
induce the same topology on X.

Nearly all the topological spaces that we shall make active use of in this
course are metric spaces. One should not think, however, that every topolog-
ical space can be metrized, that is, endowed with a metric whose open sets
will be the same as the open sets in the system 7 that defines the topology
on X. The conditions under which this can be done form the content of the
so-called metrization theorems.

Definition 2. If (X, 7) is a topological space, the sets of the system 7 are
called the open sets, and their complements in X are called the closed sets
of the topological space (X, 7).

A topology T on a set X is seldom defined by enumerating all the sets in
the system 7. More often the systemn 7 is defined by exhibiting only a certain
set of subsets of X from which one can obtain any set in the system 7 through
unjon and intersection. The following definition is therefore very important.

Definition 3. A base of the topological space (X,T) (an open base or base
for the topology) is a family B of open subsets of X such that every open set
G € 7 is the union of some collection of elements of the family B.

Ezample 2. If (X, d) is a metric space and (z,7) the topological space corre-
sponding to it, the set B = {B(a, )} of all balls, where a € X and r > 0, is
obviously a base of the topology 7. Moreover, if we take the system B of all
balls with positive rational radii r, this system is also a base for the topology.

Thus a topology can be defined by describing only a base of that topology.
As one can see from Example 2, a topological space may have many different
bases for the topology.
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Definition 4. The minimal cardinality among all bases of a topological
space is called its weight.

As a rule, we shall be dealing with topological spaces whose topologies
admit a countable base (see, however, Problems 4 and 6).

Ezxample 3. If we take the system B of balls in R* of all possible rational radit
r = Tt > 0 with centers at all possible rational points (T me) e RE,

e sy
we obviously obtain & countable base for the standard topology of R*, It is
not difficult to verify that it is impossible to define the standard topology in
R* by exhibiting a finite system of open sets. Thus the standard topological
space R* has countable weight.

Definition 5. A neighborhood of a point of a topological space (X, 7) is an
open set containing the point.

It is clear that if a topology 7 is defined on X, then for each point the
system of its neighborhoods is defined.

It is also clear that the system of all neighborhoods of all possible points
of topological space can serve as a base for the topology of that space. Thus
a topology can be introduced on X by describing the neighborhoods of the
points of X. This is the way of defining the topology in X that was originally
used in the definition of a topological space.? Notice, for example, that we
have introduced the topology in a metric space itself essentially by saying
what a §-neighborhood of a point is. Let us give one more example.

Example 4. Consider the set C(IR, R) of real-valued continuous functions de-
fined on the entire real line. Using this set as foundation, we shall construct
a new set — the set of germs of continuous functions. We shall regard two
functions f, g € C(R, R) as equivalent at the point ¢ € R if there is a neigh-
borhood U(a) of that point such that Vz € U(a) (f(z) = g(«)). The relation
just introduced really is an equivalence relation (it is reflexive, symmetric,
and transitive). An equivalence class of continuous functions at the point
a € R is called germ of continuous functions at that point. If f is one of the
functions generating the germ at the point a, we shall denote the germ itself
by the symnbol f,. Now let us define a neighborhood of a germ. Let U(a) be
a neighborhood of the point ¢ and f a function defined on U(a) generating
the germ f, at a. This same function generates its germ f, at any pomt
z € U(a). The set {f:} of all germs corresponding to the points z € U(a)
will be called a neighborhood of the germ f,. Taking the set of such neigh-
borhoods of all germs as the base of a topology, we turn the set of germs of
continuous functions into a topological space. It is worthwhile to note that

% The concepts of a metric space and a topological space were explicitly stated
early in the twentieth century. In 1906 the French mathematician M. Fréchet
(1878-1973) introduced the concept of a metric space, and in 1914 the German
mathematician F. Hausdorff (1868-1942) defined a topological space.



12 9 *Continuous Mappings (Genera] Theory)

f

Fig. 9.1.

in the resulting topological space two different points (germs) f, and g, may
not have disjoint neighborhoods (see Fig. 9.1)

Definition 6. A topological space is Hausdorff if the Hausdorff aziom holds
in it: any two distinct points of the space have nonintersecting neighborhoods.

Exomple 5. Any metric space is obviously Hausdorff, since for any two points
a,b € X such that d(a,b) > 0 their spherical neighborhoods B(a, d(a, b)),
B(b, 4d(a, b)) have no points in common.

At the same time, as Example 4 shows, there do exist non-Hausdorff
topological spaces. Perhaps the simplest example here is the topological space
(X, 7) with the trivial topology 7 = {&, X}. If X contains at least two digtinct
points, then (X,7) is obviously not Hausdorff. Moreover, the complement
X \ z of a point in this space is not an open set.

We shall be working exclusively with Hausdorff spaces.

Definition 7. A set E C X is (everywhere) dense in a topological space
(X, 7) if for any point z € X and any neighborhood U(z) of it the intersection
ENU(X) is nonempty.

Example 6. If we consider the standard topology in R, the set €@ of rational
numbers is everywhere dense in R. Similarly the set @ of rational points in
R™ is dense in R".

One can show that in every topological space there is an everywhere dense
set whose cardinality does not exceed the weight of the topological space.

Definition 8. A metric space having a countable dense set is called a sepa-
rable space.

Example 7. The metric space (R",d) in any of the standard metrics is a
separable space, since Q" is dense in it.

Example 8. The metric space (C([0,1],R),d) with the metric defined by
(9.6) is also separable. For, as follows from the uniform continuity of the
functions f € C ([U, 1],R), the graph of any such function can be approxi-
mated as closely as desired by a broken line consisting of a finite number of
segments whose nodes have rational coordinates. The set of such broken lines
is countable.

We shall be dealing mainly with separable spaces.
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We now remark that, since the definition of a neighborhood of a point in
a topological space is verbally the same as the definition of a neighborhood
of a point in a metric space, the concepts of interior point, ezierior point,
boundary point, and limit point of a set, and the concept of the closure of a
set, all of which use only the concept of a neighborhood, can be carried over
without any changes to the case of an arbitrary topological space.

Moreover, as can be seen from the proof of Proposition 2 in Sect. 7.1, it
is also true that a set in a Hausdorff space is closed if and only if it contains
all its limit points.

9.2.2 Subspaces of a Topological Space

Let (X,7x) be a topological space and Y a subset of X. The topology Tx
makes it possible to define the following topology 7y in Y, called the induced
or relative topology on Y C X.

We define an open set in Y to be any set Gy of the form Gy =Y NGy,
where G'x is an open set in X.

It 1s not difficult to verify that the system 7y of subsets of ¥ that arises
in this way satisfies the axioms for open sets in a topological space.

As one can see, the definition of open sets Gy in Y agrees with the one
we obtained jn Subsect. 9.1.3 for the case when Y is a subspace of a metric
space X.

Definition 9. A subset Y C X of a topological space (X, 7) with the topol-
ogy 7y induced on Y is called a subspace of the topological space X.

It is clear that a set that is open in (Y,7y) is not necessarily open in
(X,7x)-

9.2.3 The Direct Product of Topological Spaces

If (X;,71) and (X3, 73) are two topological spaces with systems of open sets
71 = {G1} and T2 = {G2}, we can introduce a topology on X; x X3 by taking
as the base the sets of the form G; x Gy.

Definition 10. The topological space (X; X X3, T X 73) whose topology has
the base consisting of sets of the form G; x G2, where G; is an open set
in the topological space (X;,7;), ¢ = 1,2, is called the direct product of the
topological spaces (X;,71) and (X2, T2).

Frxample 9. If R = R! and R? are considered with their standard topologies,
then, as one can see, R? is the direct product R! x R!. For every open set in
R? can be obtained, for exmaple, as the union of “square” neighborhoods of
all its points. And squares (with sides parallel to the axes) are the products
of open intervals, which are open sets in R.

It should be noted that the sets Gy x Gq, where Gi € 7, and G; € 75,
constitute only a base for the topology, not all the open sets in the direct
product of topological spaces.
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9.2.4 Problems and Exercises

1. Verify that if (X, d) is a metric space, then (X : T'E'E) is also a metric space, and

the metrics d and #‘i induce the same topology on X. (See also Problem 1 of the
preceding section.)

2. a) In the set N of natural numbers we define a neighborhood of the number
n € N to be an arithmetic progression with difference d relatively prime to n. Is
the resulting topological space Hausdorft?

b) What is the topology of N, regarded as a subset of the set R of real numbers
with the standard topology?

c) Describe all open subsets of R.

3. If two topologies 7 and 73 are defined on the same set, we say that 72 is sironger
than 73 if 71 C 79, that is 72 contains all the sets in 7; and some additional open
sets not in 73.

a) Are the two topologies on N considered in the preceding problem comparable?

b) If we introduce a metric on the set C[0, 1] of continuous real-valued functions
defined on the closed interval [0, 1] first by relation (9.6) of Sect. 9.1, and then by
relation (9.7) of the same section, two topologies generally arise on C|a, b]. Are they
comparable?

4. a) Prove in detail that the space of germs of continuous functions defined in
Example 4 is not Hausdorff.

b) Explain why this topological space is 110t metrizable.
¢) What is the weight of this space?

5. a) State the axioms for a topological space in the language of closed sets.
b) Verify that the closure of the closure of a set equals the closure of the set.
c) Verify that the boundary of any set is a closed set.

d) Show that if F' is closed and G is open in (X, 7), then the set G'\ F is open
in (X, 7).

e) If (Y, 1y) is & subspace of the topological space (X, 7), and the set E is such
that B CY C X and E € 7x, then E € rv.

6. A topological space (X, 7) in which every point is a closed set is called a topo-
logical space in the strong sense or a 7y-space, Verify the following statements.

a) Every Hausdorff space is a my-space (partly for this reason, Hausdorff spaces
are sometimes called 7-spaces).

b) Not every mi-space is a Te-space. (See Example 4).
c) The two-point space X = {a,b} with the open sets {@, X'} is not a 7;-space.
d) In a 7i-space a set F is closed if and only if it contains all its limit points.
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7. a) Prove that in any topological space there is an everywhere dense set whose
cardinality does not exceed the weight of the gpace.

b) Verify that the following metric spaces are separable: Cla,b], C*[a,b],
Rile, b, Rpla, b] (for the formulas giving the respective metrics see Sect. 9.1.)

c) Verify that if max is replaced by sup in relation (9.6) of Subsect. 9.1 and
regarded as a metric on the set of all bounded real-valued functions cefined on a
closed interval [e, ], we obtain & nonseparable metric space.

9.3 Compact Sets

9.3.1 Definition and General Properties of Compact Sets

Definition 1. A set K in a topological space (X, 7) is compact (or bicom-
pact?) if from every covering of X by sets that are open in X one can select
a finite number of sets that cover K.

Example 1. An interval [a,b] of the set R of real numbers in the standard
topology is a compact set, as follows immediately from the lemma, of Subsect.
2.1.3 asserting that one can select a finite covering from any covering of a
closed interval by open intervals.

In general an m-dimensional closed interval I™ = {z € B™|a® < 2* < b,
i=1,...,m}in B™ is a compact set, as was established in Subsect. 7.1.3.

It was also proved in Subsect. 7.1.3 that a subset of B™ is compact if and
only if it is closed and bounded.

In contrast to the relative properties of being open and closed, the prop-
erty of compactness is absolute, in the sense that it is independent of the
ambient space. More precisely, the following proposition holds.

Proposition 1. A subset K of a topological space (X, T) is a compact subset
of X if and only if K is compact as a subset of itself with the topology induced

from (X, 7).

Proof. This proposition follows from the definition of compactness and the
fact that every set Gx that is open in K can be obtained as the intersection
of K with some set Gx that isopenin X. 0O

Thus, if (X,7x) and (Y, 7y) are two topological spaces that induce the
same topology on K ¢ X NY, then K is simultaneously compact or not
compact in both X and Y.

Example 2. Let d be the standard metricon R and I = {z € R|0 < 2 < 1}
the unit interval in R. The metric space (I, d) is closed (in itself) and bounded,
but is not a compact set, since for example, it is not a compact subset of R,

3 The concept of compactness introduced by Definition 1 is sometimes called bi-
compaciness in topology.
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We now establish the most important properties of compact sets.

Lemma 1. (Compact sets are closed). If K is a compact set in o Housdorff
space (X, T), then K 1s a closed subset of X.

Proof. By the criterion for a set to be closed, it suffices to verify that every
limit point of K, zy € X, belongs to K.

Suppose 25 ¢ K. For each point z € K we construct an open neigh-
borhood G(z) such that zg has a neighborhood disjoint from G(z). The set
G(z), z € K, of all such neighborhoods forms an open covering of X, from
which one can select a finite covering G(z1),. .., G(z»). Now if O;(xp) is a

neighborhood of gy such that G(z;) N O;(zp) = @, the set O(z) = ﬂ Oi(zo)
§=1

is also a neighborhood of zp, and G(z;) NO(zo) = S for all i =1,...,n. But
this means that K N O(zg) = &, and then zo cannot be a limit point for K.
O

Lemma 2. (Nested compact sets.) If K3 D Kz D -+ D K, D+ is a nested
sequence of nonempty compact sets, then the interseetion (1) K, is nonempty.

i=1
Proof. By Lemma 1 thesets G; = K1\ K;, i =1,...,n,...are open in K. If
o0
the intersection () K; is empty, then the sequence G; CGo C - C G, C - +-

=]

forms a covering of K;. Extracting a finite covering from it, we find that
some element G, of the sequence forms a covering of K;. But by hypothesis
Ky = K1\ G, # @. This contradiction completes the proof of Lemma 2.
|

Lemma 3. (Closed subsets of compact sets.) A closed subset F' of a compact
set K 1s itself compact.

Proof. Let {Ga, o € A} be an open covering of F'. Adjoining to this collection
the open set G = K'\ F, we obtain an open covering of the entire compact set
K. From this covering we can extract a finite covering of K. Since GNF = &,
it follows that the set {G4, & € A} contains a finite covering of F. O

9.3.2 Metric Compact Sets

We shall establish below some properties of metric compact sets, that is,
metric spaces that are compact sets with respect to the topology induced by
the metric.

Definition 2. The set £ C X is called an e-grid in the metric space (X, d)
if for every point z € X there is a point e € F such that d(e, z) < €.

Lemma 4. (Finite e-grids.) If a metric space (K,d) is compact, then for
every € > 0 there exists a finite e-grid in X.
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Proof. For each point z € K we choose an open ball B(z,¢€). From the open
covering of K by these balls we select a finite covering B(z,¢€),..., B(Zn,€).
The points zy,...,2, obviously form the required ¢-grid. DO

In analysis, besides arguments that involve the extraction of a finite cov-
ering, one offen encounters arguments in which a convergent subsequence is
extracted from an arbitrary sequence. As it happens, the following proposi-
tion holds.

Proposition 2. (Criterion for compactness in a metric space.) A4 meiric
space (K,d) is compact if and only if from each sequence of its poinis one
can extract o subsequence that converges to a point of K.

The convergence of the sequence {z.} to some point ¢ € K, as before,
means that for every neighborhood U(4) of the point a € K there exists an
index N € N such that z, € U(a) for n > N.

‘We shall discuss the concept of limit in more detail below in Sect. 9.6.

We preface the proof of Proposition 2 with two lemmas,

Lemma 5. If a meiric space (K,d) is such that from each sequence of its
points one can select a subsequence that converges in K, then for every e > 0
there exists a finite e-grid.

Proof. If there were no finite gg-grid for some €9 > 0, one could construct
a sequence {z,} of points in K such that d(z,,2:) > g for all » € N and
all i € {1,...,n — 1}, Obviously it is impossible to extract a convergent
subsequence of this sequence. O

Lemma 6. If the metric space (K,d) is such that from each sequence of its
points one can select a subsequence that converges in K, then every nested
sequence of nonempty closed subsets of the space has a nonempty intersection.

Proof. f F} D --» D F,, D -+ is the sequence of closed sets, then choosing
one point of each, we obtain a sequence Zy,...,Zy,..., from which we ex-
tract a convergent subsequence {z,,}. The limit ¢« € K of this sequence, by
construction, necessarily belongs to each of the closed sets F;, i € N. O

We can now prove Proposition 2.

Proof. We first verify that if (K, d) is compact and {z,} a sequence of points
in it, one can extract a subsequence that converges to some point of K. If
the sequence {z,} has only a finite number of different values, the assertion
is obvious. Therefore we may assume that the sequence {z,} has infinitely
many different values. For €; = 1/1, we construct a finite 1-grid and take
a closed ball B(a1,1) that contains an infinite number of terms of the se-
quence. By Lemma 3 the ball ﬁ(aq ,1) is itself a compact set, in which there
exists a finite g2 = 1/2-grid and a ball B(az, 1/2) containing infinitaly many
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elemenl:s of the sequence. In this way a nested sequence of compact sets

B(ay,1) D B (az,1/2) D+ D B (@yn,1/n) D -+ arises, and by Lemma 2 has
a common point a € K. Choosmg a point z,, of the sequence {z,} in the
ball g’(a;,l}, then a point z,, in §(a2,1/2) with na2 > n4, and so on, we
obtain a subsequence {z,; } that converges to a by construction.

We now prove the converse, that is, we verify that if from every sequence
{z,} of points of the metric space (K,d) one can select a subsequence that
converges in K, then (K, d) is compact.

In fact, if there is some open covering {G4, & € A} of the space (K d)
from which one cannot select a finite covering, then using Lemma 5 to con-
struct a finite 1-grid in K, we find a closed ball B(a;, 1), that also cannot be
covered by a finite collection of sets of the system {B,, a € A}.

The ball B(a1,1) can now be regarded as the initial set, and, constructing
a finite 1/2-grid in it, we find in it a ball (ag, 1/2) that does not admit
covering by a finite number of sets in the system {gm o€ A} N

The resulting nested sequence of closed sets B(a1,1) O Bf(as,1/2) D

) ﬁ(an,ljn) D -+ has a common point ¢ € K by Lemma 6, and the
construction shows that there is only one such point. This point is covered
by some set G, of the system; and since G, is open, all the sets B(a,,, 1/n)
must be contained in G,, for sufficiently large values of n. This contradiction
completes the proof of the proposition. 0O

9.3.3 Problems and Exercises

1. A subset of a metric space is totally bounded if for every £ > 0 it has a finite
e-grid. _

a) Verify that total boundedness of a set is unaffected, whether one forms the
grid from points of the set itself or from points of the ambient space.

b) Show that a subset of a metric space is compact if and only if it is totally
bounded and closed.

c) Show by example that a closed bounded subset of a metric space is not always
totally bounded, and hence not always compact.

2. A subset of a topological space is relatively (or conditionally) compact if its
closure is compact.
Give examples of relatively compact subsets of R™.

3. A topological space is locally compact if each point of the space has a relatively
compact neighborhood.
Give examples of locally compact topological spaces that are not compact.

4. Show that for every locally compact, but not compact topological space (X, 7x)
there is a compact topological space (Y, 7y ) such that X C Y, Y \ X consists of a
single point, and the space (X, 7x) is a subspace of the space (Y, ry).
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9.4 Connected Topological Spaces

Definition 1. A topological space (X, 7) is connected if it contains no open-
closed sets? except X itself and the empty set.

This definition will become more transparent to intuition if we recast it
in the following form.

A topological space is connected if and only if it cannot be represented
as the union of two disjoint nonempty closed sets (or two disjoint nonempty
open sets).

Definition 2. A set E in a topological space (X,7) is connected if it is
connected as a topological subspace of (X, 7) (with the induced topology).

It follows from this definition and Definition 1 that the property of a set
of being connected is independent of the ambient space. More precisely, if
(X,7x) and (Y,7y) are topological spaces containing F and inducing the
same topology on FE, then E is connected or not connected simultaneously in
both X and Y.

Frample 1. Let E = {z € R|z # 0}. Theset E_ = {z € E|z < 0} is
nonempty, not equal to E, and at the same time open-closed in F (as is E, =
{z € R|z > 0}), if E is regarded as a topological space with the topology
induced by the standard topology of R. Thus, as our intuition suggests, F is
not connected.

Proposition. (Connected subsets of R.) A nonempty set £ C R s connected
if and only if for any z and z belonging to E, the inequalities z < y < z imply
that y € E.

Thus, the only connected subsets of the line are intervals (finite or infi-
nite): open, half-open, and closed.

Proof. Necessity. Let F be a connected subset of R, and let the triple of
points @, b, ¢c be such that a € B, b € F, but ¢ ¢ F, even though a < ¢ < b.
Setting A={z€ Elz < ¢}, B={z € E|z > ¢}, wesee that a € A, b € B,
that is, A# &, B# @&, and AN B = @. Moreover E = AU B, and both sets
A and B are open in E. This contradicts the connectedness of F.

Sufficiency. Let £ be a subspace of R having the property that to-
gether with any pair of points a and b belonging to it, every point between
them in the closed interval [a,b] also belongs to E. We shall show that E is
connected.

Suppose that A is an open-closed subset of F with A #* @ and B =
E\A+# @ let a € A and b € B. For definiteness we shall assume that
a < b. (We certainly have a # b, since AN B = @.) Consider the point

* That is, sets that are simultaneously open and closed.
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¢y = sup{AN[a,b]}. Since A 3 a < ¢; <b€ B, we have ¢; € E. Since A is
closed in F, we conclude that ¢; € A.

Considering now the point co = inf{B N [c;,b]} we conclude similarly,
since B is closed, that ¢; € B. Thus a < ¢; < ¢; <b,sincec; € A, 3 € B,
and AN B = @. But it now follows from the definition of ¢; and ¢, and the
relation £ = AU B that no point of the open interval |¢), ¢;[ can belong to
E. This contradicts the original property of E. Thus the set E cannot have
a subset A with these properties, and that proves that E is connected. O

9.4.1 Problems and Exercises

1. a) Verify that if A is an open-closed subset of (X, 7), then B = X \ A is also
such a set.

b) Show that in terms of the ambient space the property of connectedness of a
set can be expressed as f{ollows: A subset E of o topological space (X, 7) is connected
if and only if there is no pair of open (or closed) subsets Gy, Gx that are disjoint
and such that ENG'y # @, ENG% # @, and E C G’y U G%.

2. Show the following:
a) The union of connected subspaces having a common point is connected.
b) The intersection of connected subspaces is not always connected.

c) The closure of a connected subspace is connected.

3. Onecan regard the group GL(n) of nonsingular nXn matrices with real entries as

an open subset in the product space R™ , if each element of the matrix is associated
with a copy of the set R of real numbers. Is the space GL(n) connected?

4. A topological space is locally connected if each of its points has a connected
neighborhood.

a) Show that a locally connected space may fail to be connected.

b) The set E in R? consists of the graph of the function z v sin (for = 5 0)
plus the closed interval {(z,y) € R*|z = 0 A |y| < 1} on the y-axis. The set E is
endowed with the topology induced from R?. Show that the resulting topological
space is connected but not locally connected.

5. In Subsect. 7.2.2 we defined a connected subset of B™ as a set £ C R™ any two
of whose points can be joined by a path whose support lies in E. In contrast to
the definition of topological connectedness introduced in the present section, the
concept we congidered in Chapt. 7 is usually called path connectedness or arcwise
connectedness. Verify the following:

a) A path-connected subset of R" is connected.

b) Not every connected subset of R” with n > 1 is path connected. (See Prob-
lem 4.)

c) Every connected open subset of R” is path connected.



9.5 Complete Metric Spaces 21

9.5 Complete Metric Spaces

In this section we shall be discussing only metric spaces, more precisely, a
class of such spaces that plays an important role in various areas of analysis.

9.5.1 Basic Definitions and Examples

By analogy with the concepts that we already know from our study of the
space R™, we introduce the concepts of fundamental (Cauchy) sequences and
convergent sequences of points of an arbitrary metric space.

Definition 1. A sequence {z,; n € N} of points of a metric space (X,d) is
a fundamental or Cauchy sequence if for every € > 0 there exists N € N such
that d(zm, 2n) < € for any indices m,n € N larger than N.

Definition 2. A sequence {z,; n € N} of points of a metric space (X,d)
converges to the point a € X and a is its limit if ILr%Dd(a,mn) = 0.

A sequence that has a limit will be called convergent, as before.
We now give the basic definition.

Definition 3. A metric space (X,d) is complete if every Cauchy sequence
of its points is convergent.

Exzample 1. The set R of real numbers with the standard metric is a com-
plete metric space, as follows from the Cauchy criterion for convergence of a
numerical sequence.

We remark that, since every convergent sequence of points in a metric
space is obviously a Cauchy sequence, the definition of a complete metric
space essentially amounts to simply postulating the Cauchy convergence cri-
terion for it.

Ezample 2. If the number 0, for example, is removed from the set R, the
remaining set R \ 0 will not be a complete space in the standard metric.
Indeed, the sequence z,, = 1/n, n € N, is a Cauchy sequence of points of this
set, but has no limit in R \ 0.

FErxample 8. The space R™ with any of its standard metrics is complete, as
was explained in Subsect. 7.2.1.

Example 4. Consider the set Cla,b] of real-valued continuous functions on a
closed interval [a,b] C R, with the metric

d(f,9) = max |f(z)— g(z)] (9.9)

a<ae<h

(see Sect. 9.1, Example 7). We shall show that the metric space Cla,b| is
complete.
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Proof. Let {fn(z): n € N} be a Cauchy sequence of functions in Ce, b], that
is,
Ve>03NeNVmeN VneN((m>NAn>N)=
= V2 € [a,8] (|fm(z) — fu(z)| <€)). (9.10)
For each fixed value of z € [a, b], as one can see from (9.10), the numerical

sequence {f,(z); n € N} is a Cauchy sequence and hence has a limit f(z) by
the Cauchy convergence criterion.

Thus
flz) == nh—rnéo falz), z€lab]. (9.11)
We shall verify that the function f(z) is continuous on [a,b], that is,
f € Cla,bl.

It follows from (9.10) and (9.11) that the inequality
|7(z) = fal2)l <€ Vz € [a,}] (9.12)

holds for n > N.
We fix the point z € [a,b] and verify that the function f is continuous at
this point. Suppose the increment h is such that (z + h) € [e, b]. The identity

flz+h) = f(z) = f(z +R) = falz + k) + fa(z + h) — falz) + fulz) — f(2)
implies the inequality
[f(z+R)— flz)| < |f(z+h) - fa(z +R)]
Hfn(z + k) — fal@) + | falz) — f(2)]. (9.13)

By virtue of (9.12) the first and last terms on the right-hand side of this
last inequality do not exceed e if n > N. Fixing n > N, we obtain a function
fa € Cla, b], and then choosing § = d(£) such that |fo(z+h) — fr(z)| < € for
|h| < 4, we find that |f(z + h) — f(z)| < 3¢ if |h| < 4. But this means that
the function f is continuous at the point z. Since  was an arbitrary point
of the closed interval [a,b], we have shown that f € Cla,b]. O

Thus the space Cla,b] with the metric (9.9) is a complete metric space.
This is a very important fact, one that is widely used in analysis.

Example 5. 1f instead of the metric (9.9) we consider the integral metric

b
d(f,g) = f f - gl(z) dz (9.14)

on the same set Cla, b], the resulting metric space is no longer complete.
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Proof. For the sake of notational simplicity, we shall assume [a,b] = [—1,1]
and consider, for example, the sequence {f, € C[-1,1]; n € N} of functions
defined as follows:

(=1, f -1<z<-~-1/n,

fl@)=¢ ne, f -lfn<z<l/n,

L1, if 1Lz <1.
(See Fig. 9.2.)

1=

— e e —— —
———— — —

-1 =1/n

0 1/n 1 2

— o —— —
— | —— -

—1F

Fig. 9.2.

It follows immediately from properties of the integral that this sequence is
a Cauchy sequence in the sense of the metric (9.14) in C[~1,1]. At the same
time, it has no limit in C[—1,1]. For if a continuous function f € C[-1,1]
were the limit of this sequence in the sense of metric (9.14), then f would
have to be constant on the interval —1 < z < 0 and equal to —1 while at
the same time it would have to be constant and equal to 1 on the interval
0 <z <1, which is incompatible with the continuity of f at the point z = 0.
C

FEzxample 6. 1t is slightly more difficult to show that even the set R[a,b] of
real-valued Riemnann-integrable functions defined on the closed interval [a, b]
is not complete in the sense of the metric 9.14.> We shall show this, using
the Lebesgue criterion for Riemann integrability of a function.

Proof. We take [a, b] to be the closed interval [0, 1], and we shall construct a
Cantor set on it that is not a set of measure zero. Let A €]0,1/3[. We remove
from the interval [0, 1] the middle piece of it of length A. More precisely, we
remove the A/2-neighborhood of the midpoint of the closed interval [0, 1].

® In regard to the metric (9.14) on R[a, b] see the remark to Example 9 in Sect. 9.1.
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On each of the two remaining intervals, we remove the middle piece of length
A-1/3. On each of the four remaining closed intervals we remove the middle
piece of length A -1/32, and so forth. The length of the intervals removed in
this process is A+ A-2/3 4+ A-4/3* +-.-+ A-(2/3)" +--- = 3A. Since
0 < A <1/3, we have 1 — 34 > 0, and, as one can verify, it follows from this
that the (Cantor) set K remaining on the closed interval [0, 1] does not have
measure zero in the sense of Lebesgue.

Now consider the following sequence: {f, € R[0,1]; n» € N}. Let f, be a
function equal to 1 everywhere on [0, 1] except at the points of the intervals
removed at the first n steps, where it is set equal to zero. It is easy to verify
that this sequence is a Cauchy sequence in the sense of the metric (9.14). If
some function f € R|[0,1] were the limit of this sequence, then f would have
to be equal to the characteristic function of the set K at almost every point
of the interval [0,1]. Then f would have discontinuities at all points of the
set K. But, since K does not have measure (), one could conclude from the
Lebesgue criterion that f ¢ R[0,1]. Hence R[a,b] with the metric (9.14) is
not a complete metric space. O

9.5.2 The Completion of a Metric Space

Ezample 7. Let us return again to the real line and consider the set @ of
rational numbers with the metric induced by the standard metric on R.

It is clear that a sequence of rational numbers converging to /2 in R is a
Cauchy sequence, but does not have a limit in @, that is, @ is not a complete
space with this metric. However, Q happens to be a subspace of the complete
metric space R, which it is natural to regard as the completion of Q. Note
that the set @) C R could also be regarded as a subset of the complete metric
space R?, but it does not seem reasonable to call B? the completion of @.

Definition 4. The smallest complete metric space containing a given metric
space (X, d) is the completion of (X, d).

This intuitively acceptable definition requires at least two clarifications:
what is meant by the “smallest” space, and does it exist?

We shall soon be able to answer both of these questions; in the meantime
we adopt the following more formal definition.

Definition 5. If a metric space (X,d) is a subspace of the metric space
(Y,d) and the set X C Y is everywhere dense in Y, the space (Y, d) is called
a completion of the metric space (X, d).

Definition 6. We say that the metric space (X;,d;) is isometric to the
metric space (X3,d;) if there exists a bijective mapping f : X1 — X3 such
that d,(f(a), f(b)) = di(a,b) for any points a and b in Xi. (The mapping
f:X; = X is called an isometry in that case.)
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It is clear that this relation is reflexive, symmetric, and transitive, that is,
it is an equivalence relation between metric spaces. In studying the properties
of metric spaces we study not the individual space, but the properties of all
spaces isometric to it. For that reason one may regard isometric spaces as
identical.

Erample 8. Two congruent figures in the plane are isometric as metric spaces,
so that in studying the metric properties of figures we abstract completely, for
example, from the location of a figure in the plane, identifying all congruent
figures.

By adopting the convention of identifying isometric spaces, one can show
that if the completion of a metric space exists at all, it is unique.
As a preliminary, we verify the following statement.

Lemma. The following inequality holds for any quadruple of points a, b, u,
v of the metric space (X, d):

|d(a, b) = d(u,v)| < d(a,u)+d(b,v) . (9.15)
Proof. By the triangle inequality
d(a,b) < d(a,u) + d(u,v) +d(b,v) .
By the symmetry of the points, this relation implies (9.15). O
We now prove uniqueness of the completion.

Proposition 1. If the metric spaces (Y;,d;) and (Y3,d3) are completions of
the same space (X ,d), then they are isometric.

Proof. We construct an isometry f : Y73 — Y2 as follows. For z € X we set
f(z) = z. Then da(f(z1), f(x2)) = d(f(z1), f(22)) = d(z1,22) = d1(21,22)
for 27,22 € X. f 55 € Vi \ X, then 7 is a limit point for X, since X
is everywhere dense in Y;. Let {z,; n € N} be a sequence of points of X
converging to y; in the sense of the metric dy. This sequence is a Cauchy
sequence in the sense of the metric d;. But since the metrics d; and dp are
both equal to d on X, this sequence is also a Cauchy sequence in (Yz,ds).
The latter space is complete, and hence this sequence has a limit y, € Y>. It
can be verified in the standard manner that this limit is unique. We now set
f(zn1) = yo. Since any point g3 € Y2 \ X, just like any point 3; € Y3 \ X, is
the limit of a Cauchy sequence of points in X, the mapping f : Y7 — Y2 so
constructed is surjective.
We now verify that

d2(f(n), £ (1)) = dalwi. 9 (9.16)

for any pair of points ¥}, ¥} of Y.
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If y; and g1 belong to X, this equality is obvious. In the general case we
take two sequences {zy; n € N} and {zy; n € N} converging to y; and y}
respectively. It follows from inequality (9.15) that

dx(y1,97) = lim di(z;,,2,) ,

or, what 1s the same,

dy(yy,97) = lim d(z,,zy,) . (9.17)
By construction these same sequences converge to y; = f(y;) and
vy = f(yy) respectively in the space (Yz,dz). Hence
P I T P
da(y2,92) = lim d(zy,27) - (9.18)

Comparing relations (9.17) and (9.18), we obtain Eq. (9.16). This equality
then simultaneously establishes that the mapping f : ¥; — Y5 is injective and
hence completes the proof that f is an isometry. O

In Definition 5 of the completion (Y, d) of a metric space (X, d) we required
that (X,d) be a subspace of (Y,d) that is everywhere dense in (¥, d). Under
the identification of isometric spaces one could now broaden the idea of a
completion and adopt the following definitjon.

Definition 5. A metric space (Y,dy) is a completion of the metric space
(X,dx) if there is a dense subspace of (Y, dy) isometric to (X,dx).

We now prove the existence of a completion.

Proposition 2. Every metric space has a completion.

Proof. If the initial space itself is complete, then it is its own completion,

We have already essentially demonstrated the idea for constructing the
completion of an incomplete metric space (X,dx) when we proved Proposi-
tion 1.

Consider the set of Cauchy sequences in the space (X,dx). Two such
sequences {z,; n € N} and {z}/; » € N} are called equivalent or confinal if
dx(z!,z!) = 0 as n = oo. It is easy to see that confinality really is an
equivalence relation. We shall denote the set of equivalence classes of Cauchy
sequences by §. We introduce a metric in S by the following rule. If s’ and
s” are elements of S, and {z},; » € N} and {z//; n € N} are sequences from
the classes s’ and s” respectively, we set

d(s',s") = lim dx(z),z) . (9.19)

It follows from inequality (9.15) that this definition is unambiguous: the
limit written on the right exists (by the Cauchy criterion for a numeri-
cal sequence) and is independent of the choice of the individual sequences
{z!;n € N} and {z/; n € N} from the classes s’ and s”
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The function d(s,s") satisfies all the axioms of a metric. The resulting
metric space (S, d) is the required completion of the space (X,dx). Indeed,
(X,dx) is isometric to the subspace (Sx,d) of the space (8,d) consisting
of the equivalence classes of fundamental sequences that contain constant
sequences {z, =z € X; n € N}, It is natural to identify such a class s € S
with the point z € X. The mapping [ : (X,dx) — (Sx,d) is obviously an
isometry.

It remains to be verified that (Sx,d) is everywhere dense in (S,d) and
that (S,d) is a complete metric space.

We first verify that (Sx,d) is dense in (S, d). Let s be an arbitrary element
of S and {z,; n € N} a Cauchy sequence in (X,dx) belonging to the class
s € S. Taking £, = f(zn), n € N, we obtain a sequence {£,,; n € N} of points
of (Sx,d) that has precisely the element s € S as its limit, as one can see
from (9.19).

We now prove that the space (S,d) is complete. Let {sp; » € N} be an
arbitrary Cauchy sequence in the space (S, d). For each n € N we choose an
element §,, in (Sx,d) such that d(s,,£,) < 1/n. Then the sequence {£,; n €
N}, like the sequence {s,; n € N}, is a Cauchy sequence. But in that case
the sequence {z,, = f~1(£,); n € N} will also be a Cauchy sequence. The
sequence {z,; n € N} defines an element s € S, to which the given sequence
{sn; m € N} converges by virtue of relation (9.19). O

Remark 1. Now that Propositions 1 and 2 have been proved, it becomes un-
derstandable that the completion of a metric space in the sense of Definition
5’ is indeed the smallest complete space containing (up to isometry) the given
metric space. In this way we have justified the original Definition 4 and made
it precise.

Remark 2. The construction of the set R of real numbers, starting from the
set €@ of rational numbers could have been carried out exactly as in the
construction of the completion of a metric space, which was done in full
generality above, That is exactly how the transition from @ to R was carried
out by Cantor.

Remark 3. In Example 6 we showed that the space R[a,b] of Riemann-
integrable functions is not complete in the natural integral metric. Its com-
pletion is the important space L[a, b] of Lebesgue-integrable functions.

9.5.3 Problems and Exercises

1. a) Prove the following nested ball lemma. Let (X, d) be a metric space and
g(:m, ri) DD g(:rn, rn) D+ o nested sequence of closed balls in X whose radii
tend to zero. The space (X,d) is complete if and only if for every such sequence
there exists a unique poini belonging to all the balls of the sequence.
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b) Show that if the condition rn» — 0 as n — oo is omitted from the lemma
stated above, the intersection of a nested sequence of balls may be empty, even in
a complete space.

2. a) A set E C X of a metric space (X, d) is nowhere dense in X if it i3 not dense
in any ball, that is, if for every ball B(z,r) there is a second ball B(z3,71) C B(z,r)
containing no points of the set E.

A set E is of first category in X if it can be represented as a countable union
of nowhere dense sets.

A set that is not of first category is of second category in X.

Show that a complete metric space is a set of second category (in itself).

b) Show that if a function f € C©[a,b] is such that Vz € [a,b] 3n € N ¥Ym >
n (f‘™)(z) = 0), then the function f is a polynomial.

9.6 Continuous Mappings of Topological Spaces

From the point of view of analysis, the present section and the one following
contain the most important results in the present chapter.

The basic concepts and propositions discussed here form a natural, some-
times verbatim extension to the case of mappings of arbitrary topological or
metric spaces, of concepts and propositions that are already well known to us
in . In the process, not only the statement but also the proofs of many facts
turn out to be identical with those already considered; in such cases the proofs
are naturally omitted with a reference to the corresponding propositions that
were discussed in detail earlier.

9.6.1 The Limit of a Mapping

a. The Basic Definition and Special Cases of it

Definition 1. Let f : X — Y be a mapping of the set X with a fixed base
B = {B} in X into a topological space Y. The point A € Y is the limit of the
mapping f : X = Y over the base B, and we write liggn f(z) = A, if for every

neighborhood V(A) of A in Y there exists an element B € B of the base B
whose image under the mapping f is contained in V{A).

In logical symbols Definition 1 has the form
ligxf(x) =A=YW(A)cY 3IBeB (f(B)C V(4)) .

‘We shall most often encounter the case in which X, like Y, is a topological
space and B is the base of neighborhoods or deleted neighborhoods of some
point @ € X. Retaining our earlier notation z — « for the base of deleted
neighborhoods {{7(a)} of the point a, we can specialize Definition 1 for this
base:;

lim f(z) = A:=VYV(4) C Y 3U(a) C X (f(U(a)) C V(4)).

T—rQ
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If (X,dx) and (Y,dy) are metric spaces, this last definition can be re-
stated in &4 language:

iiiréf(m):A:=V63?035>DV$EX
(0 <dx(a,z) < d = dy(A, f(z)) <€) .
In other words,
lim f(z) = A ¢= lim dy (4, f(z)) =0.

T=-ra
Thus we see that, having the concept of a neighborhood, one can define
the concept of the limit of a mapping f : X — Y into a topological or metric
space Y just as was done in the case Y = R or, more generally, Y = R".

b. Properties of the Limit of a Mapping We now make some remarks
on the general properties of the limit.

We first note that the uniqueness of tlie limit obtained earlier no longer
holds when Y is not a Hausdorff space. But if ¥ is a Hausdorff space, then
the limit is unique and the proof does not differ at all from the one given in
the special cases Y =R or Y = R".

Next, if f : X — Y is a mapping into a metric space, it makes sense to
speak of the boundedness of the mapping (meaning the boundedness of the
set f(X) in Y), and of ultimate boundedness of a mapping with respect to
the base B in X (meaning that there exists an element B of B on which f is
bounded).

It follows from the definition of a limit that if s, mapping f: X = Y of a
set X with base B into a metric space Y has a limit over the base B, then it
is ultimately bounded over that base.

¢. Questions Involving the Existence of the Limit of a Mapping

Proposition 1. (Limit of a composition of mappings.) Let Y be o set with
base By and g:Y — Z a mapping of Y into a topological space Z having a
limit over the base By .

Let X be o set with base Bx and f : X = Y a mapping of X into Y such
that for every element By € By there exists an element Bxy € By whose
image is contained in By, that is, f(Bx) C By.

Under these hypotheses the composition go f : X — Z of the mappings f
and g is defined and has a limit over the base By, and

img o f(z) =limg(y) .

For the proof see Theorem 5 of Sect. 3.2.

Another important proposition on the existence of tlie limit is the Cauchy
criterion, to which we now turn. This time we will be discussing a mapping
f: X — Y into a metric space, and in fact a complete metric space.

In the case of a mapping f : X — Y of the set X into a metric space
(Y,d) it is natural to adopt the following definition.
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Definition 2. The oscillation of the mapping f : X = Y onaset E C X is

the quantity
w(f,B)= sup d(f(z1),f(22)) .

z31,23€EL

The following proposition holds.

Proposition 2. (Cauchy criterion for existence of the limit of a mapping.)
Let X be o set with o base B, and let f : X — Y be a mapping of X into a
complete metric space (Y,d).

A necessary and sufficient condition for the mapping [ to have a limit
over the base B s that for every € > 0 there exist an element B in B on
which the oscillation of the mapping is less than e.

More briefiy:

i /(z) = Ve > 03B € B (w(f, B) <¢) .

For the proof see Theorem 4 of Sect. 3.2.

It is useful to remnark that the completeness of the space Y is needed only
in the implication from the right-hand side to the left-hand side. Moreover,
if Y is not a complete space, it is usually this implication that breaks down.

9.6.2 Continuous Mappings

a. Basic Definitions

Definition 3. A mapping f : X — Y of a topological space (X, 7x) into a
topological space (Y,7y) is continuous at a point a € X if for every neigh-
borhood V(f(a)) C Y of the point f(a) € Y there exists a neighborhood
U(a) C X of the point ¢ € X whose image f(U(a)) is contained in V (f(a)).

Thus,

f: X =Y iscontinuous at a € X :=

=WV (f(e)) U(a) (f(U(a)) c V(f(a))) -

In the case when X and Y are metric spaces (X, dx) and (Y, dy), Defini-
tion 3 can of course be stated in - language:

f: X =Y is continuous at a € X :=
=Ve>033>0Vz € X (dx(a,z) < § = dy(f(a), f(z)) <€) .

Definition 4. The mapping f : X — Y is continuous if it is continuous at
each point z € X.

The set of continuous mappings from X into Y will be denoted C(X,Y).



9.6 Continuous Mappings of Topological Spaces 31

Theorem 1. (Criterion for contmuity.) A4 mapping f : X = Y of a topolog-
ical space (X, Tx) into a topological space (Y, 7y) is continuous if and only if
the pre-image of every open (resp. closed) subset of Y 4s open (resp. closed)
in X.

Proof. Since the pre-image of a complement is the complement of the pre-
image, it suffices to prove the assertions for open sets.

We first show that if f € C(X,Y) and Gy € 7y, then Gx = f~1(Gy)
belongs to 7x. lf Gx = @, it is immediate that the pre-image is open. If G x #
@ and a € Gx, then by definition of continuity of the mapping f at the point
a, for the neighborhood Gy of the point f(a) there exists a neighborhood
Ux(a) of a € X such that f(Ux(a)) C Gy. Hence Ux(a) C Gx = f~1(Gy).

Since Gx = |J Ux(e), we conclude that G x is open, that is, Gx € 7x.
aeGyx
We now prove that if the pre-image of every open set in ¥ is open in

X, then f € C(X,Y). But, taking any point « € X and any neighbor-
hood Vy( f(a.)) of its image f(a) in Y, we discover that the set Ux(a) =
f~'(V¥(f(a))) is an open neighborhood of a € X, whose image is contained
in Vy (f (a)). Consequently we have verified the definition of continuity of the
mapping f : X — Y at an arbitrary pointa € X. O

Definition 5. A bijective mapping f : X — Y of one topological space
(X, Tx) onto another (Y, 7v) is a homeomorphism if both the mapping itself
and the inverse mapping f~! : ¥ — X are continuous.

Definition 6. Topological spaces that admit homeomorphisms onto one an-
other are said to be homeomorphic.

As Theorem 1 shows, under a homeomorphism f : X — Y of the topolog-
ical space (X, 7x) onto (Y, 7y ) the systems of open sets 7x and Ty correspond
to each other in the sense that Gx € Tx © f(Gx) =Gy € 1vy.

Thus, from the point of view of their topological properties homeomorphic
spaces are absolutely identical. Consequently, homeomorphism is the same
kind of equivalence relation in the set of all topological spaces as, for example,
isometry is in the set of metric spaces.

b. Local Properties of Continuous Mappings We now exhibit the lo-
cal properties of continuous mappings. They follow immediately from the
corresponding properties of the limit.

Proposition 3. (Continuity of a composition of continuous mappings.) Let
(X,7x), (Y,7v) and (Z,7z) be topological spaces. If the mapping g: Y — 2
is continuous at a point b €Y and the mapping f : X — Y is continvous at
a point a € X for which f(a) = b, then the composition of these mappings
gof:X — Z is continuous at a € X.

This follows from the definition of continuity of a mapping and Proposi-
tion 1.
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‘Proposition 4. (Boundedness of a mapping in a neighborhood of a point
of continuity.) If a mapping f : X — Y of a topological space (X,7) into a
metric space (Y, d) is continuous at a point a € X, then it is bounded in some
neighborhood of that point.

This proposition follows from the ultimate boundedness (over a base) of
a mapping that has a limit.

Before stating the next proposition on properties of continuous mappings,
we recall that for mappings into R or B™ we defined the quantity

w(f;a) == P—%w(f’ B(a,r))

to be the oscillation of f at the point a. Since both the concept of the oscil-
lation of a mapping on a set and the concept of a ball B(a,r) make sense in
any metric space, the definition of the oscillation w(f,a) of the mapping f
at the point @ also makes sense for a mapping f : X — Y of a metric space
(X,dx) into a metric space (Y, dy).

Proposition 5. A mapping f : X — Y of a metric space (X,dx) into a
metric space (Y, dy) is continuous at the point a € X if and only if w(f,a)=0.

This proposition follows immediately from the definition of continuity of
a mapping at a point.

c. Global Properties of Continuous Mappings We now discuss some
of the important global properties of continuous inappings.

Theorem 2. The tmage of ¢ compact set under a continuous mapping s
compact.

Proof. Let f : K — Y be a continuous mapping of the compact space (K, 7x)
into a topological space (Y, 7y), and let {G§, a € A} be a covering of f(K)
by sets that are open in Y. By Theorem 1, the sets {G% = f~}(G$), a € A}

form an open covering of K. Extracting a finite covering G%*,...,G%", we
find a finite covering Gy*,...,Gy" of f(K) C Y. Thus f(K) is compact in
Y: O

Corollary. A continuous real-valued function f : K — R on a compact set
assumes its mazimal value at some point of the compact set (and also its
minimal value, al some point).

Proof. Indeed, f(K) is a compact set in R, that is, it is closed and bounded.
This means that inf f(K) € f(K) and sup f(K) € f(X). D

In particular, if K is a closed interval [a,b] C R, we again obtain the
classical theorem of Weierstrass.

Cantor’s theorem on uniform continuity carries over verbatim to map-
pings that are continuous on compact sets. Before stating it, we must give a
necessary definition.
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Definition 7. A mapping f : X — Y of a metric space (X, dx) into a metric
space (Y,dy) is uniformly continuous if for every ¢ > 0 there exists d > 0
such that the oscillation w(f, F) of f on each set E C X of diameter less
than 4 is less than .

Theorem 3. (Uniform continuity.) A continuous mapping f : K - Y of a
compact metric space K into a metric space (Y, dy) is uniformly continuous.

In particular, if K is a closed interval in R and ¥ = R, we again have
the classical theorem of Cantor, the proof of which given in Subsect. 4.2.2.
carries over with almost no changes to this general case.

Let us now consider continuous mappings of connected spaces.

Theorem 4. The image of a connected topological space under a continuous
mapping is connected.

Proof. Let f : X — Y be a continuous mapping of a connected topological
space (X,7x) onto a topological space (¥,7y). Let Ey be an open-closed
subset of Y. By Theorem 1, the pre-image Ex = f~!(Ey) of the set Ey is
open-closed in X. By the connectedness of X, either By = @ or Ex = X.
But this means that either By =@ or By =Y = f(X). DO

Corollary. If o function f : X — R is continuous on a connected topological
space (X, 7) and assumes volues f(a) = A € R and f(b) = B € R, then for
any number C between A and B there exists a point ¢ € X at which f(c) = C.

Proof. Indeed, by Theorem 4 f(X) is a connected set in R. But the only
connected subsets of R are intervals (see the Proposition in Sect. 9.4). Thus
the point C belongs to f(X) along with 4 and B. D

 In particular, if X is a closed interval, we again have the classical
intermediate-value theorem for a continuous real-valued function.

9.6.3 Problems and Exercises

1. a) If the mapping f: X — Y is continuous, will the images of open (or closed)
sets in X be open (or closed) in Y'?

b) If the image, as well as the inverse image, of an open set under the mapping
f: X —Y is open, does it necessarily follow that f is 3 homeomorphism?

c) If the mapping f : X — Y is continuous and bijective, is it necessarily a
homeomorphism?

d) Is a mapping satisfying b) and c) simultaneously a homeomorphism?

2. Show the following,

a) Every continuous bijective mapping of a compact space into a Hausdorff
space is a homeomorphism.

b) Without the requirement that the range be a Hausdorff space, the preceding
statement is in general not true.
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3. Determine whether the following subsets of R” are (pairwise) homeomorphic as
topological spaces: a line, an open interval on the line, a closed interval on the line;
a sphere; & torus,

4. A topological space (X, 7) is arcwise connected or path connected if any two of
its points can be joined by a path lying in X. More precisely, this means that for
any points A and B in X there exists a continuous mapping f : I = X of a closed
interval [a,b] C R into X such that f(e) = 4 and f(b) = B.

a) Show that every path connected space is connected.

b) Show that every convex set in R™ is path connected.

c) Verify that every connected open subset of R™ is path connected.

d) Show that & sphere S(a,r) is path connected in R™, but that it may fail to be
connected in another metric space, endowed with a completely different topology.

e) Verify that in a topological space it is impossible to join an interior point of
a set to an exterior point without intersecting the boundary of the set.

9.7 The Contraction Mapping Principle

Here we shall establish a principle that, despite its simplicity, turns out to
be an effective way of proving many existence theorems.

Definition 1. A point ¢ € X is a fized point of a mapping f : X — X if
fla)=a.

Definition 2. A mapping f : X — X of a metric space (X,d) into itself
is called a contraction if there exists a number ¢, 0 < ¢ < 1, such that the

inequality
d(f(z1), f(22)) £ qd(z1,22) (9.20)

holds for any points 2y and 25 in X.

Theorem. (Picard®~Banach” fixed-point principle.) A contraction mapping
f: X — X of a complete metric space (X,d) into itself has a unique fived
point a.

Moreover, for any point 2y € X the recursively defined sequence xg, 1 =
f(zo)s <5 Zugr = f(Zn),. .. converges to a. The rate of convergence is given
by the estimate
qﬂ.

d(a, zn) < —— qd(:cl,:r:g) ; (9.21)

1

§ Ch. E. Picard (1856-1941) ~ French mathematician who obtained many impor-
tant results in the theory of differential equations and analytic function theory.

7 8. Banach (1892--1945) — Polish mathematician, one of the founders of functional
analysis.
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Proof. We shall take an arbitrary point zp € X and show that the sequence

zo, x1 = f(Z0), ..+, a1 = f(2,),...1s a Cauchy sequence. The mapping f
is a contraction, so that by Eq. (9.20)

d(mﬂ*}‘l: mﬂ) < qd(mn: m‘H—-'i) Soeve E qnd(iﬂl: mO)

and

d(Zn+tk, an) < d(il?n,mn+1) O d($n+k-—1 gmn-l—k) =
< (qn -} q*%'l‘l s 55 s qn+k—1)d(m1,:nu) < lq—- 2

d(z1,2q) .

From this one can see that the sequence zg,z1,...,%p.... 18 indeed a
Cauchy sequence.

The space (X, d) is complete, so that this sequence has a limit, ILm By =
a € X.

It is clear from the definition of a contraction mapping that a contraction
is always continuous, and therefore

a= lim Zn = lim f(za) = £( lim z,) = f(a).

—}+00

Thus a is a fixed point of the mapping f.
The mapping f cannot have a second fixed point, since the relations a; =
f(a;), i = 1,2, imply, when we take account of (9.20), that

0 < d(ay,a2) = d(f(a1), f(a2)) < gd(a1,a2) ,
which is possible only if d(a1,a2) = 0, that is, a; = as.
Next, by passing to the limit as k — 0o in the relation

n

2 qd(mlzmﬂ) )

we find that

The following proposition supplements this theorem.

Proposition. (Stability of the fixed point.) Let (X, d) be a complete meiric
space and (§2,7) a topological space that will play the role of a parameter
space in what follows.

Suppose to each value of the parameter t € §2 there corresponds a conirac-
tion mapping f; : X — X of the space X into itself and that the follouing
conditions hold.

a) The family {fi; t € 2} is uniformly contracting, that is, there exisis g,
0 < g <1, such that each mapping f: is ¢ g-contraction.
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b) For each x € X the mapping fi(z) : £2 — X is continuous as o function
of t at some point to € 12, that is tli}T filz) = fi ().
(4]

Then the solution a(t) € X of the equation z = fy(z) depends continuously
on t at the point to, that is, Jim a(t) = a(tp).
€]

Proof. As was shown in the proof of the theorem, the solution a(t) of the
equation z = fy(z) can be obtained as the limit of the sequence {z,4+1 =
filza); m = 0,1,...} starting from any point zp € X. Let zp = a(to) =

f to (a(to)) .
Taking account of the estimate (9.21) and condition a), we obtain

d(a(t), a(to)) = d(a(t),z0) <
1 1

< l—d(ml,xﬂ) = Ed(ﬁ(ﬂ(tﬂ))wﬁu (alto))) -

By condition b), the last term in this relation tends to zero as ¢ — 9. Thus
it has been proved that

lim d{a(t),a(to)) = 0, that is, lzm a(t) = a(tg) . O

i—=o

Example 1. As an important example of the application of the contraction
mapping principle we shall prove, following Picard, an existence theorem for
the solution of the differential equation ¥/(z) = f(iﬂ; y(;z:)) satisfying an initial
condition y(zo) = Yo.

If the function f € C(R? R) is such that

|f(w,v1) — fu,v2)| £ Mlv; — 02|,
where M is a constant, then, for any initiel condition

y(zo0) = %0 » (9.22)

there exists a neighborhood U(xy) of o € R and a unique function y = y(x)
defined in U(zg) satisfying the equation

y = f(z,9) (9.23)
and the initial condition (9.22).

Proof. Equation (9.23) and the condition (9.22) can be jointly written as a
single relation

y(z) = yo + ff(t,y(t)) dt . (9.24)
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Denoting the right-hand side of this equality by A(y), we find that A :
C(V(20),R) — C(V(20),R) is a mapping of the set of continuous functions
defined on a neighborhood V (zo) of 2 into itself. Regarding C'(V(zo), R) as
a metric space with the uniform metric (see formula (9.6) from Sect. 9.1), we
find that

d(AylsAy2) = max ff(tsyl(t)) dt — ff(t:zfz(t)) dt‘ é

xeV(mo)

< _max | f Mlyl(t)—-yz(t)ldt'SMIx—wu]d(m,zfz)~
€V (xo)

If we assume that |z — zo| < 537, then the inequality

1
d(Ay:, Ava) < 5d(v1, 32)

js fulfilled on the corresponding closed interval I, where d(yi,y2) =
max |y1(z) — y2(z)|- Thus we have a contraction mapping
@

A:C,R) - C(I,R)

of the complete metric space (C(I,R),d) (see Example 4 of Sect. 9.5) into
itself, which by the contraction mapping principle must have a unique fixed
point y = Ay. But this means that the function in C(I,R) just found is the
unique function defined on I 3 2y and satisfying Eq. (9.24). O

Example 2. As an illustration of what was just said, we shall seek & solution
of the familjar equation

y =y
with the initial condition (9.22) on the basis of the contraction mapping
principle.
In this case

T

Ay =1yo +fy(t)dt1

To

and the principle is applicable at least for |z — zp| < ¢ < 1.

Starting from the initial approximation y(z) = 0, we construct succes-
sively the sequence 0,y; = A(0),...,¥n41(t) = A(yn(t)),... of approxima-
tions
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yl(t) == Yo
p2(t) = yo(1+ (z —20)) ,
y3(t) = yo(1 + (z — 20) + 3 (x — 20)?) ,
Ynp1(t) = vo(l+ (=) + (z—z0)2 + - + H(z —20)") ,

----------------------------------------------------------------

from which it is already clear that
y(m) — yﬂea:—ccu .

The fixed-point principle stated in the theorem above also goes by the
name of the contraction mapping principle. It arose as a generalization of Pi-
card’s proof of the existence theorem for a solution of the differential equation
(9.23), which was discussed in Example 1. The contraction mapping principle
was stated in full generality by Banach.

Frample 3. Newton’s method of finding a root of the equation f(z)= 0. Sup-
pose a real-valued function that is convex and has a positive derivative on
a closed interval [a, 3] assumes values of opposite signs at the endpoints
of the interval. Then there is a unique point & in the interval at which
f(a) = 0. In addition to the elementary method of finding the point a by
successive bisection of the interval, there also exist more sophisticated and
rapid methods of finding it, using the properties of the function f. Thus, in
the present case, one may use the following method, proposed by Newton
and called Newton’s method or the method of tangents. Take an arbitrary
point zp € [e, 8] and write the equation y = f(zo) + f'(zo)(z — zo) of the
tangent to the graph of the function at the point (zg, f(zo)). We then find

the point 2, = 29— [f’ l(:z:l;.)]dI + f(wo) where the tangent intersects the z-axis
(Fig. 9.3). We take z; as the first approximation of the root a and repeat
this operation, replacing zg by 2;. In this way we obtain a sequence

Ty =2 — [f'(Ea)] " * flzn) (9.25)

of points that, as one can verify, will tend monotonically to a in the present
case.

In particular, if f(z) = 2* — a, that is, when we are seeking {a, where
a > 0, the recurrence relation (9.25) has the form

X —a
Tntr = Tn — —k:z:"‘"l )
7n

which for & = 2 becomes the familiar expression

1 a
Tntl = E(mn‘}' _) §

Ti
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T2 Al o g
Fig. 9.3.

The method (9.25) for forming the sequence {z,} is called Newton’s
method.

If instead of the sequence (9.25) we consider the sequence obtained by the
recurrence relation
Zatr = Za — [f/(20)] 7 - flzn) (9.26)
we speak of the modified Newton’s method.® The modification amounts to
computing the derivative once and for all at the pomt zg.

Consider the mapping

z > A(z) =z - [f'(2z0)] " - f(z) . (9.27)
~ By Lagrange’s theorem

|A(z2) — A@1)| = |[f'(z0)] 7 F(O)] - [z2 — 2 ,

where £ is a point lying between z; and zs.
Thus, if the conditions
Al)cI (9.28)

and
[f'(20)] " f(2)| <a <1, (9.29)
hold on some closed interval I < IR, then the mapping A : I — I defined by
relation (9.27) is a contraction of this closed interval. Then by the general
principle it has a unique fixed point on the interval. But, as can be seem from
(9.27), the condition A(a) = a is equivalent to f(a) = 0.
Hence, when conditions (9.28) and (9.29) hold for a function f, the mod-
ified Newton’s method (9.26) leads to the required solution x = a of the
equation f(z) = 0 by the contraction mapping principle.

8 In functional anaiysis it has numerous applications and is called the Newton—
Kantorovich method. L.V. Kantorovich (1912-1986) — eminent Soviet mathemati-
clan, whose research in mathematical economics earned him the Nobel Prize.
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9.7.1 Problems and Exercises

1. Show that condition (9.20) in the contraction mapping principle cannot be re-
placed by the weaker condition

d(f(:cl), _f(:r:z)) < d(21,22) .

2. a) Prove that if a mapping f : X — X of a complete metric space (X,d) into
itself is such that some iteration of it f™ : X — X is a contraction, then f has a
unique fixed point.
b) Verify that the mapping A : C(I,R) —+ C(I,R) in Example 2 is such that
for any closed interval I C R some iteration A™ of the mapping A is a contraction.
c) Deduce from b) that the local solution y = yae™ ™ found in Example 2 is
actually a solution of the original equation on the entire real line.

3. a) Show that in the case of a function on [e, 8] that is convex and has a positive
derivative and assumes values of opposite signs at the endpoints, Newton’s method
really does give a sequence {Zn} that converges to the point a € [a, 8] at which
f(a) =0. _

b) Estimate the rate of convergence of the sequence (9.25) to the point a.



10 *Differential Calculus
from a more General Point of View

10.1 Normed Vector Spaces

Differentiation is the process of finding the best local linear approximation of
a function. For that reason any reasonably general theory of differentiation
must be based on elementary ideas connected with linear functions. From the
course in algebra the reader is well acquainted with the concept of a vector
space, as well as linear dependence and independence of systems of vectors,
bases and dimension of a vector space, vector subspaces, and so forth. In the
present section we shall present vector spaces with a norm, or as they are
described, normed vector spaces, which are widely used in analysis. We begin,
however, with some examples of vector spaces.

10.1.1 Some Examples of Vector Spaces in Analysis

Example 1. The real vector space R™ and the complex vector space C” are
classical examples of vector spaces of dimension n over the fields of real and
complex numbers respectively.

Erample 2. In analysis, besides the spaces R" and C™ exhibited in Example
1, we encounter the space closest to them, which is the space £ of sequences
z = (z*,...,2",...) of real or complex numbers. The vector-space operations
in £, as in R™ and C™, are carried out coordinatewise. One peculiarity of this
space, when compared with B™ or C™ is that any finite subsystem of the
countable system of vectors {z; = (0,...,0,2* = 1,0,...), i € N} is linearly
independent, that is, £ is an infinite-dimensional vector space (of countable
dimension in the present case).

The set of finite sequences (all of whose terms are zero from some point
on) is a vector subspa.ceg of the space £, also infinite-dimensional.

Fxample 3. Let Fla,b] be the set of numerical-valued (real- or complex-
valued) functions defined on the closed interval [a,b]. This set is a vector
space over the corresponding number field with respect to the operations of
addition of functions and multiplication of a function by a number.
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The set of functions of the form

0, if z€fo,b] and z# 7T,
er(z) =
1, if z€a,b] and z=71

is a continuously indexed system of linearly independent vectors in F/a, b|.
The set C'[a, b] of continuous functions is obviously a subspace of the space
Fa,b] just constructed.

Example 4. If X, and X2 are two vector spaces over the same field, there is a
natural way of introducing a vector-space structure into their direct product
X3 x X3, namely by carrying out the vector-space operations on elements
x = (z1,22) € X; x X, coordinatewise.

Similarly one can introduce a vector-space structure into the direct prod-
uct X; x --+ x X,, of any finite set of vector spaces. This is completely anal-
ogous to the cases of R” and C".

10.1.2 Norms in Vector Spaces

We begin with the basic definition.

Definition 1. Let X be a vector space over the field of real or complex
numbers.

A function || || : X — R assigning to each vector z € X a real number
||z|| is called a norm in the vector space X if it satisfies the following three
condjitions:

a) ||lz|| = 0 & z = 0 (nondegeneracy);
b) [[Az|| = Al ||| (homogeneity);
c) |z1 + z2|| < ||z:]| + ||z2]l (the triangle inequality).

Definition 2. A vector space with a norm defined on it is called a normed
vector space.

Definition 3. The value of the norm at a vector is called the norm of that
vector.

The norm of a vector is always nonnegative and, as can be seen by a),
equals zero only for the zero vector.

Proof. Indeed, by c), taking account of a) and b), we obtain for every z € X,
0= [0l = [lz + (—=2)| < l|lzl| + || — =]l = [l=l| + [ = 1| [|=]] = 2{]=] . O
By induction, condition c¢) implies the following general inequality.

ey + -+ @all < llall +--- + [lzall 4 (10.1)
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and taking account of b), one can easily deduce from c) the following useful
inequality.
ol = llz2ll] < l|zy — 22 - (10.2)
Bvery norimed vector space has a natural metric
d(z1,22) = |21 — 22| - (10.3)

The fact that the function d(z;,z2) just defined satisfies the axioms for a
metric follows immediately from the properties of the norm. Because of the
vector-space structure in X the metric d in X has two additional special
properties:

d(@r + 2,22+ ) = ||(21 +2) — (22 + 2| = [|}o2 — 2| = (2, z2) ,
that is, the metric is translation-invariant, and
d(Ar, Azg) = A2y = Azl = M1 — 22| = M 2 = zall = |A] d(z1,22) ,
that is, it is homogeneous.

Definition 4. If a normed vector space is complete as a metric space with
the natural metric (10.3), it is called a complete normed wvector space or
Banach space.

Ezample 5. If for p > 1 we set

el = (Zm) (10.4)

for z = (z1,...,2") € R", it follows from Minkowski’s inequality that we

obtain a norm on R™. The space R™ endowed with this norm will be denoted
n

One can verify that

zllpz < ll2llps » 1< <p2, (10.5)

and that
Izll, = max {|z*],...,|z"|} (10.6)

as p — +o0o. Thus, it is natural to set
|zfleo := thax {|z*],..., |z"} . (10.7)
It then follows from (10.4) and (10.5) that
Izlleo < lzllp < Izl < nllz]le forp=1. (10.8)

It is clear from this inequality, as in fact it is from the very definition of
the norm [|z||, in Eq. (10.4), that B} is a complete normed vector space.
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Example 6. The preceding example can be usefully generalized as follows. If
X = X; x+++ x X, is the direct product of normed vector spaces, one can
introduce the norm of a vector £ = (2;,...,2,) in the direct product by

setting
Y
ll2ll, := ( lewsll”) , p>1, (10.9)
=1

where ||z;|| is the norm of the vector z; € X;.

Naturally, inequalities (10.8) remain valid in this case as well.

From now on, when the direct product of normed spaces is considered,
unless the contrary is explicitly stated, it is assumed that the norm is defined
in accordance with formula (10.9) (including the case p = +00).

Ezample 7. Let p > 1. We denote by £, the set of sequences z =

0O
(z',...,z",...) of real or complex numbers such that the series Y |z"[

n=1
converges, and for z € ¢, we set

Izl = (Z Iw”'l"’) - (10.10)

Using Minkowski's inequality, one can easily see that £, is a normed vector
space with respect to the standard vector-space operations and the norm
(10.10). This is an infinite-dimensional space with respect to which R} is a
vector subspace of finite dimension.

All the inequalities (10.8) except the last are valid for the norm (10.10).
It is not difficult to verify that £, is a Banach space.

Example 8. In the vector space C[a, b] of numerical-valued functions that are
continuous on the closed interval [a,b], one usually considers the following
norm:

IAl+= s | #l=) - (10.11)

We leave the verification of the norm axioms to the reader. We remark
that this norm generates a metric on C[a, b] that is already familiar to us (see
Sect. 9.5), and we know that the metric space that thereby arises is complete.
Thus the vector space C[a, b] with the norm (10.11) is a Banach space.

Example 9. One can also introduce another norm in Cla, b]

£l = ( / /P(@) dm) . o2, (10.12)

which becomes (10.11) as p — +oc.
It is easy to see (for example, Sect. 9.5) that the space Cla,b] with the
norm (10.12) is not complete for 1 < p < +00.
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10.1.3 Inner Producis in Vector Spaces

An important class of normed spaces is formed by the spaces with an inner
product. They are a direct generalization of Euclidean spaces.
We recall their definition.

Definition 5. We say that a Hermitien form is defined in a vector space X
(over the field of complex numbers) if there exists a mapping (, ) : XxX — C
having the following properties:

a) (zy,z2) = (2, 21),

b) (MleEZ) = A(E] 122)'.-

c) (z1 + z2,23) = (21, 23) + (22, 23),
where z;, 23,23 are vectors in X and A € C.

It follows from a), b), and c), for example, that

(@1, Az2) = (Az2,71) = A(ZT2,21) = A (T2, Z1) = M1, T2) ;

(21,22 +23) = (@2 + z3,21) = (T2, 21) + (T3, 21) = (21, 22) + (21, 23) ;

(z,z) = (z,x) , thatis, (z,z) is a real number.

A Hermitian form is called nonnegative 1f

d) (z,z) =0
and nondegenerate if

e) (z,z)=0&2=0.

If X is a vector space over the field of real numbers, one must of course
consider a real-valued form {(z;,z;). In this case a) can be replaced by
{z1,22) = (z2,21), which means that the form is symmetric with respect
to its vector arguments z; and 2.

An example of such a form is the dot product familiar from analytic
geometry for vectors in three-dimensional Euclidean space. In connection
with this analogy we make the following definition.

Definition 6. A nondegenerate nonnegative Hermitian form in a vector
space is called an inner product in the space.

Ezample 10. An inner product of vectors ¢ = (2,...,2") and y =

(y%,...,y") in R® can be defined by setting

T

(2,y) = Z::z:‘fyiE . (10.13)

i=1
and in C™ by setting
(@.u) = ) 29, (10.14)

i=]
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Example 11. In €3 the inner product of the vectors z and y can be defined as
=) oW,
i=1

The series in this expression converges absolutely since

o0 o o0 ) oo
2} oyl < 32+ Y Iy2.
=] i=1 =1

Ezample 12. An inner product can be defined in C|a,b| by the formula

b
(ho) = [(-D@ds (10.15)

It follows easily from properties of the integral that all the requirements
for an inner product are satisfied in this case.

The following important inequality, known as the Cauchy—Bunyakovskii
inequality, holds for the inner product:

|(.'.L', y)lz < (.’E,:B) ) (?J, 3}) ) (1016)

where equality holds if and only if the vectors z and y are collinear.

Proof. Indeed, let a = (z,z), b = {z,y), and ¢ = (y,y). By hypothesis ¢ > 0
and ¢ > 0. If ¢ > 0, the inequalities

0<{z+ Ay, 2+ Ay) = a+bA+bA+ A

with A = —2 imply ) o
e 2 L 2
e ¢ ¢

or _
0<ac—bb=ac—|b*, (10.17)

which is the same as (10.16).

Tlie case a > 0 can be handled similarly.

Ifa = ¢ =0, then, setting A = —b in (10.17), we find 0 < —bb—bb = —2|b|?,
that is, b =0, and (10.16) is again true.

If ¢ and y are not collinear, then 0 < (z 4+ Ay, z + Ay) and consequently
inequality (10.16) is a strict inequality in this case. But if  and y are collinear,
it becomes equality as one can easily verify. 0O
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A vector space with an inner product has a natural norm:

lz]| := v/ (z, z) (10.18)

and metric
d(z,y) = =~y .

Using the Cauchy-Bunyakovskij inequality, we verify that if {z,y) is a
nondegenerate nonnegative Hermitian form, then formula (10.18) does indeed
define a norm.

Proof. In fact,

lz]l = V{z,2) =0 2=0

since the form (z,y) is nondegenerate.
Next,

Izl = v/ Oz, Az) = ANz, 2) = ||/ {2, 2) = |A] [|z] -
We verify finally that the triangle inequality holds:

lz +yll < llll + Izl -

Thus, we need to show that

Viz+yz+y) < iz + V{1

or, after we square and cancel, that

(@,9) + (¥, 2) < 2¢/(z,2) - (v, )-

But
{@,9) + (¥, 2) = (z,9) + (z,9) = 2Re {2,y) < 2|(z,9)| ,

and the inequality to be proved now follows immediately from the Cauchy-
Bunyakovskii inequality (10.16). O

In conclusion we note that finite-dimensional vector spaces with an inner
product are usually called Euclidean or Hermitian (unitary) spaces according
as the field of scalars is R or € respectively. If a normed vector space is infinite-
dimensional, it is called a Hilbert space if it is complete in the metric induced
by the natural norm and a pre-Hilbert space otherwise.
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10.1.4 Problems and Exercises

1. a) Show that if & translation-invariant homogeneous metric d(z1, z2) is defined
in a vector space X, then X can be normed by setting ||z|| = d(0, z).

b) Verify that the norm in a vector space X is a continuous function with respect
to the topology induced by the natural metric (10.3).

c) Prove that if X is a finite-dimensional vector space and ||z|| and ||z||" are two
norms on X, then one can find positive numbers M, IV such that

M|z| < lle]” < N=| (10.19)

for any vector x € X.

d) Using the example of the norms ||z||; and ||z||e in the space £, verify that
the preceding inequality generally does not hold in infinite-dimensional spaces.

2. a) Prove inequality (10.5).
b) Verify relation (10.6).

¢) Show that as p — +oo the quantity ||f||, defined by formula (10.12) tends
to the quantity || f|| given by formula (10.11).

3. a) Verify that the normed space £, considered in Example 7 is complete.

b) Show that the subspace of £, consisting of fimte sequences (ending in zeros)
is not a Banach space.

4. a) Verify that relations (10.11) and (10.12) define a norm in the space Cfa, b]
and convince yourself that a complete normed space is obtained in one of these
cases but not in the other.

b) Does formula (10.12) define a norm in the space R[a, b] of Riemann-integrable
functions?

c) What factorizatjon (identification) must one make in R[a,b] so that the
quantity defined by (10.12) will be a norm in the resulting vector space?

5. a) Verify that formulas (10.13)—(10.15) do indeed define an inner product in the
corresponding vector spaces.

b) Is the form defined by formula (10.15) an inner product in the space Ra, b]
of Riemann-integrable functions?

¢) Which functions in R[a, b] must be identified so that the answer to part b)
will be positive in the quotient space of equivalence classes?

6. Using the Cauchy-Bunyakovskii inequality, find the greatest lower bound of

b b
the values of the product ( | f(=) dz;) ( J(1/ ) (=) dm) on the set of continuous
real-valued functions that do not vanish on the closed interval [a, b].
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10.2 Linear and Multilinear Transformations

10.2.1 Definitions and Examples

We begin by recalling the basic definition.

Definition 1. If X and Y are vector spaces over the same field (in our case,
either R or C), a mapping 4 : X — Y is linear if the equalities

A(SBI -+ 1122) = A(ml) -+ A(mg) )
A(Az) = AA(z)

hold for any vectors z, 1, 2 In X and any number A in the field of scalars.
For a linear transformation A : X — Y we often write Az instead of A(z).

Definition 2. A mapping 4 : X; x -+ x X,, = Y of the direct product of
the vector spaces X3, ..., X, into the vector space Y is multilinear (n-linear)
if the mapping y = A(2,...,2Z,) is linear with respect to each variable for
all fixed values of the other variables.

The set of n-linear mappings A : X; x --- x X, = Y will be denoted
.C(XI yoasw 1Xn; Y).

In particular for n = 1 we obtain the set £L(X;Y) of linear mappings from
X;=XintoY.

For n = 2 a multilinear mapping is called bilinear, for n = 3, trilinear,
and so forth.

One should not confuse an n-linear mapping A € £(X;,...,Xa;Y) with
a linear mapping A € L(X;Y') of the vector space X = X; x--- x X,, (in
this connection see Examples 9-11 below).

IfY =R or Y = C, linear and multilinear mappings are usually called
linear or multilinear functionals. When Y is an arbitrary vector space, a linear
mapping A : X — Y is usually called a linear transformation from X into
Y, and a linear operator in the special case when X =Y.

Let us consider some examples of linear mappings.

Example 1. Let g be the vector space of finite numerical sequences. We define
a transformation A : g — g as follows:

A((m;,mg,. s+ 3 Eny 0,- -.)) = (13}1,23}2, sy Ny, 0,. . -) .
Fxample 2. We define the functional A : Cla,b] — R by the relation

- A(f) = f(=o) ,
where f € C([a,b],R) and 2o is a fixed point of the closed interval [a, b].
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Ezample 3. We define the functional A : C([e,b],R) — R by the relation

b
A(f) = f f(z)dz .

Ezxample 4. We define the transformation A : C([a,b],R) — C([a,b],R) by
the formula

A(f) = f eyt ,

where z is a point ranging over the closed interval [a,b).

All of these transformations are obviously linear.
Let us now consider some familiar examples of multilinear mappings.

Ezample 5. The usual product (Zy,...,2,) = Z1 - ... Zn of 7 real numbers
is a typical example of an n-linear functional 4 € L(R,...,R;R).

n

Ezxample 6. The inner product (z1,22) gy (z;,2Z2) in a Buclidean vector
space over the field R is a bilinear function.

Ezample 7. The cross product (zp,z2) N [21,22] of vectors in three-
dimensional Buclidean space E? is a bilinear transformation, that is, A €
L(E3, E3%; E®).

Ezample 8. If X is a finite-dimensional vector space over the field R,
{€1,...,en} is a basis in X, and & = 2’¢; is the coordinate representation of
the vector € X, then, setting

A BrowriBn) =88b | oiovs sovang :

1 n
2. eew 20
we obtain an n-linear function 4 : X™ — R.

As a useful supplement to the examples just given, we investigate in ad-
dition the structure of the linear mappings of a product of vector spaces into
a product of vector spaces.

Ezxample 9. Let X = X; x --- x X,, be the vector space that is the direct
product of the spaces X;,..., X, and let A : X — Y be a linear mapping
of X into a vector space Y. Representing every vector = (21,...,Zm) € X
in the form
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T = (ml: mm) =
= (21,0,...,0) + (0,29,0,...,0) +---+(0,...,0,z,,) (10.20)
and setting
As(zs) == A((0,...,0,2;,0,...,0)) (10.21)

for z; € X;, i={1,...,m}, we observe that the mappings A4; : X; — Y are
linear and that

Since the mapping A : X = X; x--- x X,;, = Y is obviously linear for
any linear mappings 4; : X; = Y, we have shown that formula (10.22) gives
the general form of any linear mapping 4 € L(X = X; x -+ x Xpn; Y).

Example 10. Starting from the definition of the direct product ¥ =
Y1 x--- x Y, of the vector spaces Y1,...,Y, and the definition of a linear
mapping A : X = Y, one can easily see that any linear mapping

A: XY =Y x---xY,

has the form z — Az = (Aiz,...,4:2) = (y1,...,9s) = ¥y € Y, where
A; : X — Y; are linear mappings.

Example 11. Combining Examples 9 and 10, we conclude that any linear
mapping
A: Xix+ xXp=X-=-Y=Y; x---xY,

of the direct product X = X; x--- x X,, of vector spaces into another direct
product Y =¥} x --- x Y, has the form

Y1 An -0 Amm T
Y = e = | siesees o pevas W =A$a (10’23)

Un An] e Anm Tm

where Ag; : X; — Y; are linear mappings.

In particular, f X; = Xo=-.. =X, =RandV; =Y =--. =Y, =R,
then A;; : X; — Y; are the linear mappings R 3 z — ai;z € R, each of which
is given by a single number a;;. Thus in this case relation (10.23) becomes
the familiar numerical notation for a linear mapping 4 : R™ — R".

10.2.2 The Norm of a Transformation

Definition 3. Let A: X, x--- X X;, = Y be a multilinear transformation
mapping the direct product of the normed vector spaces X;,..., X, into a
normed space Y.
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The quantity

|A(@1, .. Zally

Al == su (10.24)
” " zh---l?zn |$1|X1 Xoer X |mn|Xﬂ ,
x; 70
where the supremum is taken over all sets z3, . .., @, of nonzero vectors in the

spaces X, ...,Xn, is called the norm of the multilinear transformation A.

On the right-hand side of Eq. (10.24) we have denoted the norm of a
vector z by the symbol | - | subscripted by the symbol for the normed vector
space to which the vector belongs, rather than the usual symbol || - || for the
norm of a vector. Froin now on we shall adhere to this notation for the norm
of a vector; and, where no confusion can arise, we shall omit the symbol for
the vector space, taking for granted that the norm (absolute value) of a vector
is always computed in the space to which it belongs. In this way we hope to
introduce for the time being some distinction in the notation for the norm of
a vector and the norm of a linear or multilinear transformation acting on a
normed vector space.

Using the properties of the norm of a vector and the properties of a
multilinear transformation, one can rewrite formula (10.24) as follows:

Al = sup
LY gees Ty
T4

Ty L
)] = Aler,...,en)l, 10.2
Ay ’|mn1)‘ sup_[A(er,.. )|, (10.25)

B] ,'-qL"ﬂ

where the last supremum extends over all sets e;,...,e, of unit vectors in
the spaces Xi,..., X, respectively (that is, |e;] =1,i=1,...,n).
In particular, for a linear transformation A : X — Y, from (10.24) and
(10.25) we obtain
|Az|
[A]| = sup —— = sup |Ae|. (10.26)
() |$‘ le|=1
It follows from Definition 3 for the norm of a multilinear transformation
A that if ||A| < oo, then the inequality
|A(21,. .., 20)| < ||A] J21] X -« X |24 (10.27)

holds for any vectors z; € X;,i=1,...,n.
In particular, for a linear transformation we obtain

|Az| < || Al |=] . , (10.28)

In addition, it follows from Definition 3 that if the norm of a multilinear
transformation is finite, it is the greatest lower bound of all numbers M for
which the inequality

|A(z1y ..y Zp)| < Mzp| X o0 X |24 (10.29)
holds for all values of z; € X;, ¢ =1,...,n.
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Definition 4. A multilinear transformation 4 : X3 x --+x X, — Y is
bounded if there exists M € R such that inequality (10.29) holds for all
values of 2;,...,2, in the spaces X;,..., X, respectively.

Thus the bounded transformations are precisely those that have a finite
norm.

On the basis of relation (10.26) one can easily understand the geometric
meaning of the norm of a linear transformation in the familiar case 4 : B™ —
R™. In this case the unit sphere in R™ maps under the transformation A into
some ellipsoid in B™ whose center is at the origin. Hence the norm of A in
this case is simply the largest of the semiaxes of the ellipsoid.

On the other hand, one can also interpret the norm of a linear transforma-
iion as the least upper bound of the coefficients of dilation of vectors under
she mapping, as can be seen from the first equality in (10.26).

It is not difficult to prove that for mappings of finite-dimensional spaces
;he norm of a multilinear transformation is always finite, and hence in par-
icular the norm of a linear transformation is always finite. This is no longer
;rue in the case of infinite-dimensional spaces, as can be seen from the first
f the following examples.

Let us compute the norms of the transformations considered in Exam-
les 1-8.

Yrample 1'. If we regard g as a subspace of the normed space £,, in which
he vector e, = (0,...,0,1,0,...) has unit norm, then, since Ae, = ne,, it
N s

m—1

s clear that || A|| = co.

vzample 2'. If |[f| = max |f(z)] < 1, then |Af| = |f(zo)| < 1, and |Af| =1

aSe<b
f f(zo) =1, so that ||A| = 1.

We remark that if we introduce, for example, the integral norm

b
fl= f fl(z) do

n the same vector space C ([a, b}, R), the result of computing || A|| may change
onsiderably. Indeed, set [a,b] = [0, 1] and 25 = 1. The integral norm of the
mction f, = z™ on [0,1] is obviously ;l-}:,-, while Af, = Az" = m’“|m=1 = 1.
t follows that || A|| = co in this case.

Throughout what follows, unless the contrary is explicitly stated, the
pace C([a,b],R) is assumed to have the norm defined by the maximum of
he absolute value of the function on the closed interval [a, b].
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Ezample 3'. If |f| = max |f(z)| <1, then

|Af|-_ijf(:c)d:n'§j|f|(x)dm5jldmub—a.

But for f(z) =1, we obtain |A1| = b — a, and therefore || A| = b — a.
Fxample 4. If |f| = max, |f(:c}| < 1, then

a(m{

fft)dt'< ma.xf |F|(t)dt < ma.x('c—a)—b—a

But for | f(t) = 1, we obtain

H o

max [ ldt=b—a,
a<z<h
[4]

and therefore in this example ||A| = b — a.

Example 5'. We obtain immediately from Definition 3 that ||A|| = 1 in this
case.

Bxample 6’. By the Cauchy-Bunyakovskii inequality
(@1, 22)| < |1 - [22]

and if 7; = 25, this inequality becomes equality. Hence | A| = 1.
FExample 7'. We know that

|[:E1$3"2]| - |:L‘1I i:EZl sing ,

where ¢ is the angle between the vectors z; and z3, and therefore ||A|| < 1.

At the same time, if the vectors z; and 2z, are orthogonal, then siny = 1
Thus [|A]l = 1.

Ezxample 8'. If we assume that the vectors lie in a Euclidean space of dimen-
sion n, we note that A(zy,...,z,) = det(zy,...,2,) is the volume of the
parallelepiped spanned by the vectors z;,...,2,, and this volume is maxi-
mal if the vectors zy, ..., 2, are made pairwise orthogonal while keeping their
lengths constant.
Thus,
hkﬁ(mlp..,zn)|5|m1|-.”-|$ﬁ|,

equality holding for orthogonal vectors. Hence in this case || 4| = 1.
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Let us now estimate the norms of the operators studied in Examples 9-11.
We shall assume that in the direct product X = X; x---x X,, of the normed
spaces Xi,. .., Xm the norm of the vector z = (z,,...,2%,) is introduced in
accordance with the convention in Sect. 10.1 (Example 6).

Erample 9'. Defining a linear transformation
A XixxXp=X=2Y,
as has been shown, is equivalent to defining the m linear transformations

A; + X; — Y given by the relations A;2; = A((D,...,O,mi,o,...,ﬂ)),
i=1,...,m. When this is done, formula (10.22) holds, by virtue of which

it m g
[Asly < 3 Il < Y- LAl < (Y- 14d el
i=1 =1 i=1 :

Thus we have shown that
AL < Y1144l -
i=1

On the other hand, since

|Aszs| = |A((O, ...,0,2;,0,...,0))| <
< ”A” I(DJ vy 0 T4, 0y... ’O)IX = ”A” |$'5|Xi )

we can conclude that the estimate
| Al < || Al

also holds for all i = 1,...,m.

Ezample 10/, Taking account of the norm introduce in ¥ =¥; X+ X Yy, in
this case we immediately obtain the two-sided estiinates

I < 141 < 3 14

Erample 11, Taking account of the results of Examples 9 and 10, one can

conclude that .
145 < [ Al £ ZZIIAwII .
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10.2.3 The Space of Continuous Transformations

From now on we shall not be interested in all linear or multilinear transfor-
mations, only continuous ones. In this connection it is useful to keep in mind
the following proposition.

Proposition 1. For a multilinear transformation A : X; x - x X, =» Y
mapping a product of normed spaces Xy,...,X,, tnto a normed space Y the
followring conditions are equivalent:

a) A has a finite norm,

b) A is a bounded transformation,

c) A is a continuous transformation,

d) A is continuous at the point (0,...,0) € Xj x <« x Xp.

Proof. We prove a closed chain of implications a) = b) = ¢) => d) = a).

It is obvious from relation (10.27) that a) = b)-

Let us verify that b) = c), that is, that (10.29) implies that the operator
A 18 continuous. Indeed, taking account of the multilinearity of A, we can
write that

Az + b1, 22+ hoy ooy Tn + hn) — A2y, 22,0 ., Zp) =
=A(h1,.‘132,”.,23n) + "'+A(mlam2:“':mn-—1:hﬂ) =
+ APy, ho 23,y )+ 4 A(Z1y o, Bae2, B, ) +

111111111111111111111111111111111111111111111

+ Alha; <<y hn) -
From (10.29) we now obtain the estimate

\A(ml +h1, 22+ Ray o, ZTn + By) -A(mlsmm*“:xn} <
S M(|hy||za| = ooom Jnl + o4 ]« ] = oo e [T - [ +

from which it follows that A is continuous at each point (z;,...,2z,) €
Xy x-oox X,

In particular, if (2,,...,2,) = (0,...,0) we obtain d) from c).

It remains to be shown that d) = a).

Given € > 0 we find § = d(e) > 0 such that |A(z1,...,2,)| < € when
max{|21),..., [n|} < 4. Then for any set e;,..., e, of unit vectors we obtain

. i .
|[A(ey,. .. en)| = 5_n|A(531=“‘*‘5€“)| < 30

that is, [|Al| < & <oco. O
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We have seen above (Example 1) that not every linear transformation has
a finite norm, that is, a linear transformation is not always continuous. We
have also pointed out that continuity can fail for a linear transformation only
when the transformation is defined on an infinite-dimensional space.

From here on £(X;,..., X,;Y) will denote the set of continuous mul-
tilinear transformations mapping the direct product of the normed vector
spaces Xj,..., Xy into the normed vector space Y.

In particular, £{X;Y) is the set of continuous linear transformations from
X into Y.

In the set £(X;,...,X,;Y) we introduce a natural vector-space structure:

(A-i-B)(:B], .,:E,;) = A(:B],... ,:’L‘n) +B($1, ...,:En)
and
CAAM Dy ye v B ) = AR B 00 5 B)

It is obvious that if A, B € L(X3,...,Xn;Y), then (4 + B) €
.C(X],...,XH;IY) and (/\A) € .E(.Xl,...,Xn;Y).
Thus L(X,,...,X,;Y) can be regarded as a vector space.

Proposition 2. The norm of a multilinear transformation is a norm in the
vector space L(X1,...,Xn;Y) of continuous multilinear transformations.

Proof. We observe first of all that by Proposition 1 the nonnegative number
| A|| < oo is defined for every transformation A € L(X;,...,X,; Y).
Inequality (10.27) shows that

|A|=0& A=0.
Next, by definition of the norm of a multilinear transformation
AA e
"/\A” = sup ( )(:Bl, ?"Bﬂ-)l -

L1y Tn I 1|'...'[.’Bn[
T;

e |\l |A(Z1, - . s Z0)]

iz T oo [Tl
wiF0

= [ALIIA]l -

Finally, if A and B are elements of the space L(X3,...,X,;Y), then
I(A 4+ B)(:B:[, van ,:L'n)l _

A+ B|l= su
" " x;,...?a:,-. |$1| u5 G |:En|
Iy 0
- Sup |A(m],..«,mn)+B($1,...,mn}} S
T, |.’I!1| .t |:1:,1|
70
Alzy,...,Zn B(zy,...,x
S sup | ( 1) ) )|+ sup | ( 13 ) n)|="A|I+“B" 0

. |3-71| et [xnl 31,--;235:: Imll * wome |xn|

@i 70 x;
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From now on when we use the symbol £(X;,...,X.;Y) we shall have in
mind the vector space of continuous n-linear transformations normed by this
transformation norm. In particular £(X,Y’) is the normed space of continuous
linear transformations from X into Y,

We now prove the following useful supplement to Proposition 2.

Supplement. If X, Y, and Z are normed spaces and A € L(X;Y) and

B e L(Y; Z), then
|Bo Al <[1B] - [|All -

Proof. Indeed,
1Bo 4] = sup B AL o 1BllIAz] _
z#£0 |$| z#£0 |$|
Ax ]
— |Bllsup 22l — 3 - 41 . ©
2#0 ||

Proposition 3. If Y 75 a complete normed space, then L(X;,...,X;Y) 1s
also a complete normed space.

Proof. We shall carry out the proof for the space L(X; Y) of continuous linear
transformations. The general case, as will be clear from the reasoning below,
differs only in requiring a more cumbersome notation.

Let Ay, Asz,...,An... be a Cauchy sequence in £(X;Y). Since for any
z € X we have

|Amz — Anz| = |(An — An)z| < [|Am = Aull 2] ,

it is clear that for any € X the sequence Az, Asz, ..., Auz, ...is a Cauchy
sequence in Y. Since Y is complete, it has a limit in Y, which we denote by

Az,
Thus,
Az := lim A,z .

T3 OO
We shall show that A : X — Y is a continuous linear transformation.
The linearity of A follows from the relations

lim An()qml -+ )tzmg) = lim (/\1}-1,,,:171 + Azﬂnmg) -
n—oca TE—O0
A nlj—?éc Anzy + A2 nli_]};la A,z3 .
Next, for any fixed € > 0 and sufficiently large values of m,n € N we have
| Am — Ay < &, and therefore
| AT — Ap2z| < |z

at each vector z € X. Letting m tend to infinity in this last relation and
using the continuity of the norm of a vector, we obtain

|Az = Ayz| < £l2] .
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Thus [|A — A,|| € &, and since A = A, + (A — A,), we conclude that

4] < [[An] +& -

Consequently, we have shown that A € £(X;Y) and ||[A~A,| — 0asn — oo,
that is, A = lim Ay in the sense of the norm of the space L(X;Y). O

00

In conclusion, we make one special remark relating to the space of mul-
tilinear transformations, which we shall need when studying higher-order
differentials.

Proposition 4. For each m € {1,...,n} there is a bijection between the
spaces

.C(Xl, aiely ,Xm_; .C(Xm_!_l, oy ,Xn; Y)) and E(Xl, v via ,Xn; Y)
that preserves the vector-space structure and the norm.

Proof. We shall exhibit this isomorphism.
Let B € ﬁ(Xl, e ,Xm; £(Xm+], e Xﬁ; Y)), that iS, ’.B(.’B] P ,mn;) €
E(-Xﬂ‘t-{nl gevvy Xﬂ; Y)-

We set
Al®y, oo i Zn) =B(21, o o, T (B Ly =+ 4 B} » (10.30)
Then
B(zys..-
”m” = sup ” (ml sm*rr&)" -
Lhy-rayLin Imll e’ ]mﬂ’ll
:Ei;éﬂ
wp B@- 2 @iy, 30)
Lmtls--ayln |33m+l| Tame |mn|
= sup —22 =
L1y Frm |$1| fase? |mm|
a0
A -
= sup [ (mia :mn)l - ”A‘] )
- G ) |$]| Taast I-T':rsl
mk#l}

We leave to the reader the verification that relation (10.30) defines an
isomorphisin of these vector spaces. [0

Applying Proposition 4 n times, we find that the space
L(X1; L( X .. i L(Xn; Y)) )

is isomorphic to the space £(X,...,X,;Y) of n-linear transformations.
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10.2.4 Problems and Exercises

1. 8) Prove that if A: X = Y is a linear transformation from the normed space
X into the normed space ¥ and X is finite-dimensional, then A is a continuous
operator.

b) Prove the proposition analogous to that stated in a) for a multilinear oper-
ator.

2. T'wo normed vector spaces are iSomorphic if there exists an isomorphism between
them (as vector spaces) that is continuous together with its inverse transformation.

a) Show that normed vector spaces of the same finite dimension are isomorphic.

b) Show that for the infinite-dimensional case assertion a) is generally no longer
true.

c) Introduce two norms in the space C‘([a, b], R) in such a way that the identity

mapping of C([a,, bj, R) is not a continuous mapping of the two resulting normed
spaces.

3. Show that if a multilinesr transformation of n-dimensional Euclidean space is
continuous at some point, then it is continuous everywhere.

4. Let A: E" — E™ be a linear transformation of n-dimensional Euclidean space
and A* : E™ — E™ the adjoint to this transformation.
Show the following,
a) All the eigenvalues of the operator A- A* : E™ — E" are nonnegative.
b) If Ay < -+ < A are the eigenvalues of the operator A- A*, then [|4] = V.
c) If the operator A has an inverse A~ : E™ = E", then |[A™"| = 7%

d) If (a%) is the matrix of the operator A : E® — E™ in some basis, then the
estimates

max
1<i<n

D (@h)? < Va4

=1

> ()2 < 4] <

hold.

5. Let P[] be the vector space of polynomials in the variable z with real coefficients.
We define the norm of the vector P € P[z] by the formula

|P| = jpz(m)dz.
(0]

a) Is the operator D : P[z] — P[z] given by differentiation (D (P(:c)) = P'(z))
continuous in the resulting space?

b) Find the norm of the operator F' : P[z] — P[z] of multiplication by z, which
acts according to the rule F(P (:r:)) = -« P(i).

6. Using the example of projection operators in RB?, show that the inequality |B o
Al £ || B|| - [|A]| may be a strict inequality.
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10.3 The Differential of a Mapping

10.3.1 Mappings Differentiable at a Point

Definition 1. Let X and Y be normed spaces. A mapping f: £ — Y of a
set £ C X into Y is differentiable at an interior point x € F if there exists a
continuous linear transformation L(z) : X — Y such that

f(z+ k) — f(z) = L(z)h + a(z; h) , (10.31)
where a(z;h) =o(h) as h— 0,z + h € B!

Definition 2. The function L(z) € £(X;Y’) that is linear with respect to
and satisfies relation (10.31) is called the differential, the tangent mapping,
or the derivative of the mapping f : E = Y at the point x.

As before, we shall denote L(z) by df(z), Df(z), or f'(z).

We thus see that the general definition of differentiability of a mapping
at a point is a nearly verbatim repetition of the one already familiar to us
from Sect. 8.2, where it was considered in the case X = R™ Y = R™
For that reason, from now on we shall allow ourselves to use such concepts
introduced there as increment of a function, increment of the argument, and
tangent space at a point without repeating the explanations, preserving the
corresponding notation.

We shall, however, verify the following proposition in general form.

Proposition 1. If a mapping f : E = Y is differentiable at an interior point
x of a set B C X, its differential L(z) at thet point is uniquely determined.

Proof. Thus we are verifying the uniqueness of the differential.
Let L;(z) and Lo(z) be linear mappings satisfying relation (10.31), that

15
f(z+ h) — f(z) — Ly(z)h oy (z; h) ,
[+ h)— f(z) = La(z)h = a2(z;h),
where ai(z;h) =0o(h)ash— 0, z+hec B, i=1,2
Then, setting L(z) = Lo(z) ~ Li(z) and a(z; h) = az(z; h) —ai(z; h) and
subtracting the second equality in (10.32) from the first, we obtain

I

(10.32)

L(z)h = alz; h) .

Here L(x) is a mapping that is linear with respect to h, and a(z; h) = o(h)
as h — 0, z+h € E. Taking an auxiliary numerical parameter A, we can now

! The notation “a(z;h) = a(h) as h — 0, x4 h € E”, of course, means that
la(z; B)ly - [hlx" = 0.

k—ro :»-H:.E
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write

L@)OR)| _ Ja(z; Ab)
A | AR|

Thus L(z)h = 0 for any h # 0 (we recall that z is an interior point of F).

Since L(z)0 = 0, we have shown that L, (z)h = Lz(z)h for every value of h.
O

L(z)h| = h| 0 as A= 0.

If £ is an open subset of X and f : B — Y is a mapping that is dif-
ferentiable at each point z € E, that is, differentiable on E, by the unique-
ness of the differential of a mapping at & point, which was just proved, a
function ¥ 3 z — f'(z) € L(X;Y) arises on the set E, which we denote
[/ E = L(X;Y). This mapping is called the derivative of f, or the deriva-
tive mapping relative to the original mapping f : B — Y. The value f'(z) of
this function at an individual point z € F is the continuous linear transfor-
mation f'(z) € L(X;Y) that is the differential or derivative of the function
S at the particular point z € E.

We note that by the requirement of continuity of the linear mapping
L(z) Eq. (10.31) implies that a mapping that is differentiable at a point is
necessarily continuous at that point.

The converse is of course not true, as we have seen in the case of numencal
functions.

We now make one more important remark.

Remark. If the condition for differentiability of the mapping f at some point
a is written as

f(z) — f(a) = Lz)(z — a) + a(e; 2)

where a(a; z) = o(z —a) as z — a, it becomes clear that Definition 1 actually
applies to a mapping f : A — B of any affine spaces (A4, X) and (B, Y) whose
vector spaces X and Y are normed. Such affine spaces, called normed affine
spaces, are frequently encountered, so that it is useful to keep this remark in
mind when using the differential calculus.

Everything that follows, unless specifically stated otherwise, applies
equally to both normed vector spaces and normed aflfine spaces, and we use
the notation for vector spaces only for the sake of simplicity.

10.3.2 The General Rules for Differentiation

The following general properties of the operation of differentiation follow from
Definjtion 1. In the statements below X, Y, and Z are normed spaces and U
and V open sets in X and Y respectively.
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a. Linearity of Differentiation If the mappings f; : U = Y, i =1,2, are
differentiable at a point x € U, a linear combination of them (A f; + A2f2) :
U =Y is also differentiable al x, and

(M1 + 22 f2) (2) = W fi(@) + X falz) .

Thus the differential of a linear combination of mappings is the corre-
sponding linear combination of their differentials.

b. Differentiation of a Composition of Mappings (Chain Rule) If the
mapping  : U = V s differenticble at a point x € U C X, and the mapping
g:V — Z is differentiable at f(z) =y € V C Y, then the composition g o f
of these mappings is differentiable at xz, and

(go fY(z) = ¢'(f(z)) o f'(z) .

Thus, the differential of a composition is the composition of the differen-
tials.

¢. Differentiation of the Inverse of a Mapping Let f: U — Y be a
mapping that is continuous at x € U C X and has an inverse f~1: V 5 X
that is defined in o neighborhood of y = f(z) and continuous at that point.

If the mapping f is differentiable at x and its tangent mapping f'(z) €
L(X;Y) has a continuous tnverse [f’(.a*:)]_1 € L(Y; X), then the mapping
! is differentiable at y = f(z) and

[ (f@) = [F@]"

Thus, the differential of an inverse mapping is the linear mapping inverse
to the differential of the original mapping at the corresponding point.

We omit the proofs of a, b, and ¢, since they are analogous to the proofs
given in Sect. 8.3 for the case X = R™, Y = R",

10.3.3 Some Examples

Example 1. If f : U — Y is a constant mapping of a neighborhood U =
U(z) C X of the point z, that is, f(U) =yp € Y, then f'(z) =0 € L(X;Y).

Proof. Indeed, in this case it is obvious that
flz+h)— f(a)—0h=y—~y0—-0=0=0(h). O

Ezample 2. If the mapping f : X — Y is a continuous linear mapping of
a normed vector space X into a normed vector space Y, then f'(z) = f €
L(X;Y) at any point z € A.
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Proof. Indeed,
flx+h)-fl@2)—fh=fz+fh—fz—fh=0.0

We remark that strictly speaking f'(z) € £(TX;;TY5(»)) here and h is
a vector of the tangent space TX,. But parallel translation of a vector to
any point z € X is defined in a vector space, and this allows us to identify
the tangent space T X, with the vector space X itself. (Similarly, in the case
of an affine space (A4, X) the space T'A, of vectors “attached” to the point
a € A can be identified with the vector space X of the given affine space.)
Consequently, after choosing a basis in X, we can extend it to all the tangent,
spaces T X,. This means that if, for example, X = R™, ¥ = R", and the
mapping f € £(R™;R™) is given by the matrix (a), then at every point
z € R™ the tangent mapping f'(z) : TR — TR‘;(G:) will be given by the
same matrix,

In particular, for a linear mapping z Iy oz = yfromRtoR withz € R

and h € TR, ~ R, we obtain the corresponding mapping TR, 2 h n—f-ii ah €
TR f(a)-

Taking account of these conventions, we can provisionally state the result
of Example 2 as follows: The mapping f' : X = Y that is the derivative of
a linear mapping f : X — Y of normed spaces is constant, and f'(z) = f at
each point z € X.

Ezample 3. From the chain rule for differentiating a composition of mappings
and the result of Example 2 one can conclude that if f : U — Y is a mapping
of a neighborhood U = U(z) C X of the point z € X and is differentjable at
z, while A € L(Y'; Z), then

(Ao f)(2) = Ao f'(z}.

For numerical functions, when ¥ = Z = R, this is simply the familiar
possibility of moving a constant factor outside the differentiation sign.

Bxample 4. Suppose once again that U = U(z) is a neighborhood of the
point z in & normed space X, and let

f:U=-Y=Yx-.-xY,

be a mapping of U into the direct product of the normed spaces Y;,...,Y,.
Defining such a mapping is equivalent to defining the » mappings f; :
U—-Y;,i=1,...,n, connected with f by the relation

T Hf(.'ﬂ) =y= (yl'l"" :yﬂ-) = (fl(m):-- ~7fﬂ(:c)) »
which holds at every point of U.
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If we now take account of the fact that in formula (10.31) we have

flz+h) - f(z) = (filz + k)= fi(@), ..., falz +h) = ful2)) ,
L(z)h = (L (2)h, ..., La(z)h) ,
a(z; h) = (ai(z; b), . . ., aa(z; R) |

then, referring to the results of Example 6 of Sect. 10.1 and Example 10 of
Sect. 10.2, we can conclude that the mapping f is differentiable at z if and
only if all of its components f; : U — Y; are differentiable at z, i = 1,...,n;
and when the mapping f is differentiable, we have the equality

fiz) = (fi(&)s- o s Fnl2)) -

Ezxample 5. Nowlet A € L(X3,...,X,;Y), that is, 4 is a continuous n-linear
transformation from the product X; x --- x X,, of the normed vector spaces
Xi,...,X, into the normed vector space Y.

We shall prove that the mapping

A Xix-+xX,=X Y
is differentiable and find its differential.
Proof. Using the multilinearity of A, we find that

{6 ) i) = Ay + By ey B o Al 0r0 )=
= A(Z1,...,Zn) + A(h1,22,.. ., Za) + -+ AlZ1, 0.y Tret, hn) +
+A(h1,h2,1}3,.-.,$n) -I""'+A($1,...,$n_2,hn_1,hn)+

---------------------------------------------

Since the norm in X = X; x .-+ x X, satisfies the inequalities
n .
|zilx, < lzlx €3 lilx,
i=1
and the norm || A| of the transformation A is finite and satisfies
|A(rs - - - &adl S NAJ[[Ea] - -- x [&al

we can conclude that

Alz+h)— Alz) = Alm1 + hyy .o 2n + hy) — A(T2y ..., 2p) =
:A(hl,mg,...,xn)+---+A(:51,...,mnﬂl,h,,,)+a(m;h} y

where a(z;h) = o(h) as h = 0.
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But the transformation
L(z)h = A(h1,22,...,20) + -+ A(Z1,. .y Zp1: n)
is a continuous transformation (because A is continuous) that is linear in
h :(hh" .,hn).
Thus we have established that

Ar(ﬂ;)h e Ar(ml-; v ,xﬂ)(hlﬁ" ’!hﬂ) =
=A(h],$2,...,:t‘,n) frecns +A($11"‘?$““1‘h“) .

or, more briefly,
dA(ml,. .o ,mn) = A(d:ﬂ;,mg, R ,mn) + X + A(:BI,- - ..'5;;,..1,(1.’13“) - D

In particular, if:
a) Ti " ... Zy is the product of n numerical variables, then

d(zy ... Zp) =dz; + 2o o Tt Ty Ty A
b) (zx;,zs) is the inner product in E?, then
d{z,®2) = (d21, 22) + (21, dw2) ;
¢) [21,22] is the vector cross product in E3, then
dz1, z2] = [d2y, za] + [y, dg] ;
d) (z1,z2,23) is the scalar triple product in E3, then
d(zy,z2,23) = (dzy, 22, 23) + (22, dxa, 23) + (22, 22,d23) ;

e) det(zy,...,2y,) is the determinant of the matrix formed from the co-

ordinates of n vectors z,,...,2Z, in an n-dimensional vector space X with a
fixed basis, then

d(det(z;,...,zn)) = det(dzy, a,...,2n) + - + det(@y, . .., Tn-1,d2n) .

Example 6. Let U be the subset of £(X;Y) consisting of the continuous
linear transformations A : X — Y having continuous inverse transformations
A1 :Y — X (belonging to £(Y; X)). Consider the mapping

Us A A~ e L(V; X),

whicly assigns to each transformation A € U its inverse A~! € L(Y; X).
Proposition 2 proved below makes it possible to determine whether this
mapping is differentiable.
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Proposition 2. If X is a complete space and A € U, then for any h €
L(X;Y) such that ||h|| < |A7}||™?, the transformation A+ h also belongs to
U and the following relation holds:

(A+h)y 1=A7—AhA ' +o(h) as h— 0. (10.33)
Proof. Since
(A+h) = (A(B+A7R)7 =(BE+ A7) 1471, (10.34)

it suffices to find the operator (E+A k)~ inverse to (B+A~'h) € L(X; X),
where F is the identity mapping ex of X into itself.

Let A := —A~'h. Taking account of the supplement to Proposition 2 of
Sect. 10.2, we can observe that ||A]| < ||A7Y||:]|A)l, so that by the assumptions
made with respect to the operator h we may assume that [|Al| € ¢ < 1.

We now verify that

(B—A)y'=E+A+A% 4. -+ A 4. | (10.35)

where the series on the right-hand side is formed from the linear operators
A" = (Aos-.-0A) € L(X; X).
Since X is a complete normed vector space, it follows from Proposition
3 of Sect. 10.2 that the space £(X; X) is also complete. It then follows im-
mediately from the relation ||A™| < |A||™ £ ¢™ and the convergence of the
oo

series Y g™ for |g| < 1 that the series (10.35) formed from the vectors in
=

that space converges.
The direct verification that

(E4+A+ A% .. ) (E-A)=
=E+A+A%+--)—(A+ A+ A%+ .- )=E

and

(E-A)E+A+A%+..) =
=(B+A+A°+--)—(A+ A2+ A¥ .. )=F
shows that we have indeed found (E — A)™1.
It is worth remarking that the freedom in carrying out arithmetic op-
eratjons on series (rearranging the terms!) in this case is guaranteed by the

absolute convergence (convergence in norm) of the series under consideration.
Comparing relations (10.34) and (10.35), we conclude that

(A4h) " =ATT—A"ThA™Y 4 (A7tR)247 — ...
oo (1) (ATIR) AT - (10.36)

for [|2)] < |47~
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Since

oo oo
’2(—A*‘h>ﬂw < 3[4 BM AT <
n=2

n=2

(= )
; o AP
< a3 o = By,

m=0

Eq. (10.33) follows in particular from (10.36). O

Returning now to Example 6, we can say that when the space X is com-

plete the mapping A 13 A~ under consideration is necessarily differen-
tiable, and
df(A)h =d(A""Yh=—-A"ThA™T.

In particular, this means that if A is a nonsingular square matrix and
A~ is its inverse, then under a perturbation of the matrix A by a matrix A
whose elements are close to zero, we can write the inverse matrix (4 + h)™?
in first approximation in the following form:

(A+h) P A7 - A7 RA .

More precise formulas can obviously be obtained starting from Eq.
(10.36).

Example 7. Let X be a complete normed vector space. The important map-

ping
exp: L(X; X) = L(X; X)

pr . ! ! LS I e g ( . )

if A € L(X;X).
The series in (10.37) converges, since £(X;X) is a complete space and

| 47| < 4417 while the numerical series Y. 14E converges.

nt 2
n=0

It is not difficult to verify that
exp(A+h) =expA+ L(A)h+o(h) as h — o0, (10.38)

where
1 1
L(A)h =h+ o (Ah+hA) + 5 (A°h + AhA + hA®) + -
el ;}I(An—lh—i_ A™2hA 4 oo b ARA™2 4 RA™Y) 4 ...

and || L(A)] < exp || A = el4l, that is, L(4) € £(L(X; X), L(X; X)).
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Thus, the mapping L(X; X) 3 A+ exp A € £L(X; X) is differentiable at
every value of A.

We remark that if the operators A and h commute, that is, Ah = hA,
then, as one can see from the expression for L(A)h, in this case we have
L(A)h = (exp A)h. In particular, for X =R or X = C, instead of (10.38) we
again obtain

exp(A+h)=expA+ (expA)h +o(h) as h— 0. (10.39)

Example 8. We shall attempt to give a mathematical description of the in-
stantaneous angular velocity of a rigid body with a fixed point o (a top).
Consider an orthonormal frame {e;, es, ez} at the point o rigidly attached to
the body. It is clear that the position of the body is completely characterized
by the position of this orthoframe, and the triple {&;, s, €3} of instantaneous
velocities of the vectors of the frame obviously give a complete characteriza-
tion of the instantaneous angular velocity of the body. The position of the
frame itself {ey, ez, €3} at time ¢ can be given by an orthogonal matrix (of)
i,7 = 1,2,3 composed of the coordinates of the vectors e;, e, ez with re-
spect to some fixed orthonormal frame in space. Thus, the motion of the top
corresponds to a mapping t — O(t) from R (the time axis) into the group
SO(3) of special orthogonal 3 x 3 matrices. Consequently, the angular veloc-
ity of the body, which we have agreed to describe by the triple {&;, &3, &3},
is the matrix O(t) =: (w!)(t) = (¢4)(t), which is the derivative of the matrix
O(t) = (c)(t) with respect to time.
Since O(t) is an orthogonal matrix, the relation

o(t)o*(t)=E (10.40)

holds at any time ¢, where O*(t) is the transpose of O(t) and E is the identity
matrix.

We remark that the product A - B of matrices is a bilinear function of A
and B, and the derivative of the transposed matrix is obviously the transpose
of the derivative of the original matrix, Differentiating (10.40) and taking
account, of these things, we find that

O(t)O* (t) + O(t)O*(t) = 0

> O(t) = —0()O* (t)O(¢) (10.41)

since O*(t)O(t) = E
In particular, if we assume that the frame {e;, e3,e3} coincides with the
spatial frame of reference at time ¢, then O(t) = E, and it follows from (10.41)
that ) _
o) = —0*(1), (10.42)
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that is, the matrix O(f) =: 2(t) = (w) of coordinates of the vectors
{é1,€2,€3} in the basis {e;,ez,e3} turns out to be skew-symmetric:

w} wz w? 0 —wd

= ol 3| _ 3 Y
)=l wy wy wi|=| w 0 w
wi wi wl -w? w0

Thus the instantaneous angular velocity of a top is actually characterized
by three independent parameters, as follows in our line of reasoning from rela-
tion (10.40) and is natural from the physical point of view, since the position
of the frame {e;,e2,e3}, and hence the position of the body itself, can be
described by three independent parameters (in mechanics these parameters
may be, for example, the Euler angles).

If we associate with each vector w = w'e; + w?e; + w’e3 in the tangent
space at the point o a right-handed rotation of space with angular velocity |w|
about the axis defined by this vector, it is not difficult to conclude from these
results that at each instant of time ¢ the body has an instantaneous angular
velocity and that the velocity at that time can be adequately described by
the instantaneous angular velocity vector w(t) (see Problem 5 below).

10.3.4 The Partial Derivatives of a Mapping

Let U = U(a) be a neighborhood of the point a € X = X; x--- x X, in
the direct product of the normed spaces Xi,...,Xm, and let f: U = Y be
a mapping of U into the normed space V. In this case

U'—_f(iv) "_‘f(mla--'smﬂz) ) (1043)

and hence, if we fix all the variables but z; in (10.43) by setting 2 = ax for
ke {1,...,m}\{, we obtain a function

fla1y. .. ,Gi—1,Tiy Gig1ye 0y 0m) = Qi) (10.44)
defined in some neighborhood U; of a; in X.

Definition 3. Relative to the original mapping (10.43) the mapping ; :
U; = Y is called the partiol mapping with respect to the variable z; ot a € X.

Definition 4. If the mapping (10.44) is differentiable at z; = a;, its deriva-
tive at that point is called the pariial derivative or partial differential of f at
a with respect to the variable x;.

We usually denote this partial derivative by one of the symbols

3£.f(a) 3 Dif(a) 3 "%E(a) 3 f';-. (ﬂ,) v
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In accordance with these definitions D;f(a) € L£(X;:Y). More precisely,
D;f(a) € L(TX;(a:); TY (f(a))).

The differential df(e) of the mapping (10.43) at the point a (if f is dif-
ferentiable at that point) is often called the total differential in this situation
in order to distinguish it from the partial differentials with respect to the
individual variables.

‘We have already encountered all these concepts in the case of real-valued
functions of m real variables, so that we shall not give a detailed discussion of
them. We remark only that by repeating our earlier reasoning, taking account
of Example 9 in Sect. 9.2, one can prove easily that the following proposition
holds in general.

Proposition 3. If the mapping (10.43) is differentiable at the point a =
(G1,-+.18m) € Xy X -+ X Xp, = X, it has partial derivatives with respect to
each variable ai that point, and the total differential and the partial differen-
tials are related by the equation

df(a)h = 01 f(a)hy + -+ + O f (6} , (10.45)
where h = (hy, ..., hp) € TX (a;1) X+ x TXp(am) = TX(a).

We have already shown by the exainple of numerical functions that the
existence of partial derivatives does not in general guarantee the differentia-
bility of the function (10.43).

10.3.5 Problems and Exercises

1. a) Let A € L(X; X) be a nilpotent operator, that is, there exists k € N such
that A* = 0. Show that the operator (E — A) has an inverse in this case and that
(E—A) '=E+A+- -+ AL

b) Let D : Plz] — P[z] be the operator of differentiation on the vector space
P[z] of polynomials. Remarking that D is a nilpotent operator, write the operator

exp(aD), where a € R, and show that exp(aD) (P(:s)) =Plz+a)=:T, (P(a:)).
c) Write the matrices of the operators D : Pn[z] — Pa[2] and To : Pafz] =

P.[z] from part b) in the basis e; = £, 1 < i < 7, in the space P4 [z] of real
polynomials of degree n in one variable.
2. a)If A, B € £(X; X) and 3B~* € £L(X; X), then exp(B~'AB) = B! (exp A)B.
b) If AB = BA, then exp(A 4+ B) = exp A-exp B.
c) Verify that exp0 = E and that exp A always has an inverse, namely
(exp A)™" = exp(—A).
3. Let A € L(X;X). Consider the mapping wa : R = L(X;X) defined by the
correspondence B 3 ¢ = exp(tA) € L(X; X). Show the following.
a) The mapping .4 is continuous.

b) @4 is a homomorphism of R as an additive group into the multiplicative
group of invertible operators in £(X; X).
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4. Verify the following.

a) If A1,...,An are the eigenvalues of the operator A € L(C™;C"), then
exp A1, .-+ €Xp An are the eigenvalues of exp A.

b) det(exp A) = exp(tr A), where tr A is the trace of the operator A €
LCR ™)

c) If A€ L(R",R™), then det(exp A) > 0.

d) If A* is the transpose of the matrix A € L(C™,C") and A is the matrix
whose elements are the complex conjugates of those of A, then (exp A)" = exp A"
and exp A = exp A.

e) The matrix ( _1 _01) is not of the form exp A for any 2 x 2 matrix A.

5. We recall that a set endowed with both a group structure and a topology is
called a topological group or continuous group if the group operation is continuous.
If there is a sense in which the group operation is even analytic, the topological
group is called a Lie group.?

A Lie algebra is a vector space X with an anticommutative bilinear operation
[, ]:X xX — X satisfying the Jacobi identity: [[a,b], c] +[[b,c],a] +[[c,a],b] =0
for any vectors a,b,c € X. Lie groups and algebras are closely connected with each
other, and the mapping exp plays an important role in establishing this connection
(see Problem 1 above).

An example of a Lie algebra is the oriented Euclidean space E* with the opera-
tion of the vector cross product. For the time being we shall denote this Lie algebra
by’ LA].

a) Show that the real 3 x 3 skew-symmetric matrices form a Lie algebra (which
we denote L Az) if the product of the matrices A and B is defined as [A4, B] =
AB — BA.

b) Show that the correspondence

0 —w® w?
= 0 —w'| e (w,we,ws)=w

—w? W 0
is an isomorphism of the Lie algebras I As and LA;.

c) Verify that if the skew-symmetric matrix {2 and the vector w correspond
to each other as shown in b), then the equality 2r = [w,r] holds for any vector
r € E®, and the relation PR2P~! <+ Pw holds for any matrix P € SO(3).

d) Venfy that if R 3 ¢ =5 O(t) € SO(3) is a smooth mapping, then the matrix
2(t) = 0~ (H)O(¢) is skew-symmetric.
e) Show that if r(t) is the radius vector of a point of a rotating top and £2(t) is
the matrix (O~10)(t) found in d), then #(2) = (2r)(£).

f) Let r and w be two vectors attached at the origin of E3. Suppose a right-
handed frame has been chosen in E®, and that the space undergoes a right-handed
rotation with angular velocity |w| about the axis defined by w. Show that #(t) =
(w, ()] in this case.

2 For the precise definition of a Lie group and the corresponding reference see
Problem 8 in Sect. 15.2.
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g) Summarize the results of d), €), and f) and exhibit the instantaneous angular
velocity of the rotating top discussed in Example 8.

h) Using the result of c), verify that the velocity vector w is independent of the
choice of the fixed orthoframe in E®, that is, it is independent of the coordinate
system.

6. Let r = r(s) = (1:1(3),:1:2(3],53(3)) be the parametric equations of a
smooth curve in E?, the parameter being arc length along the curve (the natu-
ral parametrization of the curve).

a) Show that the vector e:(s) = 45(s) tangent to the curve has unit length.

b) The vector 51(s) = gi(s) is orthogonal to e:1. Let e2(s) be the unit vector
formed from <L (s). The coefficient k(s) in the equality £e1(g) = k(s)ez(s) is called
the curvature of the curve at the corresponding point.

c) By constructing the vector es(s) = [e1(s),e2(s)] we obtain a frame
{e1,e2,e3} at each point, called the Frenet frame® or companion trikedral of the
curve. Verify the following Frenet formulas:

%(3) = k(s)ea(s) ,
G2(s) ~k(s)ex(s) s(s)ea(s) ,
-‘%ﬁ%(s) = —x(3)ez(s) .

Explain the geometric meaning of the coefficient »(s) called the torsion of the
curve at the corresponding point.

10.4 The Finite-increment Theorem
and some Examples of its Use

10.4.1 The Finite-increment Theorem

In our study of numerical functions of several variables in Subsect. 5.3.1 we
proved the finite-increment theorem for them and discussed in detail various
aspects of this important theorem of analysis. In the present section the finite-
increment theorem will be proved in its general form. So that its meaning
will be fully obvious, we advise the reader to recall the discussion in that
subsection and also to pay attention to the geometric meaning of the norm
of a linear operator (see Subsect. 10.2.2).

Theorem 1. (The finite-increment theorem). Let f : U — Y be a continuous
mapping of an open set U of a normed space X into a normed space Y.

If the closed interval [z,z +h] = {6 € X|E =a+06h,0 < 0 < 1} s
contained tn U and the mapping f is differentiable of oll points of the open
interval |z, z + hl= {€ € X|§ = 2+ 6h, 0 < 8 < 1}, then the following

3 I. F. Frenet (1816-1900) — French mathematician.
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estimate holds:

[f(z+h)~fl)ly = sup [ (E)llcexvylhlx - (10.46)
€|z, a+h|

Proof. We remark first of all that if we could prove the inequality
If(z") — f(z)| < sup ]Ilf’(£)|[ 2" — 2| (10.47)

{;'E[n:’,:'c”

in whieh the supremum extends over the whole interval [z/, z"], for every
closed interval [z,z"] C|z,2 + k[, then, using the continuity of f and the
norm together with the fact that

sup lllf'(ﬁ)lls sup lIIJ”'(“E)[Is

¢z’ z” £z, z+h

we would obtain inequality (10.46) in the limit as ' — z and 2" — z + h.
Thus, it suffices to prove that

|f(z + k) — f(z)| < M]A], (10.48)

where M = sup ||f'(z 4+ 6h)|| and the function f is assumed differentiable
0<851

on the entire closed interval [,z + k).
The very simple computation

[f(z3) — f(z1)| < If(xa) — f(z2)| + |f(2z2) — f(z1)| <
< Mlzs — 2| + Mlzz — 71| = M (|23 — 22| + |z2 — 1)) =
=M]:B3 '—-Tll ]

wliich uses only the triangle inequality and the properties of a closed interval,
shows that if an inequality of the form (10.48) holds on the portions [z;, Z5]
and [z, 23] of the closed interval [z1, 3], then it also holds on [z;,z3].

Hence, if estimate (10.48) fails for the closed interval [z, z + h], then by
successive bisections, one can obtain a sequence of closed intervals [ay, bx] C
]@,z + h[ contracting to some point 2 € [z, + h] such that (10.48) fails on
each interval [ag, bx]. Since 2y € [a, by, consideration of the closed intervals
[ak, zo] and [zq, by] enables us to assume that we have found a sequence of
closed intervals of the form [xp, zo +hy] C [z,2+h], where hy — 0as k — oo
on which

|f(®o + he) — f(zo)| > M|k . (10.49)

If we prove (10.48) with M replaced by M + &, where € is any positive
number, we will still obtain (10.48) as ¢ — 0, and hence we can also replace

(10.49) by
|f (o + ki) — f(@o)| > (M + €) | (10.49')
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and we can now show that this is incompatible with the assumption that f
is differentiable at z;.
Indeed, by the assumption that f is differentiable,

|f (o + hx) — f(@o)| = | f'(zo)he + o(hi)] <
< 1 (zo)ll Jre] + o(|hr]) < (M + &) |h]

as hy — 0. O

The finite-increment theorem has the following useful, purely technical
corollary.

Corollary. If A € L(X;Y), that is, A is o continuous linear mapping of
the normed space X into the normed space Y and f : U — Y is a mapping
satisfying the hypotheses of the finite-increment theorem, then

[f(z+h) - f(z) — AR| < sup ||f'(€) — A |R|.
E€]a,x-+hl

Proof. For the proof it suffices to apply the finite-increment theorem to the
mapping
t = F(t) = f(z +th) — Ath

of the unit interval [0,1] C R into Y, since

F(1) - F(0) = f(z+h) - f(z) - Ak,
F'(6) = f'(z +6h)h— Ah for 0<0 <1,
IE“(@) < I|f'(z + OR) — Al 4] ,

sup [|[F'(8)| < sup |[If(€)—AJh|. O
0<6<1 £E)z,z+h]

Remork. As can be seen from the proof of Theorem 1, in its hypotheses there
is no need to require that f be differentiable as a mapping f : U — Y it
suffices that its restriction to the closed interval [z, + h] be a continuous
1mapping of that interval and differentiable at the points of the open interval
lz,z +R][.

This remark applies equally to the corollary of the finite-increment theo-
rem just proved.

10.4.2 Some Applications of the Finite-increment Theorem
a. Continuously Differentiable Mappings Let
[iT=Y (10.50)

be a mapping of an open subset U of a normed vector space X into a norined
space Y. If f is differentiable at each point z € U, then, assigning to the
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point = the mapping f/(z) € £(X;Y) tangent to f at that point, we obtain
the derivative mapping
fU— L(X;Y). (10.51)

Since the space £{X ;YY) of continuous linear transformations from X into
Y is, as we know, a normed space (with the transformation norm), it makes
sense to speak of the continuity of the mapping (10.51).

Definition. When the derivative mapping (10.51) is continuous in U, the
mapping (10.50), in complete agreement with our earlier terminology, will be
said to be continuously differentiable.

As before, the set of continuously differentiable mappings of type (10.50)
will be denoted by the symbol 0(1)(U, Y), or more briefiy, 0(1](0'), if it is
clear from the context what the range of the mapping is.

Thus, by definition

feCWW,Y)ye f'e C(U LX;Y)) .

Let us see what continuous differentiability of a mapping means in differ-
ent particular cases.

Erample 1, Consider the familiar situation when X = Y = R, and hence
f : U — R is a real-valued function of a real argument. Since any linear
mapping A € L(R; R) reduces to multiplication by some number ¢ € R, that
is, Ah = ah and obviously ||A|| = |a|, we find that f'(z)h = a(z)h, where
a(z) is the numerical derivative of the function f at the point .

Next, since

(fi(z+68) — fl@@)h=F(z+0)h~ f(z)h=
= afz + J)h. = a(m)h = (a(g_: + (5) - E!-(:L‘-))h , (1052)

it follows that
If (@ + 8) — f'(z)|| = |a(z + &) — a(z)|

and hence in this case continuous differentiability of the mapping f is equiv-
alent to the concept of a continuously differentiable numerical function (of
class C) (U, R)) studied earlier.

Brample 2. This time suppose that X is the direct product X; x -« x X,
of normed spaces. In this case the mapping (10.50) is a function f(z) =
f(z1,...,2,) of m variables z; € X, i = 1,...,m, with values in Y.

If the mapping f is differentiable at = € U, its differential df(z) at that
point is an element of the space £{X; X ..« x X, = X;Y).

The action of df(z) on a vector h = (hi,...,n), by formula (10.45), can
be represented as

df(z)h =01 f(z)hy + - + O f(2) A



10.4 The Finite-increment (Mean-value) Theorem 7

where 8;f(z) : X; — Y, i = 1,...,m, are the partial derivatives of the
mapping f at the point 2 under consideration.

Next,
(df(z +6) — df(z))h= Z (0:f (x + 8) = Bsf(z)) hi . (10.53)

But by the properties of the standard norin in the direct product of normed
spaces (see Example 6 in Subsect. 10.1.2) and the definition of the norm of
a transformation, we find that

16: f(z + 8) = 8: f ()| e xi3vy) < NMdf(2 +8) = df (@) ex;v) €

< Y I8 f(z +8) = if (@)l eexiyy - (10.54)

=1

Thus in this case the differentiable mapping (10.50) is continuously differen-
tiable in U if and only if all its partial derivatives are continuous in U.

In particular, if X = R™ and ¥ = R, we again obtain the familiar concept
of a continuously differentiable numerical function of m real variables (a
function of class C(V(U, R), where U ¢ R™),

Remark. 1t is worth noting that in writing (10.52) and (10.53) we have made
essential use of the canonical identification TX, ~ X, which makes it possible
to compare or identify vectors lying in different tangent spaces.

We shall now show that continuously differentiable mappings satisfy a
Lipschitz condition.

Proposition 1. If K is a convexr compact set in a normed space X and
fe€ C“)(K, Y), where Y is also a normed space, then the mapping f : K - Y
satisfies a Lipschitz condition on K, that is, there exists a constant M > 0
such that the inequality

|f(z2) ~ fz1)| £ Mlzz — 4] (10.55)
holds for any poinis z,,22 € K.

Proof. By hypothesis ' :  — L£(X;Y) is a continuous mapping of the
compact set K into the metric space £(X; Y). Since the norm is a continuous
function on:a normed space with its natural metric, the mapping z + || f'(z)|l,
being the composition of continuous functions, is itself a continuous mapping
of the compact set & into B. But such a mapping is necessarily bounded.
Let M be a constant such that | f’(z)| < M at any point z € K. Since K is
convex, for any two points z; € K and z2 € K the entire interval [z;, z5] is
contained in K. Applying the finite-increment theorem to that interval, we
immediately obtain relation (10.55). O
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Proposition 2. Under the hypotheses of Proposition 1 there exists a non-
negative function w(d) tending to 0 as § — +0 such that

[f(z+ k) ~ f(z) ~ f'(z)h] < w(S)|h] - (10.56)
at any pomt x €K for |h| < d ifz+he K,

Proof. By the corollary to the finite-increment theorem we can write
|f(z+h)— f(z) — fi(z)h| £ sup |If'(z+6h)— f'(z)]|[h]
D<@<1

and, setting

w(@)= sup |If'(z2) - (@),
e

we obtain (10.56) in view of the uniform continuity of the function z — f'(z),
which is continuous on the compact set XK. O

b. A Sufficient Condition for Differentiability We shall now show that
by using the general finite-increment theorem, we can obtain a general suffi-
cient condition for differentiability of a mapping in terms of its partial deriva-
tives.

Theorem 2. Let U be a neighborhood of the point x in a normed space X =
X1 X «++ X Xy, which is the direct product of the normed spaces X7 X -+ X
X, and let f : U — Y be a mapping of U into a normed space Y. If the
mapping [ has partial derivatives with respect to all its variables in U, then
it is differentiable at the point x if the partial derivatives are all continuous
at that point.

Proof. To simplify the writing we carry out the proof for the case m = 2. We
verify immediately that the mapping

Lh = 8, f(z)h1 + Do f(z)ha ,

which is linear in h = (hy, l22), is the total differential of f at z.
Making the elementary transformations
flz -+ h) - f(z)— Lh =
= f(z1 + ha, 22 + h2) — f(z1,22) — Oy f(T)hy — B2 f(2)hp =
= f(z1 + k1,22 + ha) — f(21,22 + h2) — 01 f(z1,22) Py +
+ (21, 2+ ha) ~ f(21,22) — Bof (21, 22) b2 ,

by the corollary to Theorem 1 we obtain

|f{z1 + by, 22 + h2) — f(21,32) — O1f(21,22) k1 — Baf(21,22)ha] <

< sup |10:1f(z1 + 6rhe, 22 + ha) — 8 f(z1, z2)|| |Pa| +
0<d; <1

<+ Sup "azf(ml,:t‘,z -+ 92-’1‘.2) - Bzf(:?.?l,ﬂ’:z)” !hz‘ ; (1057)

D<@a<1
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Since max{|h1|, |h2} < |A|, it follows obviously from the continuity of the
partial derivatives 0, f and 05 f at the point 2 = (2, z2) that the right-hand
side of inequality (10.57) is o(h) as A = (hy,h3) = 0. O

Corollary. A mapping f: U — Y of an open subset U of the normed space
X =X; x -+ X X,, into a normed space Y is continuously differentiable if
and only if all the partiel derivatives of the mapping f are continuous.

Proof. We have shown in Example 2 that when the mapping f : U — Y is
differentiable, it is continuously differentiable if and only if its partial deriva-
tives are continuous.

We now see that if the partial derivatives are continuous, then the map-
ping f is automatically differentiable, and hence (by Example 2) also contin-
uously differentiable. O

10.4.3 Problems and Exercises

1. Let f : I = Y be a continuous mapping of the closed interval I = [0,1] C R into
a normed space Y and g : I — R a continuous real-valued function on I. Show that
if f and g are differentiable in the open interval J0, 1| and the relation || f'(£)]] < ¢'(t)
holds at points of this interval, then the inequality [f(1) — f(0)] < g(1) — g(0) also
holds.

2. a) Let f : I = Y be a continuously differentiable mapping of the closed interval
I =[0,1] C R into a normed space Y. It defines a smooth path in Y. Define the
length of that path.

b) Recall the geometric meaning of the norm of the tangent mapping and give
an upper bound for the length of the path considered in a).

¢) Give a geometric interpretation of the finite-increment theorem.

3. Let f : U — Y be & continuous mapping of a neighborhood U of the point a in
a normed gpace X into a normed space Y. Show that if f is differentiable in U \ a
and f’(z) has a limit L € L(X;Y) as £ — a, then the mapping f is differentiable
at a and f'(a) = L.

4. a) Let U be an open convex subset of a normed space X and f : U — Y a
mapping of U into a normed space Y. Show that if f'(z) = 0 on U, then the
mapping f is constant,

b) Generalize the assertion of a) to the case of an arbitrary domain U (that is,
when U is an open connected subset of X).
c) The partial derivative %3’} of a smooth function f : D — R defined in a domain

D C R? of the zy-plane is identically zero. Is it true that f is then independent of
y in this domain? For which domains D is this true?
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10.5 Higher-order Derivatives

10.5.1 Definition of the nth Differential
Let U be an open set in a normed space X and
f:U->Y (10.58)

a mapping of U into a normed space Y.

If the mapping (10.58) is differentiable in U/, then the derivative of f,

given by
f:U- LX;Y), (10.59)
is defined in U.

The space L(X;Y) =: Vi is a normed space relative to which the mapping
(10.59) has the form (10.58), that is, f' : U — Y3, and it makes sense to speak
of differentiability for it.

If the mapping (10.59) is differentiable, its derivative

(fY : U - L(X; Y1) = L(X; £(X;Y))

is called the second derivative or second differential of f and denoted f” or
9, In general, we adopt the following inductive definition.

Definition 1. The derivative of order n € Nor nth differential of the map-
ping (10.58) at the point z € U is the mapping tangent to the derivative of
f of order n — 1 at that point.

If the derivative of order ¥ € N at the point = € U/ is denoted f¥)(z),
Definition 1 means that

F(z) = (f D) () . (10.60)
Thus, if f(*)(z) is defined, then

FO(@) € £(X: Va) = £ £(X; Yar)) = -
e o= X LXK oo LXK X)) o0 )

Consequently, by Proposition 4 of Sect. 10.2, f{*)(z), the differential of order
n of the mapping (10.58) at the point  can be interpreted as an element of
the space £(X,...,X;Y) of continuous n-linear transformations.
N, et
n factors
We note once again that the tangent mapping f'(z) : TX, — TY}(,) is
a mapping of tangent spaces, each of which, because of the affine or vector-
space structure of the spaces being mapped, we have identified with the
corresponding vector space and said on that basis that f/(z) € L(X;Y).
It is this device of regarding elements f'(z:) € L(TXy,;TY¥f(,)) and
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f(z2) € L(TXy,,TY%(z,)), which lie in different spaces, as vectors in the
same space L£(X;Y) that provides the basis for defining higher-order dif-
ferentials of mappings of normed vector spaces. In the case of an affine or
vector space there is a natural connection between vectors in the different
tangent spaces corresponding to different points of the original space. In the
final analysis, it is this connection that makes it possible to speak of the
continuous differentiability of both the mapping (10.58) and its higher-order
differentials.

10.5.2 Derivative with Respect to a Vector and Computation
of the Values of the nth Differential

When we are making the abstract Definition 1 specific, the concept of the
derivative with respect to a vector may be used to advantage. This concept
is introduced for the general mapping (10.58) just as was done earlier in the
case X =R™ Y =R

Definition 2. If X and Y are normed vector spaces over the field IR, the
derivative of the mapping (10.58) with respect to the vector he T X, ~ X at
the point = € U is defined as the limit

Dypf(z) == lim flz+th) — f(z)

R3t—0 t ’
provided this limit exists.
It can be verified immediately that
Dy f(z) = ADy, f(z) (10.61)

and that if the mapping f is differentiable at the point z € U, it has a
derivative at that point with respect to every vector; moreover

Dy f(z) = f'(z)h , (10.62)
and, by the linearity of the tangent mapping,
Dyhiaaghs f (%) = M1 Day f(z) + A2Dp, f(2) - (10.63)

It can also be seen from Definition 2 that the value Dy, f(z) of the deriva-
tive of the mapping f : U — Y with respect to a vector is an element of the
vector space TYy(;) ~ Y, and that if L is a continuous linear transformation
from Y to a normed space Z, then

Dy(Lo f)(z) = Lo Dy f(z) . (10.64)

We shall now try to give an interpretation to the value f((hy,..., hn)
of the nth differential of the mapping f at the point x on the set (h1,...,hn)
of vectors h; e TX, ~X,i=1,...,n.
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We begin with n = 1. In this case, by formula (10.62)
f'(z)(h) = f'(z)h = Dpf(z) -

We now consider the case n = 2. Since f¥(z) € E(;X 1 L(X;Y)), fixing a
vector hy € X, we assign a linear transformation ( f(2 (:c)hl) € L(X;Y) to
it by the rule

hy > F A (z)h
Then, after computing the value of this operator at the vector hy € X, we
obtain an element of Y:

FO () (R ha) = (fP(@)h1)ha €Y. (10.65)
But
F®@)h = (f'Y (@)h = Duf'(z),
and therefore
FP () (b1, ha) = (D, f'(z)) b2 - (10.66)

If A e L(X;Y) and h € X, this pairing with Ak can be regarded not
only as a mapping h +—» Ah from X into Y, but as a mapping A + Ak from
L(X;Y) into Y, the latter mapping being linear, just like the former.

Comparing relations (10.62), (10.64), and (10.66), we can write

(Dn, f'(z)) b2 = Dy, (f'(z)h2) = Dp, Dp, f(z) -

Thus we finally obtain

ftz) (m)(hla h‘z) = Dthﬁ-zf(m) .
Similarly, one can show that the relation

f(“J(m)(hh s Bn) o= ( (ﬂ)(f" Yh1) .. hn) = Dy, D, -~ - Dy, f(z)
(10.67)
holds for any n € N, the differentiation with respect to the vectors being
carried out sequentially, starting with differentiation with respect to h, and
ending with differentiation with respect to h,.

10.5.3 Symmetry of the Higher-order Differentials

In connection with formula (10.67), which is perfectly adequate for compu-
tation as it now stands, the question naturally arises: To what extent does
the result of the computation depend on the order of differentiation?

Proposition. If the form f(")(z) is defined at the point x for the mapping
(10.58), it is symmetric with respect to any pair of its arguments.
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Proof. The main element in the proof is to verify that the proposition holds
in the case n = 2.

Let hy and hy be two arbitrary fixed vectors in the space T'X,. ~ X. Since
U is open in X, the following auxiliary function of ¢ is defined for all values
of t € R sufficiently close to zero:

Fi(hy, hs) = F(@ + t{hy + ha)) — F(z + thy) — f(z + th) + f(z) -

We consider also the following auxiliary function:
g(v) = flz + (b1 + 7)) - f(z +1v),

which is certainly defined for vectors v that are collinear with the vector hs
and such that |v] < |ha|.

We observe that

Fi(hy, ha) = g(h2) — g(0) .

We further observe that, since the function f : U — Y has a second
differential f”(z) at the point z € U, it must be differentiable at least in
some neighborhood of z. We shall assume that the parameter ¢ is sufficiently
small that the arguments on the right-hand side of the equality that defines
Fi(hi1, hz) lie in that neighborhood.

We now make use of these observations and the corollary of the mean-
value theorem in the following computations:

|Fi(ha, ha) ~ t2F"(2)(h1, ho)| =
= |g(h2) — g(0) — t*f"(z)(h1, h2)| <

< sup [¢'(B2h2) — 2" ()b |ha| =
0‘{93{1

= sup [I(f'(z +#(h1 + O2h2)) — f'(z + tO2h2)}t — t*f" (2)ha | | P2 -

0<@<1

By definition of the derivative mapping we can write that

f! (.“II + t(h-j 4+ 92h2)) — f’(:&') -+ f”(:c) (t(hj_ - 92}12}) + O(t)

and

(@ +t02h2) = f'(z) + f (z)(t02h2) + o(t)

as t — (. Taking this relation into account, one can continue the preceding
computation; finding after cancellation that

|Fi(hy, ko) — 2" (z)(h1, ha)| = o(t?)

as t = 0. But this equality means that

7] 3 - Ft(h’] 3 hZ)
(@), ha) =g Fa: o).
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Since it is obvious that Fi(h;, hs) = Fi(ha, h1), it follows from this relation
that f”(z)(h1, ha) = f"(z)(ha, h1).

One can now complete the proof of the proposition by induction, repeating
verbatim what was said in the proof that the values of the mixed partial
derivatives are independent of the order of differentiation. O

Thus we have shown that the nth differential of the mapping (10.58) at
the point z € U is a symmetric n-linear transformation

F™(@) € LT Koy ..., TXa; TYfiay) ~ £(X, ..., X;Y)

whose value on the set (hy,...,h,) of vectors h; € TX, = X, i=1,...,n,
can be computed by formula (10.67).

If X is a finite-dimensional space having s basis {e1,...,ex} and h; = hie;
is the expansion of the vector h;, 5 = 1,...,n, with respect to that basis,
then by the multilinearity of f (n) x) we can write

FO @) (b, .., b)) = fPNz)(hies,,. .. hire;,) =
= f™(z)(esy, ..., e, )08 ... hip

Using our earlier notation 8;,...4, f(z) for Dg, - - - D, f(z), we find finally that
F (@) (s s hn) = Bipei F(@IT -+ iy

where as usual summation extends over the repeated indices on the right-
hand side within their range of variation, that is, from 1 to k.
Let us agree to use the following abbreviation:

FOXz)(h, ..., h) = f™) (z)h™ . (10.68)

In particular, if we are discussing a finite-dimensional space X and h =
hte;, then - _
F @)™ = B4y, f(Z)BE ... i

which is already very familiar to us from the theory of numerical functions
of several variables.

10.5.4 Some Remarks

In connection with the notation (10.68) consider the following example, which
is quite useful and will be used in the next section.

Exzample. Let A € L(X,,...,X,;Y), that is, y = A(z1,...,2,) is a contin-
uous n-lincar transformation from the product of the normed vector spaces
Xi,..., X, into the normed vector space Y.

It was shown in Example 5 of Sect. 10.4 that A is a differentiable mapping
A: Xy x-xX,—Y and



10.5 Higher-order Derivatives 85

A @1y Z) (s ) =
= A(hl,mg,...,mﬂ)+“'+A($1,...,.‘Bn_1,hn) .

Thus, if X; =+ =X, =X and A is symmeiric, then
A(z,...,z)(h,...,h) =nA(z,...,z,h) =: (nAz" A,
n—1

Hence, if we consider the function F' : X — ¥ defined by the condition
X 3z F(z) = A(z,. .., z) =: Az™,
it turns out to be differentiable and
F'(z)h = (nAz™ ')A ,

that is, in this case

F'(z) = nAz""1,

where Az™1 ;= A(z,...,z,-).
n—1

In particular, if the mapping (10.58) has a differential f(*}(z) at a point
¢ € U, then the function F(k) = f(®)(z)h™ is differentiable, and

F'(h) = nf™(2)pm 1. (10.69)

To conclude our discussion of the concept of an nth-order derivative, it is
useful to add the remark that if the original function (10.58) is defined on a
set U in a space X that is the direct product of normed spaces X, ..., X,
one can speak of the first-order partial derivatives 8y f(),...,0nf(z) of f
with respect to the variables z; € X;, ¢ = 1,...,m, and the higher-order
partial derivatives 8;,...;, f(z).

On the basis of Theorem 2 of Sect. 10.4, we obtain by induction in this
case that if all the partial derivatives 8;,.... f(z) of e mapping f : U — Y
are continuous at a point ¢ € X = Xy x +++ x Xyn, then the mapping f has
an n-th order differential f™(z) at that point.

If we also take account of the result of Example 2 from the same sec-
tion, we can conclude that the mapping U > z — f™(z) € L(X,...,X;Y)

. e

= n factors
is continuous if and only if all the nih-order partial derivatives U > x —
Oy i, f(2) € L(X5,, ..., X;,; YY) of the original mapping f : U — Y are con-
tinyous (or, what is the same, the partial derivatives of all orders up to n
inclusive are continuous).

The class of mappings (10.58) having continuous derivatives up to order
n inclusive in U is denoted C(")(U,Y), or, where no confusion can arise, by
the briefer symbol C(™)(U7) or even C™.
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In particular, if X = X, x - x X,,, the conclusion reached above can be
written in abbreviated form as

(f € Cy = (8;,...i,f €C, i1yenvrin=1,...,m),

where C, as always, denotes the corresponding set of continuous functions.

10.5.5 Problems and Exercises

1. Carry out the proof of Eq. (10.64) in full.
2. Give the details at the end of the proof that f{™(z) is symmetric.

3. a) Show that if the functions Dy, Dy, f and Dy, Dy, f are defined and continuous
at a point z € U for a pair of vectors A1, ha and the mapping (10.58) in the domain
U, then the equality Dy, Dy, f(z) = Dp,Dr, f(z) holds.

b) Show using the example of a numerical function f(z,y) that, although the

continuity of the mixed partial derivatives 3% and -é?;é% implies by a) that they

are equal at this point, it does not in general imply that the second differential of
the function exists at the point.

c) Show that, although the existence of f¥(z,y), guarantees that the mixed

partial derivatives -%25% and 3‘:% exist and are equal, it does not in general guar-
antee that they are continuous at that point.

4, Let A e L(X,...,X;Y) where A is a symmetric n-linear transformation. Find
the successive derivatives of the function z +— Az™ := A(z,...,z) up to order n+1
inclusive.

10.6 Taylor’s Formula and the Study of Extrema

10.6.1 Taylor’s Formula for Mappings

Theorem 1. If a mapping f : U = Y from a neighborhood U = U(z) of a
point x in a normed space X into a normed space Y has derivatives up to
order n — 1 inclusive in U and has an n-th order derivative f\™)(z) ot the
point x, then

fla+h) = f(@)+ F@h+ o+ [ @A +oh) (1070

as h — 0.

Equality (10.70) is one of the varieties of Taylor’s formula, written here
for rather general classes of mappings.
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Proof. We prove Taylor’s formula by induction.

For n =1 it is true by definition of f'(z).

Assume formula (10.70) is true for some (n — 1) € N.

Then by the mean-value theorem, formula (10.69) of Sect. 10.5, and the
induction hypothesis, we obtain

@+ b — (@) + @)t + = F P @)

< sup ||f'(z+0k) = (£/(z) + F"(@)(OR) + -
0<o<1

1
(n—1)!

<

o gy )@ )| B = o(18RI) k] = o((AI")

ash—0. O

We shall not take the time here to discuss other versions of Taylor’s for-
mula, which are sometimes quite useful. They were discussed earlier in detail
for numerjcal functions. At this point we leave it to the reader to derive them
(see, for example, Problem 1 below).

10.6.2 Methods of Studying Interior Extrema

Using Taylor’s formula, we shall exhibit necessary conditions and also suffi-
cient conditions for an interior local extremum of real-valued functions defined
on an open subset of a normed space. As we shall see, these conditions are
analogous to the differential conditions already known to us for an extremum
of a real-valued function of a real variable.

Theorem 2. Let f : U — R be a real-valued function defined on an open
set U in a normed space X and having continuous derivatives up to order
k—1 > 1 inclusive in a neighborhood of a point x € U and a derivative
F*)(x) of order k ot the point x itself.

If fi(z) = 0,...,f%*V(z) = 0 and f*)(z) # 0, then for = to be an
extremum of the function f it is:

necessary that k be even and that the form ¥ (z)h* be semidefinite,*
and

sufficient that the values of the form f“‘}(z)h" on the unit sphere
|h| = 1 be bounded away from zero; moreover, x is a local minimum if the
inequalities

F® @)k >8>0

hold on that sphere, and a local mazimum if

FE(z)hk <d<0.

* This means that the form. f*)(z)h* cannot take on values of opposite signs,
although it may vanish for some values A # 0. The equality f ) (z) = 0, as usual,
is understood to mean that f*)(z)h = 0 for every vector h.
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Proof. For the proof we consider the Taylor expansion (10.70) of f in a neigh-
borhood of z. The assumptions enable us to write

fla+h) = f(@) = 2 F O @) + )bl

where a(h) is a real-valued function, and a(h) = 0 as h — 0.

We first prove the necessary conditions.

Since f%*)(z) +£ 0, there exists a vector kg # 0 on which f&)(z)hE £ 0.
Then for values of the real parameter ¢ sufficiently close to zero,

f(@+tho) — F(@) = 7™ (@) (tho)* + x(tho) thol* =

- (% 1O ()b  a(tho) ko[ ) ¢*

and the expression in the outer parentheses has the same sign as f*) (z)hE.

For z to be an extremum it is necessary for the left-hand side (and hence
also the right-hand side) of this last equality to be of constant sign when ¢
changes sign. But this is possible only if &k is even.

This reasoning shows that if z is an extremum, then the sign of the differ-
ence f(z + thg) — f(x) is the same as that of f*)(z)A} for sufficiently small
{; hence in that case there cannot be two vectors hg, h; at which the form
%) (z) assumes values with opposite signs.

We now turn to the proof of the sufficiency conditions. For definiteness
we consider the case when f*)(z)h* > & > 0 for |A| = 1. Then

flz+h)— flz) = %f(*}(m)h“ +a(h)|h)* =

= (£ ()" + ot ) Ib* = (go+a(m)

and, since a(h) — 0 as b — 0, the last term in this inequality is positive for
all vectors h # 0 sufficiently close to zero. Thus, for all such vectors h,

f(iU'l‘h}"f(‘.’B)}ﬁ,

that is, z is a strict local minimum.
The sufficient condition for a strict local maximum is verified simil-
iarly. 0O

Remark 1. If the space X is finite-dimensional, the unit sphere S(z, 1) with
center at z € X, being a closed bounded subset of X, is compact. Then the
continuous function f*}(2)h* = 8y, ;. f(z)h* ... -h% (a k-form) has both a
maximal and a minimal value on S(z,1). If these values are of opposite sign,
then f does not have an extremum at z. If they are both of the same sign, .
then, as was shown in Theorem 2, there is an extremum, In the latter case, a
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sufficient condition for an extremum can obviously be stated as the equivalent
requirement that the form f®*)(z)h* be either positive- or negative-definite.

It was this form of the condition that we encountered in studying real-
valued functions on R™.

Remark 2. As we have seen in the example of functions f : R* — R, the
semi-definiteness of the form f(*)h* exhibited in the necessary conditions for
an extremuin is not a sufficient criterion for an extremum.

Remark 3. In practice, when studying extrema of differentiable functions one
normally uses only the first or second differentials. If the uniqueness and type
of extremum are obvious from the meaning of the problem being studied,
one can restrict attention to the first differential when seeking an extremum,
simply finding the point z where f’(z) = 0.

10.6.3 Some Examples

Exzample 1. Let L € CP(R%,R) and f € C)([q,b],R). In other words,
(ul,u? u?) = L(u!,u? u?) is a continuously differentiable real-valued func-
tion defined in R? and z — f(zx) a smooth real-valued function defined on
the closed interval [a,b] C R.

Consider the function

F:C([g,b,R) > R (10.71)

defined by the relation

b
CD ([a,b],R) > f s F(f) = f L(z,f(z).f'(z))dz €R.  (10.72)

@

Thus, (10.71) is a real-valued functional defined on the set of functions
f € C(1)([a, b], B).

The basic variational principles connected with motion are known in
physics and mechanics. According to these principles, the actual motions
are distinguished among all the conceivable motions in that they proceed
along trajectories along which certain functionals have an extremum. Ques-
tions connected with the extrema of functionals are central in optimal control
theory. Thus, finding and studying the extrema of functionals is a problem
of intrinsic importance, and the theory associated with it is the subject of a
large area of analysis — the calculus of variations. We have already done a
few things to make the transition from the analysis of the extrema of numer-
ical functions to the problem of finding and studying extrema of functionals
seem natural to the reader. However, we shall not go deeply into the special
problems of variational calculus, but rather use the example of the functional
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(10.72) to illustrate only the general ideas of differentiation and study of local
extrema considered above.
We shall show that the functional (10.72) is a differentiable mapping and
find 1ts differential.
We remark that the function (10.72) can be regarded as the composition
of the mappings
Fy : € ([a,b),R) — C([a, 8], R) (10.73)

defined by the formula

Fi(f)(z) = L(z, (2)f"(2)) (10.74)
followed by the mapping
b
O(la,bl,R) 3 g — Fa(g) = /g(:c}d:c cR. (10.75)
By properties of the integral, the mapping F5 is obviously linear and

continuous, so that its differentiability is clear.
We shall show that the mapping F is also differentiable, and that

Fi(f)h(z) = 8:L(z, f(z), f'(z)) h(z) + B3 L(z, f(z)f'(z)) ¥ (z)  (10.76)

for h € CM ([a, b], R).
Indeed, by the corollary to the mean-value theorem, we can write in the
present case

|L(*u,1 + A u? + A% + A%) — L(u}, 4P, u®) —

= Za L{u*, u?, u?) A% < sup (81 L(u + 6.4) — &, L(u)
i=1
8y L{u+04) — 8,L(u), 83L(u + 4) — 83L(u))| - |4| <
< 3 max |6;L(u + Ou) — 8;L(u)| - Jax, 4%,  (10.77)

0<A<1
+=1,2,3
where 1 = (', u%,4%) and A = (A1, A%, A3).

If we now recall that the norm |f|oe of the function f in C(*) ([a, b], R) is
max {|fle, [f/lc} (where |f]c is the maximum absolute value of the function
on the closed interval [a,b]), then, setting u' = z, v* = f(z), v = f'(z),
A! =0, A? = h(z), and A® = h'(z), we obtain from inequality (10.77), taking
account of the uniform continuity of the functions 8;L(u*, % v?), i = 1,2, 3,
on bounded subsets of R3, that

max |L(z, f(z) + h(z), f'(2) + W (2)) = L(z, f(z), (z)) -

— GoL(z, f(z), f'(@))h(z) — B L(X, f(z)f' (2))W ()| =
= o|hlc) as |hlcay — 0.
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But this means that Eq. (10.76) holds.
By the chain rule for differentiating a composite function, we now conclude
that the functional (10.72) is indeed differentiable, and

b
P(f)h= [((0:L(z, /()f () bio) + OaL(a, @), F (@))H(2)) d

(10.78)
We often consider the restriction of the functional (10.72) to the affine

space consisting of the functions f € Cm([a, b],]R) that assuine fixed values
f(a) = A, f(b) = B at the endpoints of the closed interval [a, b]. In this case,
the functions h in the tangent space TCJ(.I) must have the value zero at the
endpoints of the closed interval [a, b]. Taking this fact into account, we may
integrate by parts in (10.78) and bring it into the form

b
Fi(Ph= [ (06L(s, £@).1'@)) - 0L (e, J@F @) a)da , (1079

of course under the assumption that L and f belong to the corresponding
class C(?),

In particular, if f is an extremum (extremal) of such a functional, then
by Theorem 2 we have F'(f)h = 0 for every function h € C(l)([a, b}, R) such
that h(a) = h(b) = 0. From this and relation (10.79) one can easily conclude
(see Problem 3 below) that the function f must satisfy the equation

OrL(a, £(z), (=) — = BuL(z, F(a), /(@) = 0. (10.80)

Tlis is a frequently-encountered form of the equation known in the cal-
culus of variations as the Euler-Lagrange equation.

Let us now consider some specific examples.

Example 2. The shortest-path problem.

Among all the curves in a plane joining two fixed points, find the curve
that has minimal length.

The answer in this case is obvious, and it rather serves as a check on the
formal computations we will be doing later.

We shall assume that a fixed Cartesian coordinate system has been chosen
in the plane, in which the two points are, for example, (0,0) and (1,0). We
confine ourselves to just the curves that are the graphs of functions f €
C([0,1],R) assuming the value zero at both ends of the closed interval
[0, 1]. The length of such a curve

1
(N = [ VIFTP@ de (10.81)



92 10 *Differential Calculus from a General Viewpoint

depends on the function f and is a functional of the type considered in
Example 1. In this case the function I has the form

L(',u?,0%) = V1T (@)2,

and therefore the necessary condition (10.80) for an extremal here reduces to
the equation

d ( f(x) ) .y
dz \ /14 (f')*(z) ’
from which it follows that

I () = const (10.82)

V14 () (z)
on the closed interval [0, 1].
Since the function 7&? is not constant on any interval, Eq. (10.82)
is possible only if f/(z) = const on [a,b]. Thus a smooth extremal of this
problem must be a linear function whose graph passes through the points

(0, 0) and (1,0). It follows that f(z) = 0, and we arTive at the closed interval
of the line joining the two given points.

Ezample 3. The brachistochrone problem.

The classical brachistochrone problem, posed by Johann Bernoulli I in
1696, was to find the shape of a track along which a point mass would pass
“from a prescribed point Fp to another fixed point P; at a lower level under
the action of gravity in the shortest time.

We neglect friction, of course. In addition, we shall assume that the trivial
case in which both points lie on the same vertical line is excluded.

In the vertical plane passing through the points F; and P, we introduce
a rectangular coordinate system such that Fp is at the origin, the z-axis
is directed vertically downward, and the point P, has positive coordinates
(z1,y;). We shall find the shape of the track among the graphs of smooth
functions defined on the closed interval [0,2;] and satisfying the condition
f(0) =0, f(z1) = y1. At the moment we shall not take time to discuss this
by no means uncontroversial assumption (see Problem 4 below).

If the particle began its descent from the point Py with zero velocity, the
law of variation of its velocity in these coordinates can be written as

v = +/29x (10.83)

Recalling that the differential of the arc length is computed by the formula,
ds = v/(dz)? + (dy)? = 1+ (f)?(z) dz , (10.84)

we find the time of descent
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F(f) = ‘/iz_g. Df \/ l—"'—(l;—'-)z—(“-’l o (10.85)

along the trajectory defined by the graph of the function y = f(z) on the
closed interval [0, z1]. '
For the functional (10.85)

3)2
L{u},2,u%) = 1+(:‘) ,
u

and therefore the condition (10.80) for an extremum reduces in this case to
the equation

_El_( fli@) ) 5
dz \ /z(1 + (f')*(2) ’
from which it follows that

1@ .
T -V i

where ¢ is & nonzero constant, since the points are not both on the same
vertical line.
Taking account of (10.84), we can rewrite (10.86) in the form

dy
r ke eV . (10.87)

However, from the geometric point of view

d
gﬂ:—zconst,'s', —y=ain<p, (10.88)
ds
where ¢ is the angle between the tangent to the trajectory and the positive
z-axis.
By comparing Eq. (10.87) with the second equation in (10.88), we find

T = %sing 0. (10.89)

But it follows from (10.88) and (10.89) that

=Y. 2 tanp=— =tan ——(Sinz"o) ity
do dz dp VG T \TE )T
from which we find

]

y = %(299 —sin2¢) +b. (10.90)
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Setting 2/¢% =: a and 2¢p =: t, we write relations (10.89) and (10.90) as

&
¥

Since a # 0, it follows that x = 0 only for ¢ = 2km, k € Z. It follows from
the form of the function (10.91) that we may assume without loss of generality
that the parameter value ¢ = ( corresponds to the point / = (0,0). In this
case Eq. (10.90) implies b = 0, and we arrive at the simpler form

a(l —cost),
a(t —sint) + b.

—
—

(10.91)

I

a({l—cost) ,
a(t — sin t)

x
Y

for the parametric definition of this curve.

Thus the brachistochrone is a cycloid having a cusp at the initial point P
where the tangent is vertical. The constant a, which is a scaling coefficient,
must be chosen so that the curve (10.92) also passes through the point F;.
Such a choice, as one can see by sketching the curve (10.92), is by no means
always unique, and this shows that the necessary condition (10.80) for an
extremum is in general not sufficient. However, from physical considerations
it is clear which of the possible values of the parameter a should be preferred
(and this, of course, can be confirmed by direct computation).

(10.92)

!

10.6.4 Problems and Exercises

1. Let f: U = Y be a mapping of class C™ (I/; ¥) from an open set I in a normed
space X into a normed space Y. Suppose the closed interval [z,z 4+ h] is entirely
contained in U, that f has a differential of order (n+ 1) at the points of the open
interval ]z, 4 h[, and that [[f(**(£)|| < M at every point £ €]z, x + h].

a) Show that the function
o(t) = f (o +th) — (£(@) + ' (@)ER) + -+ + - F (@) (th)")

is defined on the closed intetval [0,1] C R and differentiable on the open interval
]0, 1], and that the estimate

¢ ()1l < =Mtk A

holds for every ¢ €0, 1[.
b) Show that |g(1) — g(0)] < (n+1).M|h[“+‘
c) Prove the following version of Taylor’s formula:

M | ln+l

_f(m+k,)—( () + f'(@)h+ -+ = f(“)(:c)h ) *® +1)‘

d) What can be said about the mapping f : U — Y if it is known that
frt(g) =0in U?
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2. a) If a symmetric n-linear operator A is such that Az™ = 0 for every vector
z € X, then A(z,...,z,) = 0, that is, A equals zero on every set z1,...,o, of
vectors in X.

b) If a mapping f : U = Y has an nth-order differential f")(z) at a point
z € 7 and satisfies the condition

Fl ) = Lo Tuli e 4 %Luh" O

where L;, ¢ = 0,1,...,n, are i-linear operators, and a(h) = 0 as & — 0, then
Li=f%),i=0,1,...,n.

c) Show that the existence of the expansion for f given in the preceding problem
does not in general imply the existence of the n-th order differential f (")(m) (for
n > 1) for the function at the point z.

d) Prove that the mapping L£(X;Y) 3 A — A™! € £(X;Y) is infinitely
differentiable in its domain of definition, and that (A~')"(A)(hy,..., hn) =
(—1)"A"hyA the ... A7 R AT

3. a) Let ¢ € C([a, 8], R). Show that if the condition

b

/ o(z)h(z)dz =0

a

holds for every function h € Ct2) ([a, b],R) such that h(a) = h(b) = 0, then p(z) = 0
on {a,b].

b) Derive the Euler-Lagrange equation (10.80) as a necessary condition for
an extremum of the functional (10.72) restricted to the set of functions f €

c® ([a, b].R) assuming prescribed values at the endpoints of the cloged interval
[a, B].

4. Find the shape y = f(z), a < £ < b, of a meridian of the surface of revolution

(about the z-axis) having minimal area among all surfaces of revolution having

circles of prescribed radius r. and ry as their sections by the planes 2 = a and
= b respectively.

5. a) The function L in the brachistochrone problem does not satisfy the conditions
of Example 1, so that we cannot justify a direct application of the results of Example
1 in this case. Show by repeating the derivation of formula (10.79) with necessary
modifications that this equation and Eq. (10.80) remain valid in this case.

b) Does the equation of the brachistochrone change if the particle starts from
the point Py with a nonzero initial velocity (the motion is frictionless in a cloged
pipe)?

c) Show that if P is an arbitrary point of the brachistochrone corresponding
to the pair of points Py, P;, the arc of that brachistochrone from Fy to P is the
brachistochrone of the pair Py, P.

d) The assumption that the brachistochrone corresponding to a pair of points
Fy, P can be written as y = f(z), is not always justified, as was revealed by the
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final formulas (10.92). Show by using the result of c) that the derivation of (10.92)
can be carried out without any such assumption as to the global structure of the
brachistochrone.

e) Locate a point P; such that the brachistochrone corresponding to the pair of
points Py, P in the coordinate system introduced in Example 3 cannot be written
in the form y = f(x).

f) Locate a point P, such that the brachistochrone corresponding to the pair
of points Py, P, in the coordinate system introduced in Example 3) has the form

y = f(z), and f ¢ C'V ([a., b],lR). Thus it turns out that in this case the functional

(10.85) we are interested in has a greatest lower bound on the set CV ([a, b],]R),
but not a minimum.

g) Show that the brachistochrone of a pair of points Ps, Pi of space is a smooth
curve.

6. Let us measure the distance d(Fo, P,) of the point 4 of space from the point
P; in a homogeneous gravitational field by the time required for a point mass to
move from one point to the other along the brachistochrone corresponding to the
points, )

a) Find the distance from the point P to a fixed vertical line, measured in this
sense.

b) Find the asymptotic behavior of the function d(Fp, F;) as the point Py is
raised along a vertical line, approaching the height of the point Py.

c) Determine whether the function d{Po, P;) is a metric.

10.7 The General Implicit Function Theorem

In this concluding section of the chapter we shall illustrate practically all
of the machinery we have developed by studying an implicitly defined funec-
tion. The reader already has some idea of the content of the implicit theo-
rem, its place in analysis, and its applications from Chap. 8. For that rea-
son, we shall not go into detail here with preliminary explanations of the
essence of the matter preceding the formalism. We note only that this time
the implicitly defined function will be constructed by an entirely different
method, one that relies on the contraction mapping principle. This method
is often used in analysis and is quite useful because of its computational
efficiency.

Theorem. Let X, Y, and Z be normed spaces (for example, R™, R™, and
R*), Y being a complete space. Let W = {(z,y) € X X Y| |z —z0| < @Ay —
yo| < B} be a neighborhood of the point (xo,y0) in the product X x Y of the
spaces X and Y.

Suppose that the mapping F : W — Z satisfies the following conditions:

1' F(mﬁryﬂ} = 0;

2. F(z,y) s conlinuous at (zo, Yo);
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3. F'(z,y) is defined in W and continuous at (2, Yo);
4. Fy(x0,y0) is an invertible® transformation.

Then there exists a neighborhood U = U(xp) of zg € X, a neighborhood
V=V(y) of o €Y, anda mapping f : U — V such that:

1. UxVcW,

2. (F(z,y) =0 in UxV) & (y= f(z), wherez €U and f(z) € V);

3'. Yo = f(wo);

4. f is continuous at xg.

In essence, this theorem asserts that if the linear mapping F;, is invertible
at a point (hypothesis 4), then in a neighborhood of this point the relation
F(z,y) = 0 is equivalent to the functional dependence y = f(z) (conclu-
sion 2').

Proof. 1° To simplify the notation and obviously with no loss of generality,
we may assume that zp = 0, yo = 0, and consequently

W={(z,y) e X xY||z| <aAl|y < BF}.
29 The main role in the proof is played by the auxiliary family of functions

¢:(¥) ==y — (F}(0,0) - F(a,1) , (10.93)

which depend on the parameter z € S, |z| < @, and are defined on the set
{yeY|lyl < B}

Let us discuss formula (10.93). We first determine whether the mappings
¢. are unambiguously defined and where their values lie.

The mapping F' is defined for (z,y) € W, and its value F(z,y) at the
pair (z,y) lies in Z. The partial derivative Fy(z,y) at any point (z,y) € W,
as we know, is a continuous linear mapping from ¥ into Z.

By hypothesis 4 the mapping F;(0,0) : ¥ — Z has a continuous inverse
(Fy(0, 0))41 : Z — Y. Hence the composition (F (0, O))H1 - F(z,y) really is
defined, and its values lie in Y.

Thus, for any 2 in the a-neighborhood Bx (0, a) := {z € X||z| < a} of
the point 0 € X, the function g, is a mapping g- : By(0,8) — Y from the
B-neighborhood By (0, 8) := {y € Y| |y| < 8} of the point 0 € Y into Y.

The connection of the mappings (10.93) with the problem of solving the
equation F(z,y) = 0 for y obviously consists of the following: the point y. is
a fixed point of g, if and only if F(z,y,) = 0.

Let us state this important observation firmly:

gz(ym) =Y, = F(z,5.) = 0. (10.94)

Thus, finding and studying the implicitly defined function y = y, = f(z)
reduces to finding the fixed points of the mappings (10.93) and studying the
way in which they depend on the parameter z.

% That is, 3 [F(zo,w0)] " € L(Z;Y).
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3% We shall show that there exists a positive number v < min{e, 8} such
that for each # € X satisfying the condition |z| < ¥ < @, the mapping
« : By(0,7) = Y of the ball By(0,7) == {y € Y||lyl < v < 8} into ¥
is a contraction with a coefficient of contraction that does not exceed, say
1/2. Indeed, for each fixed z € Bx(0, ) the mapping g, : By(0,8) = Y is
differentiable, as follows from hypothesis 3 and the theorem on differentiation
of a composite mapping. Moreover,

=
9:(y) = ey = (F,(0,0)) - (Fy(z,y)) =
= (F(0,0)) " (Fy(0,0) - Fy(z,y)) . (10.95)
By the continuity of F},(z, y) at the point (0, 0) (hypothesis 3), there exists

a neighborhood {(z,%) € X xY||z| <y < aAly| <y < B} of (0,0) € X xY
in which

gl < [1(F,(0,0)) 1| - | F,(0, 0) — Fy(z, p)ll < 3 : (10.96)
Here we are using the relation
(F(0,0)) ™" € £(2;Y), thatis, [[(F}(0,0))7 < o0.

Throughout the following we shall assume that |z| < v and [y| < 7, so
that estimate (10.96) holds.

Thus, at any z € Bx(0,v) and for any y;,y2 € By(0,¥), by the mean-
value theorem, we indeed now find that

l9=(31) =~ 92(32)| < sup ¢ (&) I — 3] < %Iyl —%2|.  (10.97)
£€lysval

49, In order to assert the existence of a fixed point ¥, for the mapping g,
we need a complete inetric space that ymaps into (but not necessarily onto)
itself under this mapping.

We shall verify that for any € satisfying 0 < & < + there exists § = §(g) in
the open interval |0, y[ such that for any x € Bx(0,d) the mapping g, maps
the closed ball By(0,¢) into itself, that is, g, (By (0,€)) C By(0,¢).

Indeed, we first choose a number § €]0, y| depending on € such that

192(0)] = [(F5(0,00)™ - F(z, 0}l < [[(F,(0,0) " [| [F(,0)| < -6 (10.98)

for |z| < 4.

This can be done by hypotheses 1 and 2, which guarantee that F(0,0) =
and F(z,y) is continuous at (0, 0).

Now if |z| < 8(e) < 7 and |y| < € < 7, we find by (10.97) and (10.98)
that

1 1
192(9)] < 192(y) — 92(0)] +|9z(0)| < 5[yl + 56 < &,
and hence for |z| < d(g)
gm(ﬁl’ (0, 5)) C By(0,¢) . (10.99)
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__ Being a closed subset of the complete metric space ¥, the closed ball
By (0,£) is itself a complete metric space.

50 Comparing relations (10.97) and (10.99), we can now assert by the
fixed-point principle (Sect. 9.7) that for each z € Bx(0,d(g)) =: U there
exists a unique point y = ¥, =: f(z) € By (0,€) =: V that is a fived point of
the mapping g. : By (0,&) — By (0,¢).

By the basic relation (10.94), it follows from this that the function f :
U — V so constructed has property 2 and hence also property 3', since
F(0,0) = 0 by hypothesis 1.

Property 1’ of the neighborhoods U and V follows from the fact that, by
construction, U X V C Bx(0,a) x By(0,8) =W

Finally, the continuity of the function y = f(z) at z = 0, that is, property
4', follows from 2’ and the fact that, as was shown in part 4° of the proof, for
every € > 0 (¢ < +) there exists §(¢) > 0 (8(¢) < ) such that g. (By (0, s}%
By (0, ¢) for any x € Bx(0,4(¢)), that is, the unique fixed point 3, = f(z
the mapping g. : By(0,£) — By(0,¢) satisfies the condition |f(z)| < & for
|z| < é(e). O

We have now proved the existence of the implicit function. We now prove
a number of extensions of these properties of the function, generated by
properties of the original function F.

Extension 1. (Continuity of the implicit function.) If in addition to hypothe-
ses 2 and 3 of the theorem it is known that the mappings F : W — Z and F,
are continuous not only at the point (xo,yo) but in some neighborhood of this
point, then the function f : U — V will be continuous not only at xg € U but
in some neighborhood of this point.

Proof. By properties of the apping £(Y;2) 3 A = A~ € L(Z;Y) it
follows from hypotheses 3 and 4 of the theorem (see Example 6 of Sect. 10.3)
that at each point (:t: ) in some neighborhood of (g, ) the transformation
fy(m, y) € L(Y; Z) is invertible, Thus under the additional hypothesis that F
is continuous all points (Z, ) of the form (z, f(z)) in some neighborhood of
(2o, o) satisfy hypotheses 1-4, previously satisfied only by the point (2o, %0)-

Repeating the construction of the implicit function in a neighborhood of
these points (Z, §), we would obtain a function y = f(z) that is continuous at
& and by 2’ would coincide with the function y = f(z) in some neighborhood
of z. But that means that f itself is continuous at Z. [

Extension 2. (Differentiability of the implicit function,) If in addition to the
hypotheses of the theorem it is known that a partial derivative F,(z,y) exists
in some neighborhood W of (zy,y0) and is continuous at (xo,%Yo), then the
function y = f(z) is differentiable at zo, and

I'(wo) = —(Fi(zo, %))~ - (Fi(z0,%0)) - (10.100)
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Proof. We verify immediately that the linear transformation L € L(X;Y)
on the right-hand side of formula (10.100) is indeed the differential of the
function y = f(x) at x.

As before, to simplify the notation, we shall assume that zo = 0 and
Yo = 0, so that f(0) = 0.

We begin with a preliminary computation.

(=) — £(0) - La| = | f(z) - La]| =
= |£(=) + (F(0,0) ™" - (F3(0,0))z] =
= |(F(0,0)) " (FL(0,0)x + F}(0,0) f())| =
= |(F3(0,0)) ™" (F(z, f(z)) — F(0,0) — F4(0,0)z = F}(0,0)(x))| <
< [ (F500,0) ||| (F (=, £(=)) ~ F(0,0) — F4(0,0)z — F;(0,0)f(x))| <
< |1(F5(0,0)) |- ez, £(=)) (12l + | £(@)]) ,

where a(z,y) — 0 as (z,y) — (0,0).

These relations have been written taking account of the relation
F(:z:, f(z)) = 0 and the fact that the continuity of the partial derivatives
F} and F; at (0,0) guarantees the differentiability of the function F(z,y) at
that point.

For convenience in writing we set a := || L|| and b := || (#3(0, 0))_1”.

Taking account of the relations

|[f(@)| = |f(z) — Lz + Lz| < |f(z) — La| + |La| < |f(z) — La| + alz| ,
we can extend the preliminary computation just done and obtain the relation
|f(z) — La| < ba(z, f(z))((a + Vlz| + |f(z) - Lz]) ,
o (a+1)b
bt Ty Fa@iel.

Since f is continuous at x = 0 and f(0) = 0, we also have f(z) — 0 as
@ — 0, and therefore a(z, f(z)) - 0asz — 0.
It therefore follows from the last inequality that

|f(z) — f(0) — Lz| = | f(z) — Lz| = o(|z|) as z— 0. O

/@)~ La| < 5

Extension 3. (Continuous differentiability of the implicit function.) If in
addition to the hypotheses of the theorem it is known that the mapping F
has continuous partial derivetives F, and F, in some neighborheod W of
(z0,¥), then the function y = f(zx) is continuously differentiable in some
neighborhood of g, and its derivative is given by the formula

@) = ~(Fiz, () " - (Filz, f(z))) - (10.101)
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Proof. We already know from formula (10.100) that the derivative /() exists
and can be expressed in the form (10.101) at an individual point z at which
the transformation F) (z, f(z)) is invertible.

It remains to be verified that under the present hypotheses the function
f/(z) is continuous in some neighborhood of z = zy.

The bilinear mapping (A, B) + A- B - the product of linear transforma-
tions A and B - is a continuous function.

The transformation B = —F/(z, f(z)) is a continuous function of z, being
the composition of the continuous functions = = (z, f(z)) = —F.(z, f(z)).

The same can be said about the linear transformation A~ = F)(z, f(x)).

It remains only to recall (see Example 6 of Sect. 10.3) that the mapping
A™' 5 A is also continuous in its domain of definition.

Thus the function f'(z) defined by formula (10.101) is continuous jn some
neighborhood of z = x5, being the composition of continuous functions. O

We can now summarize and state the following general proposition.

Proposition. If in addition to the hypotheses of the implicit function theorem
it is known that the function F belongs to the elass C*)(W, Z), then the
function y = f(z) defined by the equation F(z,y) = 0 belongs to C*)N(U,Y)
in some neighborhood U of xg.

Proof. The proposition has already been proved for £k = 0 and & = 1. The
general case can now be obtained by induction from formula (10.101) if we
observe that the mapping L(V;Z) 2 A — A~! € L(Z;Y) is (infinitely)
differentiable and that when Eq. (10.101) is differentiated, the right-hand
side always contains & derivative of f one order less than the left-hand side.
Thus, successive differentiation of Eq. (10.101) can be carried out a number
times equal to the order of smoothness of the function F'. 0O

In particular, if

f!(x)hl = —(F!;(:I:, f(m)))—l > (F;;(:B? f(‘r)))hl *

then

(@) (b, ha) = —d(Ei(z, f(@))) " haFi(, f(x))h1 —
— (Fi(m, £(z))) " d(Filw, f(z))h1) ha =
= (Fi(z, f(z))) " dF (e, f(@))ha(Fy(, £(2))) " File, f(z))hy —
~ (Pl £(@))) ™ (FLl(o, £(@)) + FLl (@, (@) f'(2))h1) bz =
= (Fl(z, £(2)) " (Fla(z, £(=)) + F (z, £ (@) f' (@))ha) x
x (Fi(@, [(2))) " Filw, f@)h)(Fy(z, f(2))) "
x ((Fe(=, £(@)) + Foy (@, £(@))f (@))h1)hz -



102 10 *Differential Calculus from a General Viewpoint
In less detailed, but more readable notation, this means that
F(®@)(ha, ho) = (F) 7 [(((Fpe + Fyp f)Ra) ()~ Frhy =
— ((Fae + Fy, f Y )ha] - (10.102)

In this way one could theoretically obtain an expression for the derivative
of an implicit function to any order; however, as can be seen even from formula
(10.102), these expressions are generally too cumbersome to be conveniently
used. Let us now see how these results can be made specific in the important
special case when X = R™, ¥ = R", and Z = R™.

In this case the mapping 2 = F'(z,y) has the coordinate representation

z = Fl(ml’.“]mm,yl‘.”:yn),
............ (10.103)
2B = P o et o)

The partial derivatives F; € L(R™;R") and F, € L{R™;R") of the map-
ping are defined by the matrices

art . arF? grt | oF!
Bzl T Brm gyt oy~
! F#
Fm = N aieiwrs s AW aa awa ] y =] ssdsrvuaewases Ll
aF™ aF" g . 9F™
8T T Fem Byr Y™

computed at the corresponding point (z,y).

As we know, the condition that F, and F;:, be continuous is equivalent to
the continuity of all the entries of these matrices.

The invertibility of the linear transformation Fj(zg,y0) € L(R™; R™) is
equivalent to the nonsingularity of the matrix that defines this transforma-
tion.

Thus, in the present case the implicit function theorem asserts that if

1) FY ot o B0 e itl) =05

F™M&fy -y TG Yoy r Y8) = 05

2) Fi(z!,...,a™ ¢*,...,4™), i=1,...,n, are continuous functions at the
point (zd,..., 3, ¥3,..-,¥8) € R™ x R™;

3) all the partial derivatives ‘g—i;(ml,...,mm,yl,...,y”), g 2 Tyveeytty
j = 1,...,n, are defined in a neighborhood of (z},...,z§ ¥3,...,¥%) and
are continuous at this point;
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4) the determinant’

8F* art
ayt By
aF™  9F"
T 3

of the matrix F, is nonzero at the point (z§, ..., 8", ¥g,--+, ¥5);

then there exist a neighborhood U of 7y = (zl,...,2T) € R™, a neighbor-
hood V of yo = (3d,..-,y8) € R™, and a mapping f : U — V having a
coordinate representation

@l—l
It
L

—
—
Hl—‘
8
3
—

........................ (10.104)

such that
1) inside the neighborhood U x V of (&f,..., 28 Yo+ 45) € R™ x R®
the system of equations

17,1 ; 1 —
rF(:B,...,mm,y,...,yﬂ) — 0,

Pt o B i) = 0
is equivalent to the functional relation f : I/ — V expressed by (10.104);

) w = fHzo-.o28),
w = f(@5---3F);

3’) the mapping (10.104) is continuous at (Th,s- - 1 ZT Yos -+ UG )-

If in addition it is known that the mapping (10.103) belongs to the class
C™)| then, as follows from the proposition above, the mapping (10.104) will
also belong to C'¥), of course within its own domain of definition.

In this case formula (10.101) can be made specific, becoming the matrix
equality

oft .. o ort . er\"l sprt | pr
o 5am oy o et g
.............. - R L I R e PR e T R 3
os" of" oFr | oFn oFn . gE™
BT Bew oy oy T B
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in which the left-hand side is computed at (:c s *”‘) and the rlght-
hand side at the corresponding point (z!,...,z™,y,...,¥"), where ¥’
Pl us 00y B Lyl

If n = 1, that is, when the equation

Plat,.ci2™ ) =

is being solved for y, the matrix F, consists of a single entry — the number
o (a,...,2™,y). In this case y = f (z!,...,z™), and

of af OF\ ™'/ 8F oF
o = - = —— g — ) . 10.10
(33:1’ ’amm) (ay) (aﬂ:ll 16mm) ( 01 5)
In this case formula (10.102) also simplifies slightly; more precisely, it can
be written in the following more symmetric form:

(Fae + Fo f ) Fyha ~ (Fy, + Fyp fYha Fphy
(£y)?
And if n = 1 and m = 1, then y = f(z) is a real-valued function of one

real argument, and formulas (10.105) and (10.106) simplify to the maximum
extent, becoming the numerical equalities

e) =~ @),
FH 4 f S f 7 J'Ff
(@) = - L2 L e e )

for the first two derivatives of the implicit function defined by the equation
F (:E, y) =

f(@)(ha, ha) = — . {10.108)

10.7.1 Problems and Exercises

1. a) Assume that, along with the function f : U — Y given by the implicit
function theorem, we have a function f:U = Y defined in some neighborhood
U of zp and satisfying yo = f(zo) and F(z, f(z)) = 0 in U. Prove that if f is
continuous at Tp, then the functions f and f are equal on some neighborhood of
zo.

b) Show that the assertion in &) is generally not true without the assumption
that f is continuous at o.

2. Analyze once again the proof of the implicit function theorem and the extensions
to it, and show the following.

a) If 2 = F(z,y) is a continuously differentiable complex-valued function of
the complex variables z and ¥, then the implicit function y = f(z) defined by the
equation F(z,y) = 0 is differentiable with respect to the complex variable .

b) Under the hypotheses of the theorem X is not required to be a normed space,
and may be any topological space.
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3. a) Determine whether the form f(z)(hi1,hs) defined by relation (10.102) is
symmetric.

b) Write the forms (10.101) and (10.102) for the case of numerical functions
F(z',2%,y) and F(z,y",%°) in matrix form.

¢) Show that if R 3 ¢+ A(t) € L(R™;R™) is family of nonsingular matrices
A(t) depending on the parameter ¢ in an infinitely smooth manner, then

2 41 2 2
‘———dd':g =2A'1(c;—':A“) —A‘i%}éA"j , where A™' = A7(1)

denotes the inverse of the matrix A = A(%).

4. a) Show that Extension 1 to the theorem is an immediate corollary of the sta-
bility conditions for the fixed point of the family of contraction mappings studied
in Sect. 9.7.

b) Let {A; : X — X} be a family of contraction mappings of a complete normed
space into itself depending on the parameter ¢, which ranges over a domain 2 in a
normed space T'. Show that if A;(z) = (¢, z) is a function of class CM (2 xX,X),
then the fixed point (%) of the mapping A, belongs to class C™ (2, X) as a function
of .

5. a) Using the implicit function theorem, prove the following inverse function
theorem.

Let g : G — X be & mapping from a neighborhood G of a point %o in a complete
normed space Y into a normed space X. If

1° the mapping z = ¢(y) is differentiable in G,

2% ¢'(y) is continuous at yo,

3% ¢'(yo) is an invertible transformation,
then there exists a neighborhood V' C Y of yo and a neighborhood U C X of zp

such that g : V — U is bijective, and its inverse mapping f : U — V is continuous
in U and differentiable at zo; moreover,

f'(z) = (g ) -

b) Show that if it is known, in addition to the hypotheses given in a), that the

mapping g belongs to the class C™ (V, U), then the inverse mapping f belongs to
c™ (U, V).

¢) Let f : R™ — R™ be a smooth mapping for which the matrix f/'(z) i3 nonsin-
gular at every point z € R™ and satisfies the inequality |I(f)~"(z)|| > C > 0 with
a constant C that is independent of . Show that f is a bijective mapping.

d) Using your experience in solving c), try to give an estimate for the radius
of a spherical neighborhood U = B(zy,r) centered at zo in which the mapping
f : U = V studied in the inverse function theorem is necessarily defined.

6. a) Show that if the linear mappings A € £(X;Y) and B € L(X;R) are such
that ker A C ker B (here ker, as usual, denotes the kernel of a transformation), then
there exists a linear mapping A € £(Y;R), such that B = ) - A.
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b) Let X and Y be normed spaces and f : X — R and g : X — Y smooth
functions on X with values in R and Y respectively. Let S be the smooth surface
defined in X by the equation g(z) = yo. Show that if zp € S is an extremum of

the function f 's’ then any vector h tangent to S at Xo simultaneously satisfies two
conditions: f'(zo)h =0 and g¢'(z0)h = 0.

c) Prove that if z9 € § is an extremum of the function f| then f'(zp) =
X - ¢'(zo), where X € L(Y;R). iy

d) Show how the classical Lagrange necessary condition for an extremum with
congtraint of a function on a smooth surface in R™ follows from the preceding result.

7. As is known, the equation 2™ + c12™ ! 4 -+ + e, = 0 with complex coefficients
has in general n distinct complex roots. Show that the roots of the equation are
smooth functions of the coefficients, at least where all the roots are distinct.



11 Multiple Integrals

11.1 The Riemann Integral
over an n-Dimensional Interval

11.1.1 Definition of the Integral

a. Intervals in R™ and their Measure -

Definition 1. The set I = {z € R*|a* < z* <%, i=1,...,n} is called an
interval or a coordinate paralellepiped in R™.

If we wish to note that the interval is determined by the poinis ¢ =
(a',...,a") and b= (b,...,b"), we often denote it I, , or, by analogy with
the one-dimensional case, we write it as e < z < b.

Definition 2. To the interval I = {x € R™|@* < z* < ¥, i=1,...,n} we
n - .

assign the number || := [] (6* — a*), called the wolume or measure of the
t=1

interval.

The volume (measure) of the interval I is also denoted w([) and u(I).

Lemma 1. The measure of an interval in R™ has the following properties.
a) It is homogeneous, that i3, if M, p := Izg 2, where X > 0, then

|Alap| = }\"|Ia:b| .

&
b) It is additive, that is, if the intervals I, Iv,..., I are such thatI = |) I;
i=1
and no two of the intervals Iy,...,Ir have common interior points, then
k

1| =3 |Ll.

i=1

c) If the interval I is covered by a finite system of intervals Iy, ..., I,
k k
that is, I C |J I;, then |I| < ) |
i=1

=1

All these assertions follow easily from Definitions 1 and 2.
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b. Partitions of an Interval and a Base in the Set of Partitions
Suppose we are given an interval I = {x € R*|a* < z* < ¥',i =1,...,n}.
Partitions of the coordinate intervals [a*,5%], i = 1,...,n, induce a partition
of the interval I into finer intervals obtained as the direct products of the
intervals of the partitions of the coordinate intervals.

Definition 3. The representation of the interval I (as the union I = CJ I;
of finer intervals I;) just described will be called a partition of the inter.:;j I,
and will be denoted by P.

Definition 4. The quantity A(P) := L] d(I;) (the maximum among the
tsii:;n}afers of the intervals of the partition P) is called the mesh of the parti-

Definition 5. If in each interval I; of the partition P we fix a point §; € [,
we say that we have a partition with distinguished points.

The set {&1,...,&k}, as before, will be denoted by the single letter &, and
the partition with distinguished points by (P, £).

In the set P = {(P,£)} of partitions with distinguished points on an
interval I we introduce the base A(P) = 0 whose elements B; (d > 0), as in
the one-dimensional case, are defined by By := {(P,£) € P | A\(P) < d}.

The fact that B = {By} really is a base follows from the existence of
partitions of mesh arbitrarily close to zero.

c. Riemann Sums and the Integral Let 7 — R be a real-valued' func-
tion on the interval I and P = {I},..., I} a partition of this interval with
distinguished points § = {&;,...,&x}.

Definition 6. The sum

k
o(f,P.€) = 3 FEI)

=1

is called the Riemann sum of the function f corresponding to the partition
of the interval I with distinguished points (P, ).

Definition 7. The quantity

A(P)—+0

/f(a:)d:c:= lim o(f,P,£),
I

provided this limit exists, is called the Riemann integral of the function f
over the interval I,

! Please note that in the following definitions one could assume that the values
of f lle in any normed vector space. For example, it might be the space C of
complex numbers or the spaces R™ and C".
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We see that this definition, and in general the whole process of construct-
ing the integral over the interval I C R™ is a verbatim repetition of the
procedure of defining the Riemann integral over a closed interval of the real
line, which is already familiar to us. To highliglit the resemblance we have
even retained the previous notation f(x)dz for the differential form. Equiv-
alent, but more expanded notations for the integral are the following:

/f(:rl,...,:r“)dml-...-dx“ or /---/f(xl,...,:r")da:l-...-dx"‘.
I 1

T

To emnphasize that we are discussing an integral over a multidimensional
domain [ we say that this is a multiple integral (double, triple, and so forth,
depending on the dimension of I).

d. A necessary Condition for Integrability

Definition 8. If the finite limit in Definition 7 exists for a function f:7 — R,
then f is Riemann inicgrable over the interval I.

We shall denote the set of all such functions by R(J).
We now verify the following elementary necessary condition for integra-
bility.

Proposition 1. f € R(I) = f is bounded on I.

Proof. Let P be an arbitrary partition of the interval I. If the function f
is unbounded on I, then it must be unbounded on some interval I;, of the
partition P. If (P,¢’) and (P,£”) are partitions P with distinguished points
such that £’ and £” differ only in the choice of the points £/, and £/ , then

lo(f, P,&") — o(£, 4" = |£(&,) — (&) il -

By changing one of the points & and & , as a result of the unboundedness
of f in [;,, we could make the right-hand side of this equality arbitrarily large.
By the Cauchy criterion, it follows from this that the Riemann sums of f do

not have a limit as A(P) - 0. O

11.1.2 The Lebesgue Criterion for Riemann Integrability

When studying the Riemann integral in the one-dimensional case, we ac-
quainted the reader (without proof) with the Lebesgue criterion for the ex-
istence of the Riemann integral. We shall now recall certain concepts and
prove this criterion.
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a. Sets of Measure Zero in R®

Definition 9. A set £ C R™ has (n-dimensional) measure zero or is a set of
measure zero (in the Lebesgue sense) if for every £ > 0 there exists a covering
of E by an at most countable system {/;} of n-dimensional intervals for which
the sum of the volumes | |7;| does not exceed &.

Lemma 2. a) A point and a finite set of points are sets of measure zero.
b) The union of a finite or countable number of sets of measure zero is a
set of measure zero.
¢) A subset of a set of measure zero is itself of measure zero.
d) A nondegenerate® interval I, , C R™ is not a set of measure zero.

The proof of Lemma 2 does not differ from the proof of its one-dimensional
version considered in Subsect. 6.1.3, paragraph d. Hence we shall not give the
details.

Ezxample 1. The set of rational points in R™ (points all of whose coordinates
are rational numbers) is countable and hence is a set of measure zero.

Ezample 2. Let f : I — R be a continuous real-valued function defined on
an (n — 1)-dimensional interval 7 C R"~!. We shall show that its graph in
R™ is a set of n-dimensional measure zero.

Proof. Since the function f is uniformly continuous on I, for € > 0 we find
6 > 0 such that |f(z,) — f(z2)| < € for any two points x1,z2 € I such
that |z — x2| < 6. If we now take a partition P of the interval I with
mesh A(P) < J, then on each interval I; of this partition the oscillation
of the function is less than e. Hence, if z; is an arbitrary fixed point of
the interval I, the n-dimensional interval [; = I; x [f(z;) — €, f(z;) + €]
obviously contains the portion of the graph of the function lying over the
interval I;, and the union Uf, covers the whole graph of the function over I.

2
But 3 |f;| = 3 |L| - 2¢ = 2¢|I| (here |I;] is the volume of I; in R*! and |[;|
i i

the volume of I; in R™). Thus, by decreasing &, we can indeed make the total
volume of the covering arbitrarily small. 0O

Remark 1. Comparing assertion b) in Lemma 2 with Example 2, one can
conclude that in general the graph of a continuous function f : R®* — R or
a continuous function f : M — R, where M C R™1, is a set of n-dimensional
measure zero in R™,

2 That is, an intervel lop = {z € R" a* < z* € b%, i =1,...,n} such that the
strict inequality a* < b* holds for each i € {1,...,n}.
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Lemma 3. a) The class of sets of measure zero remains the same whether
the intervals covering the set E in Definition 9, that i3, E C |J I;, are inter-

preted as an ordinary system of intervals {I;}, or in a stricter sense, requiring
that each point of the set be an interior point of at least one of the intervals
in the covering.®

b) A compact set K in R™ is a set of measure zero if and only if for
every € > 0 there exists a finite covering of K by intervals the sum of whose
volumes is less than e.

Proof. a) If {I;} is a covering of E (that is, E C |JI; and 3 |J;| < &), then,
i 7

replacing each I; by a dilation of it from its center, which we denote [;, we
obtain a system of intervals {I;} such that 3 |I;] < A", where ) is a dilation
coefficient that is the same for all intervals. If A > 1, it is obvious that the
system {/;} will cover E in such a way that every point of E is interior to
one of the intervals in the covering.

b) This follows from e) and the possibility of extracting a finite covering
from any open covering of a compact set K. (The system {/; \ 81;} consisting
of open intervals obtained from the system {f;-]- considered in ¢) may serve
as such a covering.) 0O

b. A Generalization of Cantor’s Theorem We recall that the oscillation
of a function f : E — R on the set E has been defined as w(f; E) :=
~sup |f(z1) — f(z)|, and the oscillation at the point = € F as w(f;z) :=

T1,T2EFE

| ;ir% w(f; U%(z)), where Ug(x) is the J-neighborhood of z in the set E.
—

Lemma 4. If the relation w(f;z) < wy holds at each point of a compact set
K for the function f : K — R, then for every € > 0 there exists § > 0 such
that w(f; U (z)) < wo + € for each point z € K.

When wg = 0, this assertion becomes Canto1r’s theorem on uniform conti-
nuity of a function that is continuous on a compact set. The proof of Lemma
4 is a verbatim repetition of the proof of Cantor’s theorem (Subsect. 6.2.2)
and therefore we do not take the time to give it here.

c. Lebesgue’s Criterion As before, we shall say that a property holds at
almost all points of a set M or almost everywhere on M if the subset of M
where this property does not necessarily hold has measure zero.

Theorem 1. (Lebesgue’s criterion). f € R(I) & (f s bounded on I) A
(f is continuous almost everywhere on I).

3 In other words, it makes no difference whether we mean closed or open intervals
in Definition 9.



112 11 Multiple Integrals

Proof. Necessity. If f € R(I), then by Proposition 1 the function f is
bounded on I. Suppose |f] £ M on I.

We shall now verify that f is continuous at almost all points of 7. To do
this, we shall show that if the set E of its points of discontinuity does not
have measure zero, then f ¢ R(I).

oo
Indeed, representing E in the form E = |J E,, where E, = {z € I|
n=I1
w(f;2) > 1/n}, we conclude from Lemma 2 that if E does not have measure
zero, then there exists an index ng such that E,,, is also not a set of measure
zero. Let P be an arbitrary partition of the interval I into intervals {I;}. We
break the partition P into two groups of intervals A and B, where

A:{L—,EJl'-"‘ll',,;ﬂE',ﬂ,,n %QAW(}-;I;'_)Z—Q%}, and B= P\ A.

The system of intervals A forms a covering of the set F,, . In fact, each
point of E,, lies either in the interior of some interval I; € P, in which case
obviously [; € A, or on the boundary of several intervals of the pa.rt.ltlon
P. In the latter case, the oscillation of the function must be at least -— on
at least one of these intervals (because of the triangle inequality), and that
interval belongs to the system A.

We shall now show that by choosing the set £ of distinguished points in
the intervals of the partition P in different ways we can change the value of
the Riemann sum significantly.

To be specific, we choose the sets of points £ and £” such that in the
intervals of the system B the distinguished points are the same, while in
the intervals I; of the system A, we choose the points & and &/ so that
F(&) = f(&l') > 55=. We then have

Io‘(f,P,fr)—o'(f,P,é'”N =

> (7€)~ FENIE > 3= 3 Il > e> 0.

HLEA I €A

The existence of such a constant ¢ follows from the fact that the intervals of
the system A form a covering of the set E,,, which by hypothesis is not a
set. of measure zero.

Since P was an arbitrary partition of the interval I, we conclude from
the Cauchy criterion that the Riemann sums o(f, P,§) cannot have a limit
as A(P) — 0, that is, f ¢ R([).

Sufficiency. Let € be an arbitrary positive number and E. = {z € I|
w(f;x) > e}. By hypothesis, E, is a set of measure zero.

Moreover, E. is obviously closed in I, so that E; is compact. By Lemma 3

k
there exists a fipite system Iy,..., Ix of intervals in R™ such that E, C U I;

and Z |Z;| < e. Let us set Cy = U I; and denote by C; and C3 the unions
i=]1 i=1
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of the intervals obtained from the intervals I; by dilation with center at the
center of I; and scaling factors 2 and 3 respectively. It is clear that F. lies
strictly in the interior of Cy and that the distance d between the boundaries
of the sets Cy and Cj is positive.

We note that the sum of the volumes of any finite system of intervals
lying in Cj, no two of which have any common interior points is at most 3"¢,
where n is the dimension of the space R". This follows from the definition of
the set C3 and properties of the measure of an interval (Lemma 1).

We also note that any subset of the interval I whose diameter is less than
d is either contained in C3 or lies in the compact set K = I'\ (Cz \ 8Cs),
where 8C; is the boundary of C2 (and hence C; \ C; is the set of interior
points of Cs).

By construction E. C I'\ K, so that at every point £ € K we must have
w(f;x) < e. By Lemma 4 there exists § > 0 such that |f(z1) — f{z3)| < 2¢ for
every pair of points z;,z2 € K whose distance from each other is at most 4.

These constructions make it possible now to carry out the proof of the
sufficient condition for integrability as follows. We choose any two partitions
P’ and P” of the interval I with meshes A(P’) and A(P”) less than \ =
min{d, é}. Let P be the partition obtained by intersecting all the intervals of
the partitions P’ and P”, that is, in a natural notation, P = {I;; = I; N I}/}.
Let us compare the Riemann sums o(f, P,£€) and o(f, P',¢'). ’I‘a.klng into
account the equality |Ii| = ) |I;;|, we can write

3

> (&) = £(&) L5} <

<30 D) — SEN Ml + D |FED = F(6is)] 1 Eigl -

Here the first sum ), contains the intervals of the partition P lying in
the intervals I] of the partition P’ contained in the set C3, and the remaining
intervals of P are included in the sum )., that is, they are all necessarily
contained in K (after all, A(P) < d).

Since |f| < M on I, replacing |f(£;) — f(&;)] in the first sum by 2M, we
conclude that the first sum does not exceed 2M - 3"¢.

Now, noting that §;.&; € I’ C K in the second sum and A(P’) < §, we
conclude that |f(£)) — f(&;)| <: 2e, and consequently the second sum does
not exceed 2¢|f|.

Thus |o(f, P",€&") — o(f. P,&)| < (2M - 3" + 2|I|)&, from which (in view
of the symmetry between P’ and P"), using the triangle inequality, we find
that

lU(f,P,E’)‘— U(ftpag)l =

lo(f, P', &) —o(f, P, &")| < 4(3"M + |I|)e

for any two partitions P’ and P with sufficiently small mesh. By the Cauchy
criterion we now conclude that f € R(I). O
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Remark 2. Since the Cauchy criterion for existence of a limit is valid in any
complete metric space, the sufficiency part of the Lebesgue criterion (but not
the necessity part), as the proof shows, holds for functions with values in any
complete normed vector space.

11.1.3 The Darboux Criterion

Let us consider another useful criterion for Riemann integrability of a func-
tion, which is applicable only to real-valued functions.

a. Lower and Upper Darboux Sums Let f be a real-valued function on
the interval I and P = { I;} a partition of the interval I. We set

=T fia) Mi=supgle) .

el el =

Definition 10. The quantities
s(f,P) = Zm,m and S(f,P) ZM|I|

are called the lower and upper Darbour sums of the function f over the
interval I correspouding to the partition P of the interval,

Lemma 5. The following relations hold between the Darbouz sums of a func-
tion f: I — R:

a) s(f,P) = igf o(f,P,§) o(f,P,€) < i o(f,P,§) = S(f,P);

b) if the partition P’ of the interval I is obtained by refining intervals of
the partition P, then s(f, P) < s(f, P') < S(f, P') < S(f, P

¢) the inequality s(f, Py) < S(f, P2) holds for any pair of partitions Py
and Py of the interval I.

Proof. Relations e) and b) follow immediately from Definitions 6 and 10,
taking account, of course, of the definition of the greatest lower bound and
least upper bound of a set of numbers.

To prove ¢) it suffices to consider the auxiliary partition P obtained by
intersecting the intervals of the partitions P, and P,. The partition P can be
regarded as a refinement of each of the partitions P; and P,, so that b) now
implies

s(f,P) <s(f,P) < S(f,P) < S(f,P2) . O

b. Lower and Upper Integrals

Definition 11. The lower and upper Darboux integrals of the function f :
I — R over the interval I are respectively

J =sups(f,P), _.7=infS(f,P) ,
P P

where the supremum and infimum are taken over all partitions P of the
interval .
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It follows from this definition and the properties of Darboux sums exhib-
ited in Lemma 3 that the inequalities

s(f,P)<J < J £ 5(f,P)
hold for any partition P of the interval.
Theorem 2. (Darboux). For any bounded function f: I - R,

(3 lim s(f,P))/\( lim s(f,P)zi);

A{(P)—0 A(P)=0
(aﬂgg; 5(£,P) A (A(g S(F,P)=T).

Proof. If we compare these assertions with Definition 11, it becomes clear
that in essence all we have to prove is that the limits exist. We shall verify
this for the lower Darboux sums.

Fix £ > 0 and a partition P, of the interval I for which s(f; P:) > J —e.
Let I, be the set of points of the interval I lying on the boundary of the
intervals of the partition P;. As follows from Example 2, I, is a set of measure
zero. Because of the simple structure of I, it is even obvious that there exists
a number ). such that the sum of the volumes of those intervals that intersect
I, is less than ¢ for every partition P such that A(P) < A..

Now taking any partition P with mesh A(P) < A, we form an auxiliary
partition P’ obtained by intersecting the intervals of the partitions P and
P.. By the choice of the partition P. and the properties of Darboux sums
(Lemma 5), we find

J—e<s(f,Pe) <s(f,P)<J.

We now remark that the sums s(f, P’) and s(f, P) both contain all the
termas that correspond to intervals of the partition P that do not meet I%.
Therefore, if | f(z)| £ M on I, then

IS(f,P!) - S(f,P)I < 2Me

and taking account of the preceding inequalities, we thereby find that for
A P) < A we have the relation

J=s(f,P) < (2M+1)e.

Comparing the relation just obtained with Definition 11, we conclude that

the limit lim s(f, P) does indecd exist and is equal to J.
A(P)—0

Similar reasoning can be carried out for the upper sums. 0O



116 11 Multiple Integrals

c. The Darboux Criterion for Integrability
of a Real-valued Function

Theorem 3. (The Darboux criterion). A real-valued function f : I = R
defined on an interval I C R™ is integrable over that interval if and only if it
is bounded on I and its upper and lower Darboux integrals are equal.
Thus,
fERI) < (f is bounded on DA (T =J) .

Proof. Necessity. If f € R(I), then by Proposition 1 the function f is
bounded on I. It follows from Definition 7 of the integral, Definition 11 of
the quantities J and J, and part ¢) of Lemma 5 that in this case J = J.

Sufficiency. Since s(f,P) < o(f,P,€) < S(f,P) when J = J, the
extreme terms in these inequalities tend to the same limit by Theorein 2 as
A(P) — 0. Therefore o(f, P,£) has the same limit as A\(P) — 0. O

Remark 3. Tt is clear from the proof of the Darboux criterion that if a function
is integrable, its lower and upper Darboux integrals are equal to each other
and to the integral of the function.

11.1.4 Problems and Exercises

1. a) Show that a set of measure zero has no interior points.

b) Show that not having interior points by no means guarantees that a set is of
measure zero.

c) Construct a set having measure zero whose closure is the entire space R".
d) A set E C I is said to have content zero if for every € > 0 it can be covered

&
by a finite system of intervals I1,..., I; such that ) |I;| < £. Is every bounded sect
i=1
of measure zero a set of content zero?
Show that if a set £ C B" is the direct product R X e of the line R and a set
e C R* ! of (n — 1)-dimensional measure zero, then E is a set of n-dimensional
measure zero.

2. a) Construct the amalogue of the Dirichlet function in R™ and show that a
bounded function f : I — R equal to zero at almost every point of the interval I
may still fail to belong to R(I).

b) Show that if f € R(I) and f(z) = 0, at almost all points of the interval I,
then [ f(z)dz = 0.
y

3. There is a small difference between our earlier definition of the Riemann integral
on a closed interval I C R and Definition 7 for the integral over an interval of
arbitrary dimension. This diffcrence involves the definition of a partition and the
measure of an interval of the partition. Clarify this nuance for yourself and verify
that
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b
/f(w)dw=ff(z)dm, if a <b
a 1
and ,
ff(w)dm=—ff(:a)ds;, ifa>b,
a I

where I is the interval on the real line B with endpoints @ and b.

4, a) Prove that a real-valued function f : I — R defined on an interval I C R" ig
integrable over that interval if and only if for every £ > 0 there exists a partition
P of I such that S(f; P) —s(f; P) <e.

b) Using the result of a) and assuming that we are dealing with a real-valued
function f : I = R, one can simplify slightly the proof of the sufficiency of the
Lebesgue criterion. Try to carry out this simplification by yourself.

11.2 The Integral over a Set

11.2.1 Admissible Sets

In what follows we shall be integrating functions not only over an interval,
but also over other sets in B™ that are not too complicated.

Definition 1. A set E C R" is admissible if it is bounded in R™ and its
boundary is a set of measure zero (in the sense of Lebesgue).

Ezxample 1. A cube, a tetrahedron, and a ball in B3 (or R™) are admissible
sets.

Ezample 2. Suppose the functions ¢; : I — R, i = 1, 2, defined on an (n—1)-
dimensional interval I C R™ are such that i(z) < @a2(x) at every point
z € I. If these functions are continuous, Example 2 of Sect. 11.1 makes it
possible to assert that the domain in R™ bounded by the graphs of these
functions and the cylindrical lateral surface lying over the boundary 87 of [
is an admissible set in R".

We recall that the boundary 3F of a set E C R™ consists of the points z
such that every neighborhood of z contains both points of E and points of
the complement of E in R™. Hence we have the following lemma.

Lemma 1. For any sets E, E1,E; C R™, the following assertions hold:
a) OF is a closed subset of R™;
b) 8(Fy U Ey) C 8E, U 8B»;
c) O(E1 N Ey) C 8E; U 8E»;
d) 0(Ey \ E2) C 8E; U BE,.
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This lemma and Definition 1 together imply the following lemma.

Lemma 2. The union or intersection of a finite number of admissible sets is
an admissible set; the difference of admissible sets is also an admissible set.

Remark 1. For an infinite collection of admissible sets Lemma 2 is generally
not true, and the same is the case with assertions b) and c) of Lemma 1.

Remark 2. The boundary of an admissible set is not only closed, but also
bounded in R™, that is, it is a compact subset of R™. Hence by Lemma 3
of Sect. 11.1, it can even be covered by a finite set of intervals whose total
content (volume) is arbitrarily close to zero.

We now consider the characteristic function

1, ifzeFE,

xe(z) =
0, ifz¢E,

of an admissible set E. Like the characteristic function of any set E, the
function yz(x) has discontinuities at the boundary points of the set E and
at no other points. Hence if F is an admissible set, the function xg(x) is
continuous at almost all points of R".

11.2.2 The Integral over a Set

Let f be a function defined on a set E. We shall agree, as before, to denote
the function equal to f(z) for z € E and to 0 outside E by fxg(z) (even
though f may happen to be undefined outside of E).

Definition 2. The iniegral of f over E is given by

/f(“«')dﬂ? = ffxf:(m)da:,

IDE
where I is any interval containing F.

If the integral on the right-hand side of this equality does not exist, we
say that f is (Riemann) nonintegrable over E. Otherwise f is (Riemann)
integrable over E.

The set of all functions that are Riemann integrable over E will be denoted
R(E).

Definition 2 of course requires some explanation, which is provided by the
following lemma.
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Lemma 3. If I, and I are two intervals, both containing the set E, then
the integrals

]fxg(:c)d:r: and ffXE(zc)da:
It Ia

either both exist or both fail to exist, and in the first case their values are the
same.

Proof. Consider the interval I = I; N Iz. By hypothesis I O E. The points of
discontinuity of fxg are either points of discontinuity of f on E, or the result
of discontinuities of x g, in which case they lie on AE. In any case, all these
points lie in / = I} N Iz. By Lebesgue’s criterion (Theorem 1 of Sect. 11.1)
it follows that the integrals of fxr over the intervals I, I, and I either all
exist or all fail to exist. If they do exist, we may choose partitions of I, I,
and [z to suit ourselves. Therefore we shall choose only those partitions of I;
and I, obtained as extensions of partitions of I = I; N I;. Since the function
is zero outside I, the Riemann sums corresponding to these partitions of I;
and I2 reduce to Riemann sums for the corresponding partition of I. It then
results from passage to the limit that the integrals over I; and I; are equal
to the integral of the function in question over I. 0O

Lebesgue’s criterion (Theorem 1 of Sect. 11.1) for the existence of the
integral over an interval and Definition 2 now imply the following theorem.

Theorem 1. A function f : E — R is integrable over an admissible set if
and only if it is bounded and continuous at almost all points of E.

Proof. Compared with f, the function fxgz may have additional points of

discontinuity only on the boundary dF of E, which by hypothesis is a set of
measure zero. U

11.2.3 The Measure (Volume) of an Admissible Set

Definition 3. The (Jordan) measure or content of @ bounded set E C R"
Is

u(E) :=Ef1-dm,

provided this Riemann integral exists.

fl'd$= f xe(z)dz,

IDE

Since

and the discontinuities of x z form the set E, we find by Lebesgue’s criterion
that the measure just introduced is defined only for admissible sets.
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Thus admissible sets, and only admissible sets, are measurable in the sense
of Definition 3.

Let us now ascertain the geometric meaning of u(F). If E is an admissible
set then

w(E) = fxg(x)d$= :_/_}(E(x)da:= 7}(3(3:)(5:1:,

IDE DE IDE

where the last two integrals are the upper and lower Darboux integrals re-
spectively. By the Darboux criterion for existence of the integral (Theorem
3) the measure u(E) of a set is defined if and only if these lower and upper
integrals are equal. By the theorem of Darboux (Theorem 2 of Sect. 11.1)
they are the limits of the upper and lower Darboux sums of the function xg
corresponding to partitions P of I. But by definition of xg the lower Darboux
sum is the sum of the volumes of the intervals of the partition P that are
entirely contained in E (the volume of a polyhedron inscribed in E), while
the upper sum is the sum of the volumes of the intervals of P that intersect
E (the volume of a circumscribed polyhedron). Hence u(E) is the common
limit as A(P) = 0 of the volumes of polyhedra inscribed in and circumscribed
about E, in agreement with the accepted idea of the volume of simple solids
E C R".

For n = 1 content is usually called length, and for n = 2 it is called area.

Remark 3. Let us now explain why the measure u(E) introduced in Definition
3 is sometimes called Jordan measure.

Definition 4. A set E C R™ is a set of measure zero in the sense of Jordan
or a set of content zero if for every £ > 0 it can be covered by a finite system

k
of intervals I,..., I; such that ) |[;| <e.
i=1

Compared with measure zero in the sense of Lebesgue, a requirement that
the covering be finite appears here, shrinking the class of sets of Lebesgue
measure zero. For example, the set of rational points is a set of measure zero
in the sense of Lebesgue, but not in the sense of Jordan.

In order for the least upper bound of the contents of polyhedra inscribed
in a bounded set E to be the same as the greatest lower bound of the contents
of polybedra circumscribed about E (and to serve as the measure u(F) or
content of E), it is obviously necessary and sufficient that the boundary F
of E have measure 0 in the sense of Jordan. That is the motivation for the
following definition.

Definition 5. A set F is Jordan-measurable if it is bounded and its bound-
ary has Jordan measure zero.
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As Remark 2 shows, the class of Jordan-measurable subsets is precisely
the class of admissible sets introduced in Definition 1. That is the reason the
measure u(E) defined earlier can be called (and is called) the Jordan measure
of the (Jordan-measurable) set E.

11.2.4 Problems and Exercises

1. a) Show that if a set £ C R"™ is such that (&) =0, then the relation u(E) =0
also holds for the closure F of the set.

__ b) Give an example of a bounded set E ol Lebesgue measure zero whose closure
E is not a set of Lebesgue measure zero.

¢) Determine whether assertion b) of Lemma 3 in Sect. 11.1 should be under-
stood as asserting that the concepts of Jordan measure zero and Lebesgue measure
zero are the same for compact sets.

d) Prove that if the projection of a bounded set £ C R"™ onto a hyperplane
R™~* has (n— 1)-dimensional measure zero, then the set [ itself has n-dimensional
measure zero.

e) Show that a Jordan-measurable set whose interior is empty has measure 0.

2. a) Is it possible for the integral of a function f over & bounded set FE, as in-
troduced in Definition 2, to exist if £ is not an admissible (Jordan-measurable)
set?

b) Is a constant function f : £ — R integrable over a bounded but Jordan-
nonmeasurable set &7 '

c) Is it true that if a function f is integrable over E, then the restriction f IA
of this function to any subset A C F is integrable over A7

d) Give necessary and sufficient conditions on & function f : £ — R defined on a

bounded (but not necessarily Jordan-measurable) set £ under which the Riemann
integral of f over E exists.

3. a) Let F be a set of Lebesgue measure 0 and f : £ — R a bounded continuous
function on £. Is f always integrable on E7

b) Answer question a) assuming that F is a set of Jordan measure zero.
c) What is the value of the integral of the function f in &) if it exists?

4, The Brunm—Minkowsk: inequality. Given two nonempty sets A, B C R™, we form
their (vector) sum in the sense of Minkowski A+ B := {a+bla € A, b € B}. Let
V(E) denote the content of a set £ C R"™.

a) Verify that if A and B are standard n-dimensional intervals (parallelepipeds),
then

VY™(A+ B) = VY™(A)+V™(B).

b) Now prove the preceding inequality (the Brunn-Minkowski inequality) for
arbitrary measurable compact sets A and B.

¢) Show that equality holds in the Brunn-Minkowski inequality only in the
following threc cases: when V(A4 B) = 0, when A and B are singleton (one-point)
sets, and when A and B are similar convex sets.
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11.3 General Properties of the Integral

11.3.1 The Integral as a Linear Functional

Proposition 1. a) The set R(E) of functions that are Riemann-integrable
over a bounded set E C R™ is a vector space with respect to the standard
operations of addition of functions and multiplication by constants.

b) The integral is a linear functional

/ : R(E) > R on the set R(E) .

Proof. Noting that the union of two sets of measure zero is also a set of
measure zero, we see that assertion e) follows immediately from the definition
of the integral and the Lebesgue criterion for existence of the integral of a
function over an interval. -

Taking account of the linearity of Riemann sums, we obtain the linearity
of the integral by passage to the limit. 0O

Remark 1. If we recall that the limit of the Riemann sums as A(P) — 0
must be the same independently of the set of distinguished points &, we can
conclude that

(f e R(E)) /\ ( f(z) = 0 almost everywhere on E / f(z)dz = 0)

Therefore, if two integrable functions are equal at almost all points of F,
then their integrals over E are also equal. Hence if we pass to the quotient
space of R(E) obtained by identifying functions that are equal at almost all
points of E, we obtain a vector space R(E) on which the integral is also a
linear function.

11.3.2 Additivity of the Integral

Although we shall always be dealing with admissible sets £ C R", this as-
sumption was dispensable in Subsect. 11.3.1 (and we dispensed with it). From
now on we shall be talking only of admissible sets.

Proposition 2. Let E; and E; be admissible sets in R™ and [ a function
deﬁned on Ey U E,.
) The following relations hold:

(@ [ row) = ([ ser) A3 [ ser0s) =3 [ siaras.

EijUE; By Es E\NE;
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b) If in addilion it is known that u(E; N Es) = 0, the following equality
holds when the integrals exist:

[ i@d= [ i@+ [ @),
B E,

EyURE,
Proof. Assertion a) follows from Lebesgue’s criterion for existence of the Rie-
mann integral over an admissible set (Theorem 1 of Sect. 11.2). Here it is only
necessary to recall that the union and intersection of admissible sets are also
admissible sets (Lemma 2 of Sect. 11.2).
To prove b) we begin by remarking that

XE(UEs = XE!.(:B) + XE: [:‘.'L') — XEINE, (3:) .

Therefore,
[ @a= [ ixeusEea-
El UEsg IDEUE,

= | fxg,(z)de+ | fxe,(2)dT — [ XEinE,(T)dT =
[ Aot [t |

I

The essentjal point is that the integral

ffxElﬂEﬂ (:B) dr = f f(m) dr ,
I EiNEs

as we know from part a), exists; and since u(E) N E,) =0, it equals zero (see
Remark 1). O

11.3.3 Estimates for the Integral

a. A General Estimate We begin with a general estimate of the integral
that is also valid for functions with values in any complete normed space.
Proposition 8. If f € R(E), then |f| € R(E), and the inequality

Uf(m)ds:‘ 3 /Ifl(a:)d:z:
E E

holds.

Proof. The relation |f| € R(E) follows from the definition of the integral
over a set and the Lebesgue criterion for integrability of a function over an
interval.

The inequality now follows from the corresponding inequality for Riemann
sums and passage to the limit. O
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b. The Integral of a Nonnegative Function The following propositions
apply only to real-valued functions.

Proposition 4. The following smplication holds for a function f : E — R :

(f e R(E)) A (Vz € E (f(z) > 0)) = ff(:r:)d:czo.
B

Proof. Indeed, if f(z) > 0 on E, then fxg(z) > 0 in R™. Then, by definition,

Ef f@do= [ fxs(e)ds.

IDE

This last integral exists by hypothesis. But it is the limit of nonnegative
Riemann sums and hence nonnegative. 0O

From Proposition 4 just proved, we obtain successively the following corol-
laries.

Corollary 1.
(fLae RIE)A(f<g on E) = (ff(m)da: < /g(m)dm) .
E E

Corollary 2. If f € R(E) and the inequalities m < f(z) £ M hold at every
point of the admissible set E, then

mu(E) < / f(z)dz < Mu(E).
B

Corollary 3. If f € R(E), m = Hele f(z), and M = sup f(z), then there is
T =
a number 8 € [m, M) such that

[ f(a)da=ouE).
E

Corollary 4. If E i3 a connected admissible set and the function f : E - R
is continuous, then there exists a point £ € E such that

f f(z)dz = FE)u(E).
J |

Corollary 5. If in addition to the hypotheses of Corollary 2 the function
g € R(E) is nonnegative on E, then

- m[e@des [ fo@)de<M [ glz)d.
E E E
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Corollary 4 is a generalization of the one-dimensional result and is usually
called by the same name, that is, the mean-value theorem for the iniegral

Proof. Corollary 5 follows from the inequalities mg(z) < f(z)g(z) < Mg(x)
taking account of the linearity of the integral and Corollary 1. It can also
be proved directly by passing from integrals over E to the corresponding
integrals over an interval, verifying the inequalities for the Riemann sums,
and then passing to the limit. Since all these arguments were carried out
in detail in the one-dimensional case, we shall not give the details. We note
merely that the integrability of the product f - g of the functions f and g
obviously follows from Lebesgue’s criterion. 0O

We shall now illustrate these relations in practice, using them to verify
the following very useful lemma.

Lemma. a) If the integral of a nonnegative function f : I — R over the
interval I equals zero, then f(z) = 0 at almost all points of the interval I.

b) Assertion a) remains walid if the interval I in it is replaced by any
admissible (Jordan-measurable) set E.

Proof. By Lebesgue’s criterion the function f € R(FE) is continuous at almost
all points of the interval I. For that reason the proof of @) will be achieved if
we show that f(a) = 0 at each point of continuity e € I of the function f.

Assume that f(a) > 0. Then f(z) > ¢ > 0 in some neighborhood U;(a)
of a (the neighborhood may be assumed to be an interval). Then, by the
properties of the integral just proved,

ff(r)dm— / f(z)dz + / flz)dz > ]f(z)dmzcg(U;(a));:-o,

Uy (a) \Up(e) Ur(e)

This contradiction verifies assertion a). If we apply this assertion to the
function fx gz and take account of the relation (6 FE) = 0, we obtain assertion
b). O

Remark 2. It follows from the lemma just proved that if E is a Jordan-
measurable set in B® and R(E) is the vector space considered in Remark
1, consisting of equivalence classes of functions that are integrable over F
and differ only on sets of Lebesgue measure zero, then the quantity ||f| =
J|f|(z)dz is a norm on R(E).

E

Proof. Indeed, the inequality f | f/(x)dx = 0 now implies that f is in the

same equivalence class as the 1dentlca.lly zero function. 0O
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11.3.4 Problems and Exercises

1. Let E be a Jordan-measurable set of nonzero measure, f : £ — R & continuous
nonnegative integrable function on 2, and M = sup f(z). Prove that
z&E )

1/n
r}jﬂn&g(/f“(z) da:) = M

E
2. Prove that if f, g € R(E), then the following are true.
a) Hélder’s ineguality

< (/[fl"(w) dw) mc'(/‘lgl“'(w)dﬂv)W,
E E

where p > 1, g > 1, and%-}-é:l;
b) Minkowski's inequality

1/ 1/p 1/p
f +91”d$) < ( |f1F(z) d-'c) + ( lgl” (=) dw) :
/ / /

ifp>1.
Show that
c) the preceding inequality reverses direction if 0 < p < 1;
d) equality holds in Minkowski’s inequality if and only if there exists A > 0 such

that one of the equalities f = A\g or g = Af holds except on a set of measure zero
in [

1/
e) the quantity || f||, = (M—]Ejé.‘ | fIP(z) dm) p, where p(E) > 0, is a monotone

function of p € R and is a norm on the space R(E) for p > 1.
Find the conditions under which equality holds in Holder’s inequality.

3. Let E be a Jordan-measurable set in R" with p(E) > 0. Verify that if ¢ €
C(£,R) and f : R — R is a convex function, then

( (E)fw(m)dm) (E) f(fw)(z)dm

4. a) Show that if £ is a Jordan-measurable set in R™ and the function f: £ — R
is integrable over E and continuous at an interior point a € £, then

Jim mm [ | f(z)dz = f(a),

where, as usual, U (a) is the §-neighborhood of the point in E.
b) Verify that the preceding relation remains valid if the condition that a is an
interior point of F is replaced by the condition p (Ug(a)) > 0 for every § > 0.

/ (f-9)(z)dz
=
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11.4 Reduction of a Multiple Integral
to an Iterated Integral

11.4.1 Fubini’s Theorem

Up to now, we have discussed only the definition of the integral, the conditions
under which it exists, and its general properties. In the present section we
shall prove Fubini’s theorem, which, together with the formula for change
of variable, is a tool for computing multiple integrals.

Theorem.? Let X x Y be an interval in R™™, which is the direct product of
intervals X CR™ and Y C R™. If the function f : X x Y — R is integrable
over X x Y, then all three of the integrals

[ t@yday, [a Yf fz,v)dy, Y[ dy }Z f(z,y) da

XxY X

ezist and are equal.

Before taking up the proof of this theorem, let us decode the meaning
of the symbolic expressions that occur in the statement of it. The integral

[ f(z,y)dzdy is the integral of the function f over the set X x Y, which
AXY
we are familiar with, written in terms of the variables x € X and y € Y. The

iterated integral [ dz [ f(z,y)dy should be understood as follows: For each
X Y
fixed z € X the integral F(z) = [ f(z,y)dy is computied, and the resulting
b 4

function F' : X — R is then to be integrated over X. If, in the process, the
integral [ f(z,y)dy does not exist for some z € X, then F(z) is set equal to
Y

any value between the lower and upper Darboux integrals J (z) = [ f(z,y)dy
— . Y

and J(z) = [ f(z,y)dy, including the upper and lower integrals J(z) and
Y

J(x) themselves. It will be shown that in that case F' € R(X). The iterated
integral [ limitsy dy [ f(z,y)dz has a similar meaning.
X

It will become clear in the course of the proof that the set of values of
r € X at which J(z) # J(x) is a set of m-dimensional measure zero in X.

1 G. Fubini (1870-1943) - Italian mathematician. His main work was in the area
of the theory of functions and geometry.

® This theorem was proved long before the theorem known in analysis as Fubini’s
theorem, of which it is a special case. However, it has become the custom to refer
to theorems making it possible to reduce the computation of multiple integrals to
iterated integrals in lower dimensions as theorems of Fubini type, or, for brevity,
Fubini’s theorem.
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Similarly, the set of y € Y at which the integral [ f(z,y)dz may fail to
X

exist will turn out to be a set of n-dimensional measure zero in Y.

We remark finally that, in contrast to the integral over an (m + n)-
dimensional interval, which we previously agreed to call a multiple integral,
the successively computed integrals of the function f(z,y) over ¥ and then
over X or over X and then over Y are customarily called #terated integrals
of the function.

If X and Y are closed intervals on the line, the theorem stated here
theoretically reduces the computation of a double integral over the interval
X x Y to the successive computation of two one-dimensional integrals. It
is clear that by applying this theorem several times, one can reduce the
computation of an integral over a k-dimensional interval to the successive
computation of & one-dimensional integrals.

The essence of the theorem we have stated is very simple and consists of
the following. Consider a Riemann sum Y f(z;, y;)|X;| - |Y;| corresponding

i,
to a partition of the interval X x Y into intervals X; x Y;. Since the integral
over the interval X x Y exists, the distinguished points £;; can be chosen as
we wish, and we choose them as the *direct product” of choices z; € X; C X
and y; € ¥; € Y. We can then write

- anu)IXd - %1 = 31Xl 3 fen 1)Vl = 3 191 3 Flan,w)l X

and this is the prelimit form of theorem.
We now give the formal proof.

Proof. Every partition P of the interval X X V is induced by corresponding
partitions Px and Py of the intervals X and Y. Here every interval of the
partition P is the direct product X; x ¥; of certain intervals X; and Y; of the
partitions Px and Py respectively. By properties of the volume of an interval
we have | X; x Y;| = |X; - |Y;|, where each of these volumes is computed in
the space R™*", R™, or R” in which the interval in question is situated.

Using the properties of the greatest lower bound and least upper bound
and the definition of the lower and upper Darboux sums and integrals, we
now carry out the following estimates:

(=3 nt sl < Y int (3 gng S ) i <

TE
i yEYf

:z:EX (f_f(a: y)dy)|X|<Z inf F(x |X;| <

<3 sup @I <3 sup ( [ f@)dy) X <

€X1 ‘ IE £



11.4 Reduction of a Multiple Integral to an Iterated Integral 129

2" ap (ZS‘“’ P % )1 <

i zeX;

<) sup f(z,y)| X x Y5 = S(f, P) .

73
Since f € R(X x Y), both of the extreme terms in these inequalities tend to
the value of the integral of the function over the interval X x Y as A(P) — 0.
This fact enables us to conclude that ' € R(X) and that the following
equality holds:

f f(z,y)dz dy = f F(z)dz
XxY X

We have carried out the proof for the case when the iterated integration
is carried out first over Y, then over X. It is clear that similar reasoning can
be used in the case when the integration over X is done first. 0O

11.4.2 Some Corollaries

Corollary 1. If f € R(X x Y), then for almost all z € X (in the sense of
Lebesgue) the integral [ f(z,y)dy exists, and for almost ally € Y the integral
Y

[ f(z,y)dz exists.
%

Proof. By the theorem just proved,

}[(Zf(m’y)dy‘?[f(xay)dy)da::()

But the difference of the upper and lower integrals in parentheses is non-
negative. We can therefore conclude by the lemma of Sect. 11.3 that this
difference equals zero at almost all points z € X.

 Then by the Darboux criterion (Theorem 3 of Sect. 11.1) the integral
[ f(z,y)dy exists for almost all values of z € X.

Y

The second half of the corollary is proved similarly. O

Corollary 2. If the interval I C R™ is the direct product of the closed inter-
vals I; = [a%, %], 2=1,...,n, then

ff(:ﬂ)d:r:-/dm 71dm“ i, ff(f[,‘ 2 z") dar*

Proof. This formula obviously results from repeated application of the the-
orem just proved. All the inner integrals on the right-hand side are to be
understood as in the theorem. For example, one can insert the upper or
lower integral sign throughout. 0O
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Example 1. Let f(z,y,2) = zsin(z + y). We shall find the integral of the
restriction of this function to the interval / C R® defined by the relations
O<z<m, |y £7/2,0<2< 1,

By Corollary 2
1 w/2 7
ffff(m,y,z)dmdydz=fdz f dy/zsin($+y)d$=
I 1] —r /2 0
1 /2 1 /2
=/ / —zcos(m+y}|:=ﬁ)dy=/dz / 2z cosydy =
0 —mwf2 0 —w/2

1

1
=f 2zslny L sz)dz f4zdz=2.
0 0

The theorem can also be used to compute integrals over very general sets.

Corollary 3. Let D be a bounded set in R*! and E = {(z,y) € R*| (z €
D) A (1{z) < y < o))} If f € R(E), then

P2 ()
ff(m,y)dmdy:/d:c / f(z,y)dy. (11.1)
E D (=)

Proof. Let B, = {yeR|pr(z) Sy<o(z)}ifr€Dand E, =@ ifz ¢ D.
We remark that xyz(z,¥) = xp(z) - xg,(y). Recalling the definition of the
integral over a set and using Fubini’s theorem, we obtain

f f@v)dedy= [ fxa(o,p)dody~

IDE
=;:!; dz f fm(x‘y)dy:Imf(/f(m’y)XE=(y)dy)x0(m)d:c=
a(e
-/( / fe @) xote)is - | (7 )f(m,y)dy) o
Ir es(x b\ a0

The inner integral here may also fail to exist on a set of points in D of
Lebesgue measure zero, and if so it is assigned the same meaning as in the
theorem of Fubini proved above. 0O '

Remark. If the set D in the hypotheses of Corollary 3 is Jordan-measurable
and the functions ¢; : D — R, i = 1,2, are continuous, then the set £ C R*
is Jordan measurable.
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Proof. The boundary 8F of E consists of the two graphs of the continuous
functions ¢; : D — R, i = 1,2, (which by Example 2 of Sect. 11.1) are sets
of measure zero) and the set Z, which is a portion of the product of the
boundary 8D of D C R® ! and a sufficiently large one-dimensional closed
interval of length . By hypothesis 8D can be covered by a system of (n —1)-
dimensional intervals of total (n — 1)-dimensional volume less than &/!. The
direct product of these intervals and the given one-dimensional interval of
length ! gives a covering of Z by intervals whose total volume is less than &.
0

Because of this remark one can say that the function f : E - 1 € R
is integrable on a measurable set E having this structure (as it is on any
measurable set E). Relying on Corollary 3 and the definition of the measure
of a measurable set, one can now derive the following corollary.

Corollary 4. If under the hypotheses of Corollary 8 the set D is Jordan-
mensurable and the functions @; : D — R, i = 1,2, are continuous, then the
set E is measurable and its volume can be computed according fo the formula

w(E) = [ (pala) ~ (@) do. (11.2)

D

Ezample 2. For the disk £ = {(z,y) € R%|z* + y* € r?} we obtain by this
formula

M(E)r—'f(v'rz—y?—(—m)dyzzfmdyz

. w/2 /2
=4/y"r3-y2dy=4f*rcosqod(rsingo)z-ﬁlr/rcosggodgo=mr*3.
0 0 0

Corollary 5. Let E be a measurable set contained in the interval I C R™.
Represent I as the direct product I = I, x I, of the (n — 1)-dimensional
interval I and the closed interval I,,. Then for almost all values yy € I, the
section By, = {(z,y) € E|y = yo} of the set E by the (n — 1)-dimensional
hyperplane y = yo i3 @ measurable subset of it, and

mm=fM%Mm (11.3)
IV

where u(E,) is the (n — 1)-dimensional measure of the set E, if it is mea-

surable and equal to any number between the numbers [ 1-dz end [ 1-dz
Ey e

if E, happens to be a nonmeasurable set.
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Proof. Corollary 5 follows imrnediately from the theorem and Corollary 1, if
we set f = xg in both of them and take account of the relation xg(z,y) =

XEy (:E)- O
A particular consequence of this result is the following.

Corollary 6. (Cavalieri’s principle.)® Let A and B be two solids in R® having
volume (that is, Jordan-measurable). Let Ar = {(z,y,2) € A|lz = ¢} and
B, = {(z,y,2) € B| z=c} be the sections of the solids A and B by the plane
z = ¢. If for every ¢ € R the sets A. and B, are measurable and have the
same area, then the solids A and B have the same volumes.

It is clear that Cavalieri's principle can be stated for spaces R™ of any
dimension.

Example 8. Using formula (11.3), let us compute the volume V;, of the ball
B = {z € R"| |z| < r} of radius r in the Euclidean space R".

It is obvious that V4 = 2. In Example 2 we found that Vo = nr2. We
shall show that V,, = ¢,7™, where ¢, is a constant (which we shall compute
below). Let us choose some diameter [—r,7] of the ball and for each point
z € [—r,7| consider the section B, of the ball B by a hyperplane orthogonal
to the diameter. Since B, is a ball of dimension n — 1, whose radius, by the
Pythagorean theorem, equals /7% — z2, proceeding by induction and using
(11.3), we can write

w /2

-
Vi = /cn_1(r2 — )T do= (cn_l f‘cos“god{p)r“.
=¥ —axf2

(In passing to the last equality, as one can see, we made the change of
variable z = rsin ¢.)
Thus we have shown that V, = ¢,r", and

/2

By = 4 / cos™ pdep . (11.4)
—7/2

We now find the constant ¢, explicitly,. We remark that for m > 2

w/2 w/2
Iy = f cos™ @ dp = ] cos™ 2 (1 — sin® p)dy =
— /2 ~r /2
w2
: . 1
=fm-z+m_ / singpdcos™ ¢ = [n_g — mfm "
- /2

¢ B. Cavalieri (1598~1647) — Italian mathematician, the creator of the so-called
method of indivisibles for determining areas and volumes.
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that is, the following recurrence relation holds:

m -1
Im=——1I4, 5. (11.5)
m

In particular, I, = 7/2. It is clear immediately from the definition of
I, that I; = 2. Taking account of these values of I and I we find by the
recurrence formula (11.5) that

(2 (k- 1)!
Igg-,+1 = —(Qk ¥ 1)” 2 ) 2k = Wﬂ' . (116)
Returning to formula (11.4), we now obtain
@k (26)! (k-1 (2m)F
Cokkl = Ok Y 2T R g T @R " T O et Dl
B (2k-1) (k=11 (2k—2)1 ., 2
G2k = Co T T k=2 T T (ak— e T g 2

But, as we have seen above, ¢, = 2 and ¢z = 7, and hence the final
formulas for the required volume V,; are as follows:

2m)k 2m
(QE‘; )u P, V= EZk))" '

where k € N, and the first of these formulas is also valid for & = 0.

Vakr =2 (11.7)

11.4.3 Problems and Exercises

1. a) Construct a subset of the square I C R® such that on the one hand its
intersection with any vertical line and any horizontal line consists of at most one
point, while on the other hand its closure equals I.

b) Construct a function f : I — R for which both of the iterated integrals that
occur in Fubini’s theorem exist and are equal, yet f ¢ R(I).

¢) Show by example that if the values of the function F(z) that occurs in
Fubini’s theorem, which in the theorem were subjected to the conditions J(z) <
F(z) < J(z) at all points where J(z) < J(z), are simply set equal to zero at
those points, the resulting function may turn out to be nonintegrable. (Consider,
for example, the function f(z,y) on R? equal to 1 if the point (z,y) is not rational
and to 1 —1/q¢ at the point (p/q, m/n), both fractions being in lowest terms.)

2. a) In connection with formula (11.3), show that even if all the sections of &
bounded set & by a family of parallel hyperplanes are measurable, the set £ may
yet be nonmeasurable.

b) Suppose that in addition to the hypotheses of part a) it is known that the
function p(Ey) in formuls (11.3) is integrable over the closed interval I,. Can we
assert that in this case the set F is measurable?
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3. Using Fubini’s theorem and the positivity 2a:)f the integral of a positive function,

2 . . =
give a simple proof of the equality 3‘3?5% =5 aiw% for the mixed partial derivatives,
assuming that they are continuous functions,

4. Let f: I, » — R be a continuous function defined on an interval Jop = {z €
R*|a' <z' <b',i=1,...,n}, and let F': I, — R be defined by the equality

F@) = [ s,
Ta,x

where I, ; C I,5. Find the partial derivatives of this function with respect to the
variebles z, ... "

5. A continuous function f(z,y) defined on the rectangle I = [a,b] X [c,d] C R?
has a continuous partial derivative gﬁ in I,
y

b
a) Let F(y) = [ f(z,y)dz. Starting from the equality F'(y) = f' (f -g%(w, t) dt+

c

b
Iém, c)) dz, verify the Leibniz rule, according to which F'(y) = [ g—g(z,y) dz.

b) Let G(z,y) = aj f(t,y)dt. Find §2 and 25,

h(v)
c) Let H(y) = [ f(=z,y)dz, where h € CMa,b]. Find H'(y).

6. Consider the sequence of integrals
r z )
Fo(w):ff(y)dy, Fn(w)=f%f(y)dy, n €N,
0 0
where f € C(R,R).

a) Verify that Fi(z) = Fn1(z), FS?(0) =0 if k € n, and F"™(z) = f(z).
b) Show that

[ [asge [ flenping =2 [e-wriwaw.
0 0 0 0

7. a) Let f : & — R be a function that is continuous on the set £ = {(z,y) €
R’|0< 2 <1A0<y<z}. Prove that

1

]dmjf(w,y)dy=/1dyj-f(w1y)dm-
0 0oy

0

gina

2%
b) Use the example of the iterated integral [ dz [ 1-dy to explain why not

0 0
every iterated integral comes from a double integral via Fubini’s theorem.
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11.5 Change of Variable in a Multiple Integral

11.5.1 Statement of the Problem and Heuristic Derivation
of the Change of Variable Formula

In our earlier study of the integral in the one-dimensional case, we obtained
an important formula for change of variable in such an integral. Our problem
now is to find a formula for change of variables in the general case. Let us
make the question more precise.

Let D, be a set in R®, f a function that is integrable over D., and
@: Dy — D, a mapping t ~ (%) of a set Dy C R” onto D... We seek a rule
according to which, knowing f and ¢, we can find a function ¢ in D, such

that the equality
[ 1= [wierar
D, Dy

holds, making it possible to reduce the computation of the integral over D,
to the computation of an integral over Dj.

We begin by assuming that D, is an interval I C R* and @ : I — Dy a
diffeomorphism of this interval onto D.. To every partition P of the interval
I into intervals Iy, Io, ..., I; there corresponds a partition of D, into the sets
@(l;), 1= 1,...,k. If all these sets are measurable and intersect pairwise only
in sets of measure zero, then by the additivity of the integral we find

/ f(:c)d:r:=i f $z)dz. (11.8)
D,

=1on)

If f is continuous on D, then by the mean-value theorem

[ f@)de = slem(er),

w(1y)

where &; € o(I;). Since f(&) = f(o(w)), where 7, = ¢~(£;), we need only
connect u(ip(l;)) with u(l;).

If ¢ were a linear transformation, then ¢(I;) would be a parallelepiped
whose volurme, as is known from analytic geometry, would be |det ¢'|u(f;).
But a diffeomorphism is locally a nearly linear transformation, and so, if
the dimensions of the intervals I; are sufficiently small, we may assume
u(p(l:)) = |det¢'(m)||5;| with small relative error (it can be shown that
for some choice of the point 73 € I; actual equality will result). Thus

k k
> [ f@)den Y flem)ldeb! ()] 1 (11.9)
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But, the right-hand side of this approximate equality contains a Riemann
sum for the integral of the function f(y(t))|det¢’(t)| over the interval I
corresponding to the partition P of this interval with distinguished points 7.
In the limit as A(P) — 0 we obtain from (11.8) and (11.9) the relation

[ 1@ o= [ sedesvlar.
D Dy

This is the desired formula together with an explanation of it. The route
just followed in obtaining it can be traversed with complete rigor (and it is
worthwhile to do so). However, in order to become acquainted with some
new and useful general mathematical methods and facts and avoid purely
technical work, we shall depart from this route slightly in the proof below.

We now proceed to precise statements. We recall the following definition.

Definition 1. The support of a function f : D — R defined in a doinain
D c R" is the closure in D of the set of points of z € D at which f(z) # 0.

In this section we shall study the situation when the integrand f: D, — R
equals zero on the boundary of the domain D,, more precisely, when the
support of the function f (denoted supp f) is a compact set” K contained in
D. The integrals of f over D, and over K, if they exist, are equal, since the
function equals zero in D, outside of K. From the point of view of mappings
the condition supp f = K C D. is equivalent to the statement that the
change of variable z = ¢(¢) is valid not only in the set K over which one is
essentially integrating, but also in some neighborhood D, of that set.

We now state what we intend to prove.

Theorem 1. If ¢ : Dy — D. is a diffeomorphism of a bounded open set
D, C R* onto a set D, = @(D;) C R™ of the same type, f € R(D:),
and supp f is a compact subset of D., then f o |dety’| € R(D;), and the
Jollowing formula holds:

f Fla)de = f £ ow()| et ()] dt . (11.10)
Dr

D:—':‘P(D!)

11.5.2 Measurable Sets and Smooth Mappings

Lemma 1. Let ¢ : Dy — D, be a diffeomorphism of en open set Dy C R
onto a set D C IR™ of the same type. Then the following assertions hold.

a) If E; C D, is a set of (Lebesgue) measure zero, its image @(E;) C D,
s also a sel of measure zero.

7 Such functions arc naturally called functions of compact support in the domain.
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b) If a set B, contained in D; along with its closure E; has Jordan measure
zero, its image p(E;) = E. is conlained in D, along with its closure and also
has measure zero.

c) If a (Jordan) measurable set E; is contained in the domain D, along
with its closure By, its image E; = @(E;) is Jordan measurable and E. C D,.

Proof. We begin by remarking that every open subset D in R" can be rep-
resented as the union of a countable number of closed intervals (no two of
which have any interior points in commmon). To do this, for example, one can
partition the coordinate axes into closed intervals of length A and consider
the corresponding partition of B™ into cubes with sides of length A. Fixing
A = 1, take the cubes of the partition contained in D. Denote their union
by F;. Then taking A = 1/2, adjoin to F} the cubes of the new partition
that are contained in D \ F. In that way we obtain a new set Fy, and so
forth. Continuing this process, we obtain a sequence Iy C --- C F, C ++- of
sets, each of which consists of a finite or countable number of intervals hav-
ing no interior points in common, and as one can see from the construction,
|| B =D,

Since the union of an at most countable collection of sets of measure zero
is a set of measure zero, it suffices to verify assertion a) for a set E; lying in
a closed interval I C D;. We shall now do this.

Since ¢ € C(I) (that is, ¢’ € C(I)), there exists a constant M such that
l¢’(t)|| € M on I. By the finite-increment theorem the relation |z; — 71| <
M |to—11| must hold for every pair of points ¢, € I with images z; = ¢(t,),
T3 = p(t2).

Now let {I;} be a covering of E; by intervals such that > |/;| < e. Without

2

loss of generality we may assume that I; = I, N1 C I.

The collection {¢(I;)} of sets ¢(I;) obviously forms a covering of E, =
w(Ey). If t; is the center of the interval I;, then by the estimate just given for
the possible change in distances under the mapping ¢, the entire set ¢(/;) can
be covered by the interval I; with center z; = ©(t;) whose linear dimensions
are M times those of the interval I;. Since |I;] = M™|I;|, and o(E;) ¢ |1,

1
we have obtained a covering of ¢(F;) = E. by intervals whose total volume
is less than M™e. Assertion @) is now established.

Assertion b) follows from @) if we take into account the fact that E,
(and hence by what has been proved, E, = ¢(F,) also) is a set. of Lebesgue
measure zero and that E; (and hence also E.) is a compact set. Indeed, by
Lemma 3 of Sect. 11.1 every compact set that is of Lebesgue measure zero
also has Jordan measure zero.

Finally, assertion ¢) is an immediate consequence of b), if we recall the
definition of a measurable set and the fact that interior points of E; map
to interior points of its image E. = (E;) under a diffeomorphism, so that
3Ez = QD(BE{;) m



138 11 Multiple Integrals

Corollary. Under the hypotheses of the theorem the integral on the right-hand
side of formula (11.10) exists.

Proof. Since |det¢'(2)] # 0 in Dy, it follows that supp f o ¢ - |dety’| =
supp fowop (supp f) is a compact subset in D,. Hence the points at which
the function fog-|det¢’|xp, in R™ is discontinuous have nothing to do with
the function xp,, but are the pre-images of points of discontinuity of f in D,.
But f € R(D.), and therefore the set E.. of points of discontinuity of f in
D, is a set of Lebesgue measure zero. But then by assertion a) of the lemma
the set E; = ™ (E,) has measure zero. By Lebesgue’s criterion, we can now
conclude that f o - |det ¢’|xp. is integrable on any interval I, D> D;. O

11.5.3 The One-dimensional Case

Lemma 2. a) If¢ : I; — I is a diffeomorphism of a closed interval I; C R?
onto o closed interval I CR! and f € R(I;), then fop - |¢'| € R(I:) and

/ f(z)de = / (Fop- I (E)dt. (11.11)
T

Iy
b) Formula (11.10) holds in R'.

Proof. Although we essentially already know assertion ¢) of this lemma, we
shall use the Lebesgue criterion for the existence of an integral, which is now
at our disposal, to give a short proof here that is independent of the proof
given in Part 1.

Since f € R([;) and ¢ : I; — I, is a diffeomorphism, the function fo|¢/|
is bounded on ;. Only the preimages of points of discontinuity of f on I, can
be discontinuities of the function foy|y’|. By Lebesgue’s criterion, the latter
form a set of measure zero. The image of this set under the diffeomorphism
w1 : I, = I, as we saw in the proof of Lemma 1, has measure zero. Therefore
foole'| € R{L).

Now let P, be a partition of the closed interval I,. Through the mapping
¢! it induces a partition P, of the closed interval I, and it follows from the
uniform continuity of the mappings ¢ and ¢~ that A(Pz) = 0 & A(F:) — 0.
We now write the Riemann sums for the partitions P, and P, with distin-
guished points & = ¢(7):

> fElm = zia| =Y f o p(m)ko(ts) — plti-a| =
= foe(n)le ()l [t — tinal

T

and the points £; can be assumed chosen just so that & = (r;), where 7;
is the point obtained by applying the mean-value theorem to the difference

o(ts) ~ o(ts-1)
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Since both integrals in (11.11) exist, the choice of the distinguished poinis
in the Riemann sums can be made to suit our convenience without affecting
the limit. Hence from the equalities just written for the Riemann sums, we
find (11.11) for the integrals in the limit as A(P;) = 0 (A(P:) — 0).

Assertion b) of Lemma 2 follows from Eq. (11.11). We first note that in
the one-dimensional case |det¢’| = |¢’|. Next, the compact set supp f can
easily be covered by a finite system of closed intervals contained in D, no
two of which have common interior points. The integral of f over D, then
reduces to the sum of the integrals of f over the intervals of this system, and
the integral of f o |¢’| over D; reduces to the sum of the integrals over the
intervals that are the pre-images of the intervals in this system. Applying Eq.
(11.11) to each pair of intervals that correspond under the mapping ¢ and
then adding, we obtain (11.10). O

Remark 1. The formula for change of variable that we proved previously had
the form

w(8) B
[ f@de= [(Fow)-0at, (11.12)
() e

where @ was any smooth mapping of the closed interval [e, 8] onto the interval
with endpoints ¢(a) and ©(8). Formula (11.12) contains the derivative ¢’
itself rather than its absolute value |¢’|. The reason is that on the left-hand
side it is possible that ¢(8) < (a).

However, if we observe that the relations

b
[f(z)dz, if a<b,

[r@ya={ =,
1 — [ flz)dz, if a>b,

hold, it becomes clear that when ¢ is a diffeomorphism formulas (11.11) and
(11.12) differ only in appearance; in essence they are the same.

Remark 2. 1t is interesting to note (and we shall certainly make use of this
observation) that if ¢ : I; — I is a diffeomorphism of closed ntervals, then
the formulas

/f(m)d:v / Joulg () dt,
ff(m )dz = f(fowl{p’l)(t)dt,

for the upper and lower integrals of real-valued functious are always valid.
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Given that fact, we may take as established that in the one-dimensional
case formula (11.10) remains valid for any bounded function f if the integrals
in it are understood as upper or lower Darboux integrals.

Proof. We shall assume temporarily that f is a nonnegative function bounded
by a constant M.

Again, as in the proof of agsertion a) of Lemma 2, one may take partxtlons
P, and P, of the intervals I, and I; respectively that correspond to each
other under the mapping ¢ and write the following estimates, in which ¢ is
the maximum oscillation of ¢ on intervals of the partition P;:

Z sup f(z)|m; — 21| < Z up fle(®)) o @' @®)| [t: = tia| <

reAx;

< Z suD ( Fle(2)) - sig_lfp (t)')ltﬁtil <
< Z sup (2(2))) (Ie' ()] + &) | ALy <
<y sup (Fle@®)le’ @N)IAL] + & E sup fle®)|At:] <

i

< Zi: Sup (Fle(ENle @)1 AL;| +eM| I .

Taking account of the uniform continuity of ¢ we obtain from this the
relation

]f(:v) dz < / (f owle])(t)dt
I It

as A(P;) — 0. Applying what has just been proved to the mapping ¢!
and the function f o ¢|¢’|, we obtain the opposite inequality, and thereby
establish the first equality in Remark 2 for a nonnegative function. But since
any function can be written as f = max{f, 0} — max{—f,0} (a difference of
two nonnegative functions) the equality can be considered to be established
in general. The second equality is verified similarly. O

From the equalities just proved one can of course obtain once again as-

sertion a) of Lemma 2 for real-valued functions f.

11.5.4 The Case of an Elementary Diffeomorphism in R™

Let ¢ : Dy — D, be a diffeomorphism of & domain D; C R} onto a domain
D, C BR? with (¢,...,t") and (z',...,z") the coordinates of points ¢t ¢ R}
and x € R? respectively. We recall the following definition.

Definition 2. The diffeomorphism ¢ : D; — D, is elementary if its coordi-
nate representation has the form
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gt =pt(Eh, v oy i) e L,

......................

aaaaaaaaaaaaaaaaaaaaaa

g = B0 1) = 1T

Thus only one coordinate is changed under an elementary diffeomorphism

(the kth coordinate in this case).
Lemma 3. Formula (11.10) holds for an elementary diffeomorphism.
Proof. Up to a relabeling of coordinates we may assume that we are consider-
ing a diffeomorphism ¢ that changes only the nth coordinate. For convenience
we introduce the following notation:
(2!, .., 8" 2™ = (&, 2™); (1.5, 8" 1) = (,27)
DIn(EED) = {(E,ﬁn) & DzIE - .’Eg} 5
D;ﬂ(l’.g) = {(f},tﬂ) € Dglt - to} -

Thus Do (%) and Dy (t) are simply the one-dimensional sections of the
sets D, and D; respectively by lines parallel to the nth coordinate axis. Let
I be an interval in R? containing D.. We represent /. as the direct product
I; = Iz x I.» of an (n— 1)-dimensional interval Iz and a closed interval I«
of the nth coordinate axis. We give a similar representation I; = Iz x I;» for
a fixed interval I; in R} containing D).

Using the definition of the integral over a set, Fubini's theorem, and Re-
mark 2, we can write

ff(sc)dm-/f :vcn,(fv)d:rﬂ./darff XD. (&, 2") dz" =

Iz
/d:c / f(E® =™

Iz Dyn (%)
7 (7 " | ~ n
- [d& [ 1GeGem)|F|@emar =
It Dyn(t)

), 1™)dt =

= / dt [ (
Iy In

=f(fcga[detgo'|xpt)(t)dt=f(fow\det¢'\)(t)dt-

D,
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In this computation we have used the fact that det¢’ = %% for the
diffeomorphism under considertation. 0O

11.5.5 Composite Mappings and the Formula for Change
of Variable

Lemma 4. If D, ¥+ D, ~%+ D, are two diffeomorphisms for each of which
formula (11.10) for change of variable in the integral holds, then it holds also
for the composition @ o : D. = D, of these mappings.

Proof. It suffices to recall that (@ o ¢)’ = ¢’ 0 ¢ and that det(¢ o ¢) () =
det ¢’ (t) det 4'(), where t = {r). We then have

[ r@)ae= [ (foplaesllar=
Dy Dy
= f ((f oo )| det o] det:yﬁ'l)(q")d'r =
D

— f (f o (o) det{p o)) (r)dr. O
D

11.5.6 Additivity of the Integral and Completion of the Proof
of the Formula for Change of Variable in an Integral

Lemmas 3 and 4 suggest that we might use the local decomposition of any
diffeomorphism as a composition of elementary diffeomorphisms (see Propo-
sition 2 from Subsect. 8.6.4 of Part 1) and thereby obtain the formula (11.10)
in the general case.

There are various ways of reducing the integral over a set to integrals over
small neighborhoods of its points. For example, one may use the additivity
of the integral. That is the procedure we shall use. On the basis of Lemmas
1, 3, and 4 we now carry out the proof of Theorem 1 on change of variable
in a multiple integral.

Proof. For each point ¢ of the compact set K, = supp ((f o ¢)| det ¢’|) C D,
we construct a d(t)-neighborhood U(%) of it in which the diffeomorphism ¢

decomposes into a composition of elementary diffeomorphisms. From the ‘5—5,251—

neighborhoods ﬁ(t) C U(T) of the points ¢t € K; we choose a finite covering
U(t1), ..., U(t) of the compact set K;. Let § = 3 min{é(t1),...,6(tx)}. Then
the closure of any set whose diameter is smaller than § and which intersects
K; must be contained in at least one of the neighborhoods U(#1),..., U(tk).

Now let I be an interval containing the set D; and P a partition of the
mterval I such that A(P) < min{4, d}, where § was found above and d is
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the distance from K; to the boundary of D;. Let {I;} be the intervals of the
partition P that have a nonempty intersection with K. It is clear that if
I; € {I;}, then I; C D; and

-/(fo~’,0| det;t,a'|)(t) dt = /((f ogo|detga'|)xpe)(t) dt =
I

D:

=¥ ] (Fogldete)(®)dt.  (11.13)

By Lemma 1 the i image E; = @(I;) of the intervals I; is a measurable set.
Then the set E = | J E; is also measurable and supp f ¢ E = E C D,. Using

the additivity of thne integral, we deduce from this that

f f@a= [ po@a= [ e / fxp,(z)dz =

1.CD= I:\E

ff*cnx(m‘)dm—/f (z)dz = Z_/f(a:)da: (11.14)

T E‘

By construction every interval I; € {I;} is contained in some neighbor-
hood U(z;) inside which the diffeomorphism ¢ decomposes into a composition
of elementary diffeomorphisms. Hence on the basis of lLemmas 3 and 4 we
can write '

/ f(&) dz = / (f ol det ) (¢) dt . (11.15)
Ii

Comparing relations (11.13), (11.14), and (11.15), we obtain formula
(11.10). O

11.5.7 Corollaries and Generalizations of the Formula for Change
of Variable in a Multiple Integral

a. Change of Variable under Mappings of Measurable Sets

Proposition 1. Let ¢ : Dy — D, be a diffeomorphism of a bounded open set
Dy C R™ onio a set Dy C R™ of the same type; let E; and E; be subsets of
D; and D, respectively and such that E; C Dy, Ey C Dy, and E; = @(E}).
If f € R(E;), then f op|dety’| € R(E:), and the following equality holds:

f F() s f (f ool det &'])(£)dt (11.16)
£y By
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Proof. Indeed,

[1@az= [ (tre)@dz= [ ((xe) ooldese)e)dt =
Ee D, D

= [(Foeldete el @yt = [ (foo)deteD()at.
E,

D,

In this computation we have used the definition of the integral over a set,
formula (11.10), and the fact that xg, = xg_o¢. O

b. Invariance of the Integral We recall that the integral of a function
f+ E = R over a set E reduces to computing the integral of the function
fxe over an interval I O E. But the interval I itself was by definition con-
nected with a Cartesian coordinate system in R™. We can now prove that all
Cartesian systems lead to the same integral.

Proposition 2. The value of the inlegral of a function f over a set E C R™
is independent of the choice of Cartesian coordinate system in R™.

Proof. In fact the transition from one Cartesian coordinate system in R™ to
another Cartesian system has a Jacobian constantly equal to 1 in absolute
value. By Proposition 1 this implies the equality

E[f(m)dw=i(foso)(t)dt-

But this means that the integral is invariantly defined: if p is a point of E
having coordinates z = (z!,...,z"™) in the first system and ¢ = (¢*,...,")
in the second, and x = (t) is the transition function from one system to the
other, then

flp) = ft(mlv ey ET) = ft(tla S

where f; = f. o¢. Hence we have shown that

lfx(ﬂ:)dm:‘lﬁ(t)dh

where FE. and F; denote the set F in the z and ¢ coordinates respectively.
O

We can conclude from Proposition 2 and Definition 3 of Sect. 11.2 for
the (Jordan) measure of a set E C R™ that this measure is independent of
the Cartesian coordinate system in R™, or, what is the same, that Jordan
measure is invariant under the group of rigid Euclidean motions in R".
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c. Negligible Sets The changes of variable or formulas for transforming co-
ordinates used in practice sometimes have various singularities (for exaruple,
one-to-oneness may fail in some places, or the Jacobian may vanish, or differ-
entiability may fail). As a rule, these singularities occur on a set of measure
zero and so, to meet the demands of practice, the following theorem is very

useful.

Theorem 2. Let ¢ : Dy = D, be a mapping of a (Jordan) measurable set
D, C R} onto a set D, C R} of the same type. Suppose that there are
subsets Sy and Sz of Dy and D, respectively having (Lebesgue) measure zero
and such that Dy \ S; and D, \ Sz are open sets and ¢ maps the former
diffeomorphically onto the latter and with a bounded Jacobian. Then for any
function f € R(D,) the function (f o p)|det¢’| also belongs to R(D, \ S)
and

[f@yaa= [ (Fenlaaso. (11.17)
Dy De\ Sy
If, in addition, the gquantity | det | is defined and bounded in Dy, then
/f(m)dm=f((fogp)|det<p’])(t)dt. (11.18)
Dy Dy

Proof. By Lebesgue’s criterion the function f can have discontinuities in D,
and hence also in D, \ S, only on a set of measure zero. By Lemma 1, the
image of this set of discontinuities under the mapping ¢! : D\ Sy — D;\ S;
is a set of measure zero in D¢\ S;. Thus the relation (f o )| det¢’| € R{(D;\
Si) will follow immediately from Lebesgue’s criterion for integrability if we
establish that the set D; \ S; is measurable. The fact that this is indeed a
Jordan measurable set will be a by-product of the reasoning below.

By hypothesis D, \ S; is an open set, so that (D; \ S:) N98S; = 2.
Hence 8S: € D, U S, and consequently 8D, U S; = 8D, U gm, where
Se = S; UBS; is the closure of S; in R?. As a result, 8D, U S; is a closed
bounded set, that is, it is compact in R™, and, being the union of two sets
of measure zero, is itself of Lebesgue measure zero. From Lemma 3 of Sect.
11.1 we know that then the set 3D, U S, (and along with it, S;) has measure
zero, that is, for every £ > 0 there exists a finite covering I,,..., [} of this

k
set by intervals such that ) |I;| < &. Hence it follows, in particular, that
i=1

the set Dy \ S (and similarly the set D\ S:) is Jordan measurable: indeed,
(D, \ 5;) € 8D, U 8S; c 8D, U S.;.

The covering I,...,I; can obviously also be chosen so that every point
x € 0D; \ Sz is an interior point of at least one of the intervals of the
covering. Let U, = U:’;, I;. The set U, is measurable, as is V,, = D\ U.. By
construction the set V; is such that V, € D, \ S and for every measurable
set E; C Dy containing the compact set V. we have the estimate
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/f(a:)d:c—ff(a:)ds:
Dx E,

<

=| f f(z)dz

D \Es
< Mu(D\E;) <M -¢, (11.19)

where M = sup f(z).
TEDx

The pre-image V; = ¢~ (V) of the compact set V' is a compact subset
of D; \ S;. Reasoning as above, we can construct a measurable compact set
W, subject to the conditions V; C W, C D; \ S; and having the property
that the estimate

l / ((foao)ldetso'l)(t)dt—f((fogo)|detqa’|)(t)dt <e  (11.20)
Ey

D\ St

holds for every measurable set E; such that W; C E;, C D; \ S;.

Now let E. = ¢(E;). Formula (11.16) holds for the sets E, C D. \ S;
and E; C D\ S; by Lemma 1. Comparing relations (11.16), (11.19), and
(11.20) and taking account of the arbitrariness of the quantity ¢ > 0, we
obtain (11.17).

We now prove the last assertion of Theorem 2. If the function (fo¢)|det ¢'|
is defined on the entire set D, then, since D; \ S; is open in R}, the entire
set of discontinuities of this function in D; consists of the set A of points of
discontinuity of (f o ¢)|det ¢’|| DS, (the restriction of the original function
to D; \ S:) and perhaps a subset B of S; UadD;.

As we have seen, the set A is a set of Lebesgue measure zero (since the
integral on the right-hand side of (11.17) exists), and since S; U 8D; has
measure zero, the same can be said of B. Hence it suffices to know that
the function (f o )| det¢’| is bounded on Dy; it will then follow from the
Lebesgue criterion that it is integrable over D;. But |f o ¢|(t) £ M on Dy,
so that the funetion (f o¢)|det¢’| is bounded on S;, given that the function
| det ¢’| is bounded on S; by hypothesis. As for the set D; \ S, the function
(f o )| det ¢| is integrable over it and hence bounded. Thus, the function
(foy)|det¢’| is integrable over D,. But the sets D; and D, \ S; differ only by
the measurable set S;, whose measure, as has been shown, is zero. Therefore,
by the additivity of the integral and the fact that the integral over S; is zero,
we can conclude that the right-hand sides of (11.17) and (11.18) are indeed
equal in this case. 0O

Ezample. The mapping of the rectangle I = {(r,p) e R% 0 < r < RAO
@ < 27} onto the disk K = {(z,y) € R?|2? +y° < R?} given by the formulas

T=rcosy, Yy=rsing, (11.21)

is not & diffeomorphisin: the entire side of the rectangle I on which r = 0
maps to the single point (0,0) under this mapping; the images of the points
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(r,0) and (r, 27) are the same. However, if we consider, for example, the sets
I'\8I and K \ E, where E is the union of the boundary 8K of the disk K
and the radius ending at (0, R), then the restriction of the mapping (11.21)
to the domain I\ 8/ turns out to be a diffeomorphism of it onto the domain
K\ E. Hence by Theorem 2, for any function f € R(K) we can write

‘éff(m,y)dzdy=[/f(rcosw,rsin¢)rdrdw

and, applying Fubini’s theorem

/ff(il?,y)d:vdy=7dqaff(rcosga,rsingo)rdr.

K 0 0

Relations (11.21) are the well-known formulas for transition from polar
coordinates to Cartesian coordinates in the plane.

What has been said can naturally be developed and extended to the
polar (spherical) coordinates in R™ that we studied in Part 1, where we also
exhibited the Jacobian of the transition from polar coordinates to Cartesian
coordinates in a space R™ of any dimension,

11.5.8 Problems and Exercises

1. a) Show that Lemma 1 is valid for any smooth mapping ¢ : D; — D, (also see
Problem 8 below in this connection).

b) Prove that if D is an open set in R™ and ¢ € C™(D,R™), then (D) is a
get of measure zero in R™ when m < n.

2. a) Verify that the measure of & measurable set £ and the measure of its image
@( L) under a diffeomorphism ¢ are connected by the relation ;.L(cp(E)) = 6u(B),

where § = [inf | det o' (¢)|, sup | det cp’(t)|].
ek te B

b) In particular, if F is a connected set, there is a point v € E such that
p(e(B)) = | det ¢/ (1) w(B).

3. a) Show that if formula (11.10) holds for the function f = 1, then it holds in
general.

b) Carry out the proof of Theorem 1 again, but for the special case f = 1,
simplifying it for this special situation.

4. Without using Remark 2, carry out the proof of Lemma 3, assuming Lemma 2
is known and that two integrable functions that differ only on a set of measure zero
have the same integral.
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5. Instead of the additivity of the integral and the accompanying analysis of the
measurability of sets, one can use another device for localization when reducing
formula (11.10) to its local version (that is to the verification of the formula for
a small neighborhood of the points of the domain being mapped). This device is
based on the linearity of the integral.

a) If the smooth functions e;,...,e;x are such that 0 < e; < 1, i = 1,...,k,
k k
and ) ei(z) =1 on Dg, then [ ( € f) (z)dz = [ f(z)dz for every function
) 1 Dy

Da i=
f € R(D,).
b) If supp e: is contained in the set U C Dy, then [ (eif)(z)dz = [(e:if)(z) dz.
Dy U

c) Taking account of Lemmas 3 and 4 and the linearity of the integral, one
can derive formula (11.10) from a) and b), if for every open covering {U,} of the
compact set K = supp f C D, we construct a set of smooth functions e;,...,ex

K
in Dy such that 0 <e; <1,i=1,...,k >, e =1 on K, and for every function

i=1

e; € {e;} there is a set U,, € {Uy} such that suppe; C U,,.
In that case the set of functions {e;} is said to be a partition of unity on the
compact set K subordinate to the covering {Us.}.

6. This problem contains a scheme for constructing the partition of unity discussed
in Problem 5.

&) Construct & function f € € (R, R) such that f l{ Ly =1 and suppf C

[—~1—4,1+ 4], where § > 0.

b) Construct a function f € C{*)(R™, R) with the properties indicated in a) for
the unit cube in R" and its d-dilation.

¢) Show that for every open covering of the compact set K C R™ there exists a
smooth partition of unity on K subordinate to this covering.

d) Extending ¢), construct a €*)-partition of unity in R subordinate to a
locally finite open covering of the entire space. (A covering is locally finite if every
point of the set that is covered, in this case K™, has a neighborhood that intersects
only a finite number of the sets in the covering. For a partition of unity containing
an infinite number of functions {e;} we impose the requirement that every point
of the set on which this partition is constructed belongs to the support of at most
finitely many of the functions {e;}. Under this hypothesis no questions arise as to
the meaning of the equality > e; = 1; more precisely, there are no questions as to

the meaning of the sum on tl:e left-hand side.)

7. One can obtain a proof of Theorem 1 that is slightly different from the one
given above and relies on the possibility of decomposing only a linear mapping
mto & composition of clementary mappings. Such a proof is closer to the heuristic
considerations in Subsect. 11.5.1 and is obtained by proving the following assertions.

a) Verify that under elementary linear mappings L : R® — R” of the form

k—1 k1

(ml,...,a:"',....,m“) = (2, ..., 25t alk, L 2,

A # 0, and

(@2 ) s (2R

-1 _k 3 n
gl B g hang)
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the relation u(L{E)) = |det L'|(E) holds for every measurable set £ C R™;
then show that this relation holds for every linear transformation L : R” — R".
(Use Fubini’s theorem and the possibility of decomposing a linear mapping into a
composition of the elementary mappings just exhibited.)

b) Show that if ¢ : D — D is a diffeomorphism, then p(tp(f()) <
[ | det¢’(¢)| dt for every measurable compact set K C Dy and its image p(K). (If
K

a € Dy, then 3(ip'(a)) ™! and in the representation ¢(t) = (tp’(a) o(¢'(a))~to tp) (®)

the mapping ¢'(a) is linear while the transformation (¢'(a))™! o ¢ is nearly an
isornetry on a neighborhood of a.)

c) Show that if the function f in Theorem 1 is nonnegative, then Df flz)dz <

th ((f o )| det w’l) (t) dt.

d) Applying the preceding inequality to the function (f o ¢)|det¢’| and the
mapping ¢~ : Dy — D¢, show that formula (11.10) holds for a nonnegative func-
tion.

¢) By representing the function f in Theorem 1 as the difference of integrable
nonnegative functions, prove that formula (11.10) holds.

8. Sard’slemma. Let D be an open set in R”, let ¢ € CV(D, R™), and let S be
the set of critical points of the mapping ¢. Then ©(S) is a sel of (Lebesgue) measure
2€70.
We recall that a critical point of a smooth mapping ¢ of a domain D ¢ R™ into
R™ is a point # € D at which rank ¢'(2) < min{m,n}. In the case m = n, this is
equivalent to the condition det ¢'(z) = 0.

a) Verify Sard’s lemma for a linear transformation.

b) Let I be an interval in the domain D and ¢ € C(D,R"). Show that
there exists a function a(k), @ : R* — R such that a(h) - 0 as A — 0 and
le(z + h) — @(z) = ' (2)h| < a(h)|h| for every z, z +h € I.

¢) Using b), estimate the deviation of the image () of the interval I under the
mapping ¢ from the same image under the linear mapping L(z) = ¢(a) + ¢'(a)(z —
a), where a € I.

d) Based on a), b), and c), show that if S is the set of critical points of the
mapping ¢ in the interval I, then ¢(S) is a set of measure zero.

e) Now finish the proof of Sard’s lemma.

f) Using Sard’s lemma, show that in Theorem 1 it suffices to require that the
mapping ¢ be a one-to-one mapping of class ¢ (D,, D.).

We remark that the version of Sard’s lemma given here is a simple special case
of a theorem of Sard and Morse, according to which the assertion of the lemma
holds even if D € R™ and ¢ € C%)(D,R"), where k = max{m — n + 1,1}. The
quantity k here, as an example of Whitney shows, cannot be decreased for any pair
of numbers m and n.

In geometry Sard's lemma is known as the assertion that if ¢ : D = R™ is
a smooth mapping of an open set D € R™ into R", then for almost all points
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z € ¢(D), the complete pre-image ¢ *(z) = M. in D is & surface (manifold) of
codimension n in R™ (that is, m — dim M, = n for almost all z € D).

9. Suppose we consider an arbitrary mapping ¢ € C)(D;,D.) such that
det ©’(¢) # 0 in D, instead of the diffeomorphism ¢ of Theorem 1. Let n(z) =
card {¢ € supp(f o ¢)| ¢(t) = z}, that is, n(z) is the number of points of the sup-
port of the function f o ¢ that map to the point z € D, under ¢ : Dy — D... The
following formula holds:

_/(f'n)(:c)da:=f((focp)ldet:pﬂ)(t)dt.
D= Dy

a) What is the geometric meaning of this formula for f = 17

b) Prove this formula for the special mapping of the annulus D, = {t € RZ|1 <
[t| < 2} onto the annulus D, = {z € R2|1 < |z|] < 2} given in polar coordinates
(,¢) and (p,8) in the planes B2 and R? respectively by the formulas » = p, ¢ = 26.

c) Now try to prove the formula in general.

11.6 Improper Multiple Integrals

11.6.1 Basic Definitions

Definition 1. An ezhoustion of a set E C R™ is a sequence of measurable
sets {E,} such that £, CE,,; CEforanyn€Nand |J E, = E.

=1

Lemma. If {E,} is an ezhaustion of a measurable set E, then:
a) lim u(En) = p(E);

b) for every function f € R(E) the function f IE also belongs to R(E,),
and

nh_)ngo flz)dz = ff(a:) dz .

Proof. Since E,, C E,.1 C E, it follows that u(E,) < p(Eny) € u(E)
and nl.ﬂ p(E,) < p(E). To prove a) we shall show that the incquality
a}«lﬂo p(E,) > u(E) also holds.

The boundary 0F of E has content zero, and hence can be covered by
a finite number of open intervals of total content less than any preassigned
number ¢ > 0. Let A be the union of all these open intervals. Then the set
EUA =: E is open in R™ and by construction E contains the closure of F
and p(E) < u(E) + u(4) < p(E) + ¢.

For every set E,, of the exhaustion {F,} the construction just described
can be repeated with the value g,, = £/2". We then obtain a sequence of open
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sets By, = EnUA, such that By, C En, p(Ea) < p(En)+1#(An) < p(En)+&n,
and | E.D> U E.DE.
n=1 n=1

The system of open sets A, Ey, Es,..., forins an open covering of the
compact set F. - .

Let A, E;, Es,. .. Ey be a finite covering of F extracted from this covering.
Since By, ¢ By C -+- C Eg, the sets A, A4,,..., A, Ex also form a covering
of E and hence

1(E) < u(E) < p(Be) + p(A) + p(A1) + - -+ u(Ax) < p(Bi) + 2¢; .
It follows from this that u(E) < lim U(Eq).

b) The relation f|, € R(E,) is well known to us and follows from
Lebesgue’s criterion Eorﬂt"he existence of the integral over a measurable set. By
hypothesis f € R{E), and so there exists a constant M such that | f(z)| < M
on E. From the additivity of the integral and the general estimate for the

integral we obtain
| [ 1@z~ [ 5(e)a| = | [ 1@
B Ey EN\E,

From this, together with what was proved in a), we conclude that b) does
indeed hold. O

Definition 2. Let {E,} be an exhaustion of the set E and suppose the
function f : E — R is integrable on the sets E,, € {E,}. If the limit

Ef f(z)de = lim / f(s)da

exists and has a value independent of the choice of the sets in the exhgustion
of E, this limit is called the improper integral of f over E.

< Mu(E\ E,) .

The integral sign on the left in this last equality is usually written for any
function defined on E, but we say that the integral ezists or converges if the
limit in Definition 2 exasts. If there is no common limit for all exhaustions of
E, we say that the integral of f over E does not exist, or that the integral
diverges.

The purpose of Definition 2 is to extend the concept of integral to the
case of an unbounded integrand or an unbounded domain of integration.

The symbol introduced to denote an improper integral is the same as the
symabol for an ordinary integral, and that fact makes the following remark

Necessary.

Remark 1. If E is a measurable set and f € R(&), then the integral of f over
E in the sense of Definition 2 exists and has the same value as the proper
integral of f over E.
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Proof. This is precisely the content of assertion b) in the lemma above. 0O

The set of all exhaustions of any reasonably rich set is immense, and we do
not use all exhaustions. The verification that an improper integral converges
is often simplified by the following proposition.

Proposition 1. If a function f : E — R is nonnegative and the limit in Def-
wnition 2 exists for even one exhaustion {E,} of the set E, then the improper
integral of f over E converges.

Proof. 1et {E.} be a second exhaustion of £ into elements on which f is
integrable. The sets EX := B{ N E,,, n = 1,2,... form an exhaustion of the
set Y, and so it follows from part b) of L-he lemma that

ﬁ,{ﬂz)dm:ﬂlﬂé{ﬂm)dzgnuﬁﬂolf(x)dmzli

Since f > 0 and E;, C By ; C E, it follows that

3 lim /f(:s)d:c=B£A.
k—o0
k

But there is symmetry between the exhaustions {E,} and {E}}, so that
A < B also, and hence A= B. 0O

Erample 1. Let us find the improper integral [f e~ (= +v7) dz dy.
w2

We shall exhaust the plane R? by the sequence of disks E, = {(z,y) €
R?|z? + y® < n?}. After passing to polar coordinates we find easily that

ff 2""’)d:l:dg,r fdtpf Q'rdr=7r(1—e'“2)—:-7r

as m — oQ.
By Proposition 1 we can now conclude that this integral converges and
equals 7.

One can derive a useful corollary from this result if we now consider the
exhaustion of the plane by the squares E/, = {(z,y) € R?||z| <nA|y| £ n}-.
By Fubini’s theorem

2
f / e+ dp dy = f dy / e~ "+ dg = ( / “‘th) ‘

=T b 13
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By Proposition 1 this last quantity must tend to 7 as n — co. Thus,
following Euler and Poisson, we find that

400

fe"xzd:c——'\f??.

-0

Some additional properties of Definition 2 of an improper integral, which
are not completely obvious at first glance, will be given below in Remark 3.

11.6.2 The Comparison Test for Convergence
of an Improper Integral

Proposition 2. Let f and g be functions defined on the set E and integrable

over exactly the same measurable subsets of it, and suppose |f(z)| < g(z) on

E. If the improper integral [ g(z)dz converges, then the integrals [ | f|(z) dz
B E

and [ f(z)dz also converge.
E

Proof. Let {E,} be an exhaustion of £ on whose elements both g and f
are integrable. It follows from the Lebesgue criterion that the function |f]| is
integrable on the sets £, n € N, and so we can write

[ @~ [1@a= [ ifiwes
En

En+le En+k"\En
< / g(z)dz = / g(:v)dﬂ:-fg(ﬂ:)da:,
Entt\Bn Ep sk En

where k and n are any natural numbers. When we take account of Proposition
1 and the Cauchy criterion for the existence of a limit of a sequence, we
conclude that the integral [ |f|(z) dz converges.

E

Now consider the functions fy := 2(|f| + f) and f- = 1(|f| = f)-
Obviously 0 € f; < |f|l and 0 € f_ < |f|. By what has just been proved, the
improper integrals of f; and f_ over F both converge. But f = f; — f-, and
hence the improper integral of f over the same set converges as well (and is
equal to the difference of the integrals of fy and f_). O

In order to make effective use of Proposition 2 in studying the convergence
of improper integrals, it is useful to have a store of standard functions for
comparison. In this connection we consider the following example.

Example 2. In the deleted n-dimensional ball of radius 1, B ¢ R™ with its
center at 0 removed, consider the function 1/r%®, where r = d(0,z) is the
distance from the point z € B\ 0 to the point 0. Let us determine the values
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of @ € R for which the integral of »~* over the domain B \ 0 converges.
To do this we consiruct an exhaustion of the domain by the annular regions
B(e) = {z € Ble < d(0,z) < 1}.

Passing to polar coordinates with center at 0, by Fubini’s theorem, we

obtain
/ r*~Ldr / dr
| 7= f“”)d“’f | e

B(e) € e

where dp = diyy -..dp,—; and f(p) is a certain product of sines of the
angles ¢,...,pn—2 that appears in the Jacobian of the transition to polar
coordinates in R™, while ¢ is the magnitude of the integral over s, which
depends only on n, not on r and .

As € — +0 the value just obtained for the integral over B(e) will have a
finite limit if & < n. In all other cases this last integral tends to mﬁmty as
e — +0.

Thus we have shown that the function m, where d is the distance
to the point 0, can be integrated in a deleted néighborhood of 0 only when
a < n, where n is the dimension of the space.

Similarly one can show that outside the ball B, that is, in a neighborhood
of infinity, this same function is integrable in the improper sense only for
@ > n.

Example 3. Let I = {z ¢ R*|0 <z’ <1,i=1,...,n} be the n-dimensional
cube and I; the k-dimensional face of it defined by the conditions z*+! =
.- = g™ = 0. On the set I \ Iy we consider the function 35%55., where d(z)
is the distance from x € I'\ I, to the face I;. Let us determine the values of
a € R for which the integral of this functlon over I \ I converges.
We remark that if x = (z',...,2"% z*,...,2") then

dz) = /()2 + - 4 (am)2.

Let I(e) be the cube I from which the e-neighborhood of the face I} has
been removed. By Fubini's theorem

&= —/dml. dz* dz**.-.dz" _ f du

de(z) KT 4 oo n)2) %/ 2 e
I{e) ( k roney (@2 40+ (@0)?) Tnch(€) |

where u = (z*+1,... z") and I,,_;(e) is the face I,,_; C R*¥ from which
the e-neighborhood of 0 has been removed.

But it is clear on the basis of the experience acquired in Example 1 that
the last integral converges only for @ < n — k. Hence the improper integral
under consideration converges only for a < n — k&, where k& is the dimension
of the face near which the function may increase without bound.
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Remark 2. In the proof of Proposition 2 we verified that the convergence of
the integral |f| implies the convergence of the integral of f. It turns out that
the converse is also true for an improper integral in the sense of Definition
2, which was-not the case previously when we studied improper integrals on
the line. In the latter case, we distinguished absolute and nonabsolute {con-
ditional) convergence of an improper integral. To understand right away the
essence of the new phenomenon that has arisen in connection with Definition
2, consider the following example.

Ezxample 4. Let the function f : Ry — R be defined on the set R, of nonneg-
n—1
ative numbers by the following conditions: f(z) = L"—l-?l—, fn-1<z<n,
n e N. 4
Since the series ) (‘—IF converges, the integral [ f(z)dz has a limit
n=1 0
as A — oo equal to the sum of this series.

However, this series does not converge absolutely, and one can make it
divergent to -+-c0, for example, by rearranging its terms. The partial sums of
the new series can be interpreted as the integrals of the function f over the
union E,, of the closed intervals on the real line corresponding to the terms
of the series. The sets £, taken all together, however, form an exhaustion of
the domain R, on which f is defined.

Thus the improper integral [ f(z)dz of the function f : Ry — R exists

0
in its earlier sense, but not in the sense of Definition 2.

We see that the condition in Definition 2 that the limit be independent
of the choice of the exhaustion is equivalent to the independence of the sum
of a series on the order of summation. The latter, as we know, is exactly
equivalent to absolute convergence.

In practice one nearly always has to consider only special exhaustions
of the following type. Let a function f : D — R defined in the doman D
be unbounded in a neighborhood of some set £ C dD. We then remove
from D the points lying in the e-neighborhood of £ and obtain a domain
D(e) € D. As € — 0 these domains generate an exhaustion of D. If the
domain is unbounded, we can obtain an exhaustion of it by taking the D-
complements of neighborhoods of infinity. These are the special exhaustions
we mentioned earlier and studied in the one-dimensional case, and it is these
special exhaustions that lead directly to the generalization of the notion of
Cauchy principal value of an improper integral to the case of a space of any
dimension, which we discussed earlier when studying improper integrals on
the line.
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11.6.3 Change of Variable in an Improper Integral

In conclusion we obtain the formula for change of variable in improper in-
tegrals, thereby making a valuable, although very simple, supplement to
Theorems 1 and 2 of Sect. 11.5.

Theorem 1. Let i : Dy — D, be a diffeomorphism of the open sei D, C R}
onto the set D, C R? of the same type, and let f : D. — R be integrable

on all measurable compact subsets of Dy If the improper integral [ f(z)dz
Dz
converges, then the integral [ ((f o p)|det!|)(2)dt also converges and has
Dy

the same value.

Proof. The open set Dy C R} can be exhausted by a sequence of compact sets
Ef, k € N, contained in N, each of which is the union of a finite number of
intervals in R} (in this connection, see the beginning of the proof of Lemma
1 in Sect. 11.5). Since ¢ : D; — D, is a diffeomorphism, the exhaustion
E% of D, where E¥ = p(EF), corresponds to the exhaustion {EF} of D.
Here the sets E* = (Ef) are measurable compact sets in D, (measurability
follows from Lemma 1 of Sect. 11.5). By Proposition 1 of Sect. 11.5 we can
write

[ 1@ = [ (ooladhma.
Ek E}

The left-hand side of this equality has a limit by hypothesis as k — oc.
Hence the right-hand side also has the same Limit. [

Remark 3. By the reasoning just given we have verified that the integral on
the right-hand side of the last equality has the same limit for any exhaustion
D; of the given special type. It is this proven part of the theorem that we shall
be using. But formally, to complete the proof of the theorem in accordance
with Definition 2 it is necessary to verify that this limit exists for every
exhaustion of the domain D;. We leave this (not entirely elementary) proof
to the reader as an excellent exercise. We remark only that one can already
deduce the convergence of the improper integral of |f o ¢||det ¢/| over the
set Dy (see Problem 7).

Theorem 2. Lety: Dy — D, be a mapping of the open sets D, and D,.. As-
sume that there are subsets S; and Sy of measure zero contained in Dy and D,
respectively such that D¢\ Sy and D\ S, are open sets and  is a diffeomor-
phism of the former onto the lalter. Under these hypotheses, if the improper

integral | f(x)dz converges, then the integral [ ((foi)|det ¢'|)(¢) dt also
Dz Dl‘-\84
converges to the same value. If in addition | det | is defined and bounded on
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compact subsets of Dy, then (f o p)|det /| is improperly integrable over the
set D;, and the following eguality holds:

ff(m)d:v= f ((f 0 )| det.¢¢|) (2) dt .
D

D\ S,

Proof. The assertion is a direct corollary of Theorem 1 and Theorem 2 of
Sect. 11.5, provided we take account of the fact that when finding an improper
integral over an open set one may restrict consideration to exhaustions that
consist of measurable compact sets (see Remark 3).

Erxample 5. Let us compute the integral [[ (ﬁ“ﬁ%ﬁ, which is an im-
a?+y2<l

proper integral when a > 0, since the integrand is unbounded in that case in

a neighborhood of the disk z° + y? = 1.

Passing to polar coordinates, we obtain from Theorem 2

J| == ] a=

T2 4y2<1 0<p<2n
0<r<l

For a > 0 this last integral is also improper, but, since the integrand is
nonnegative, it can be computed as the limit over the special exhaustion of
the rectangle I = {(r,) € R%|0 < p < 2r A0 < r < 1} by the rectangles
In={(rip) e RO < p <27rA0 <7 <1—=} n € N Using Fubini’s
theorem, we find that

-

rdrd:p rdr T
ff (l-—i"‘2 ﬂ-}mfdtp/ (1—?'2)“_1—&'
rii;“ ’

By the same considerations, one can deduce that the original integral
diverges for @ > 1.

Brample 6. Let us show that the integral . j; f|>1 lﬁﬂ% converges only
under the condition % o E < 1.

Proof. In view of the obvious symmetry it suffices to consider the integral
only over the domain D in whichz >0,y >0 and z +y > 1.

It is clear that the simultaneous conditions p > 0 and g > 0 are necessary
for the integral to converge. Indeed, if p < 0 for example, we would obtain the
following estimate for the integral over the rectangle I4 = {(z,7) € R?|1 <
z < AAN0 < y < 1} alone, which is contained in D:

A 1 A 1
dz dy f / dy f dy dy
do| Vo> [do = =1y f o,
./f Jzf? + [y]e /o Iﬂili"%-lqu_]l J 1+ |y)e ( )u 1+ |yle
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which shows that as A — oo, this integral increases without bound. Thus
from now on we may assume that p > 0 and ¢ > 0.

The integrand has no singularities in the bounded portion of the domain
D, so that studying the convergence of this integral is equivalent to studying
the convergence of the integral of the same function over, for example, the
portion G of the domain DD where 2P 4 y? > a > 0. The number a can be
assumed sufficiently large that the curve zP + y¢ = ¢ lies in D for z > 0 and
y > 0.

Passing to generalized curvilinear coordinates ¢ using the formulas

z=(r cos2tp)lfp . y= (frsin2 q‘:,)Im ’
by Theorem 2 we obtain

dz dy f] R b i
P sine drdy.
é/ e+ Jyl? ~ g R o) drdp

D<p<nf2
axXr<oco

Using the exhaustion of the domain {(r, ¢) €R?|0 < ¢ < 7/2Ma < T < 00}
by intervals I;4 = {(r,p) ER}|0 < e < p < n/2—eAha <r £ A} and
applying Fubini’s theorem, we obtain

/f rpta=2 cost :pshé‘lgo) drdy =

DL < /2
a<r<oo

wf2—e A
, 2.7 . B . L
= lim cos? Y psint lpdp im [ rrte?dr.
e—0 A—oo
E a

Since p > 0 and g > 0, the first of these limits is necessarily finite and the
second is finite only when %+ % <1l O

11.6.4 Problems and Exercises

1. Give conditions on p and g under which the integral I i ad;f v@ con-
’ 0<|z]+lyl <L
verges.

2. a) Does the limit [lim f cosz” dz exist?

—}OC!D

b) Does the integral [ cosz®dz converge in the sense of Definition 27
Rl
¢) By verifying that

_} f/sm(z +y’)dzdy ==

|z|<n
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lim ff sin(z® +y*)dzdy =0

=00
224 y2<2%n

verify that the integral of sin(z? + y*) over the plane R? diverges.

111
2 dx Jdydx
3. a) Compute the integral af b[ bf Spducr.

b) Onc must be careful when applying Fubini’s theorem to improper integrals
(but of course one must also be careful when applying it to proper integrals). Show

that the integral  [[ [—;2%7%5 dz dy diverges, while both of the iterated integrals

221, y21
fda:f —:%E‘%gdy and fdyf —:%%qdm converge.
1
c) Prove that if f E C(R2 R)and f > 01 in R?, then the existence of either of
the iterated integrals f dz f f(=z,y)dy and f dy f f(z,y) dz implies that the

—o0 — O -0 —Q

integral [[ f(z,y)dz dy converges to the value of the iterated integral in question.
m2

4. Show that if f € C(R,R), then

lin th2+ 3 /(@) dz = £(0).

5. Let D be a bounded domain in R" with a smooth boundary and S a smooth
k-dimensional surface contained in the boundary of D. Show that if the function
f € C(D,R) admits the estimate |f] < wz—%=s, Where d = d(5, z) is the distance
from z € D to § and € > 0, then the integral of f over D converges.

6. As s supplement to Remark 1 show that it remains valid even if the set F is not
assumed to be measurable.

7. Let D be an open set in R™ and let the function f : D — R be integrable over
any measurable compact set contained in D.

a) Show that if the improper integral of the function |f| over D diverges, then
there exists an exhaustion { £, } of D such that each set En is an elementary compact
set, consisting of a finite number of n-dimensional intervals and [[ |f|(z) dz — +o0

n

as n — o0,

b) Verify that if the integral of f over a set converges while the integral of |f|
diverges, then the integrals of fi = 2(|f| + f) and f. = (|f| ~ f) over the set
both diverge.

c) Show that the exhaustion {£,} obtained in a) can be distributed in such a
way that [  fi(z)dz > f |f|(z)dz for all n € N.

En-]-l \En

d) Using lower Darboux sums, show that if [ fi(z)dz > A, then there exists
E

an elementary compact set F' C FE consisting of a finite number of intervals such
that [ f(z)dz > A.
F
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e) Deduce from c) and d) that there exists an elementary compact set F C
Ent1\ En for which [ f(z)dz > [ |f|(z)dz +n.
Py En

f) Show using e) that the sets G, = F,. N [, are elementary compact sets (that
is, they consist of a finite number of intervals) contained in D that, taken together,

constitute an exhaustion of D, and for which the relation [ f(z)dz — +oo as
Ga
n — oo holds.

Thus, if the integral of |f| diverges, then the integral of f (in the sense of
Definition 2) also diverges.

8. Carry out the proof of Theorem 2 in detail.

9. We recall that if z = (z*,...,2") and € = (¢%,...,£7), then {(z,£) = 2’¢* +
~oo 4 g"E™ is the standard inner product in B™. Let A = (e:;) be a symmetric
n X n matrix of complex numbers. We denote by Re A the matrix with elements

Rea;;. Writing Re A > 0 (resp. Re A > 0) means that {(ReA)z,z) > 0 (resp.
{(Re A)z, z) > 0) for every z € R™, z # 0.

a) Show that if Re A > 0, then for A > 0 and £ € R™ we have
A ¢
fexp (—- -Q-{Aw, z) —3{:1',5)) dz =
Rﬂ

n/2
_(2n ~1/2 Ly
= ( A) (det A) exp( 5% (A E,E}) ;
Here the branch of vdet A is chosen as follows:

(det A)~'/2 = | det A]™*/* exp (ﬁ {Ind A) ,

1 T
Ind A= EZarg.uj (4), Jargpi(4)| <

i=1

e

where p;(A) are the eigenvalues of A.

b) Let A be a real-valued symmetric nondegenerate (n X n) matrix. Then for
£ cR™ and A > 0 we have

lE[cﬁ:}-:p (z% (Az, z) — i(;,g}) dz =

n/2 .
= & W2 ayp (= 2 (4™ =
= (3) " der A ey (- Eta760) ) exp (Fsgna)
Here sgn A is the signature of the matrix, that is,
sgn A = vy (A) — v_(A),

where v, (A) is the number of positive eigenvalutes of A and v_(A) the number of
negative eigenvalues.



12 Surfaces and Differential Forms in R"

In this chapter we discuss the concepts of surface, boundary of a surface, and
consistent orientation of a surface and its boundary; we derive a formula for
computing the area of a surface lying in R™; and we give some elementary
information on differential forms. Mastery of these concepts is very impor-
tant in working with line and surface integrals, to which the next chapter is
devoted.

12.1 Surfaces in R™

The standard model for a k-dimensional surface is RB*.

Definition 1. A surface of dimension k (or k-dimensional surface or k-
dimensional manifold) in R™ is a subset S C R™ each point of which has
a neighborhood® in S homeomorphic? to R¥.

Definition 2. The mapping ¢ : R¥ — U C S provided by the homeomor-
phism referred to in the definition of a surface is called a chart or a local
chart of the surface S, R¥ is called the perameter domain, and U is the range
or domain of action of the chart on the surface S.

A local chart introduces curvilinear coordinates in IJ by assigning to the
point x = p(t) € U the set of numbers ¢ = (t1,...,t¥) € R*. It is clear from
the definition that the set of objects S described by the definition does not
change if R is replaced in it by any topological space homeomorphic to R¥.
Most often the standard parameter region for local charts is assumed to be
an open cube I*¥ or an open ball B¥ in R¥. But this makes no substantial
difference.

! As before, a neighborhood of a peint z € § ¢ R™ in & is a set Us(z) = SNU(z),
where U(z) is a neighborhood of z in R". Since we shall be discussing only
neighborhoods of a point on a surface in what follows, we shall simplify the
notation where no confusion can arise by writing U or U(z) instead of Ug(z).

2 On § ¢ R™ and hence also on U C S there is a unique metric induced from R™,
so that one can speak of a topological mapping of U intoc R™.
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To carry out certain analogies and in order to make a number of the
following constructions easier to visualize, we shall as a rule take a cube I¥
as the canonical parameter domain for local charts on a surface. Thus a chart

prF5UCS (12.1)

gives a local parametric equation x = p(t) for the surface S C R", and the k-
dimensional surface itself thus has the local structure of a deformed standard
k-dimensional interval I* c R™.

The parametric definition of a surface is especially important for com-
putational purposes, as will become clear below. Sometimes one can define
the entire surface by a single chart. Such a surface is usually called elemen-
tary. For example, the graph of a continuous function f : I* — R in R¥ g
an elementary surface. However, elementary surfaces are more the exception
than the rule. For example, our ordinary two-dimensional terrestrial sphere
cannot be defined by only one chart. An atlas of the surface of the Earth
must contain at least two charts (see Problem 3 at the end of this section).

In accordance with this analogy we adopt the following definition.

Definition 3. A set A(S) := {y; : IF — Ui, i € N} of local charts of a
surface S whose domains of action together cover the entire surface (that is,
§ =) is called an atlas of the surface 5. -

The union of two atlases of the same surface is obviously also an atlas of
the surface. :

If no restrictions are imposed on the mappings (12.1), the local
parametrizations of the surface, except that they must be homeomorphisms,
the surface may be situated very strangely in R™. For example, it can happen
that a surface homeomorphic to a two-dimensional sphere, that is, a topolog-
ical sphere, is contained in R?, but the region it bounds is not homeomorphic
to a ball (the so-called Alezander horned sphere).®

To eliminate such complications, which have nothing to do with the ques-
tions considered in analysis, we defined a smooth k-dimensional surface in
R™ in Sect. 8.7 to be a set S € R™ such that for each zg € S there exists
a neighborhood U(xg) in R™ and a diffeomorphism 1 : U(zg) = I" = {{ €
R™||t| < 1,i=1,...,n} under whic.h the set Ug(zq) := SNU(zg) maps into
the cube I"‘ I“n{teR"|r’°+1 - =" = 0}.

It is clear that a surface that is smooth in this sense is a surface in
the sense of Definition 1, since the mappings z = %~ (¢%,...,t5,0,...,0) =
@(t!,...,t*) obviously define a local parametrization of the surface. The con-
verse, as follows from the example of the horned sphere mentioned above, is
generally not true, if the mappings ¢ are merecly homeomorphisms. However,

% An example of the surface described here was constructed by the American
topologist J.W. Alexander (1888-1977).
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if the mappings (12.1) are sufficiently regular, the concept of a surface is
actually the same in both the old and new definitions.

In essence this has already been shown by Example 8 in Sect. 8.7, but
considering the importance of the question, we give a precise statement of
the assertion and recall how the answer is obtained.

Proposition. If the mapping (12.1) belongs to class C(”(I ¥ R") and has
mazimal rank ot each point of the cube I*, there exists @ number € > 0
and a diffeomorphism . : I'™ — R™ of the cube I? := {t € B"|[t}| < &;,

i=1,...,n} of dimension n in R" such that ‘P‘kag = ""Sl.rkmg'

In other words, it is asserted that under these hypotheses the mappings
(12.1) are locally the restrictions of diffeomorphisms of the full-dimensional
cubes I” to the k-dimensional cubes I¥ = I* N I7.

Proof. Suppose for definiteness that the first & of the n coordinate functions
¢ = ga_"(tl,...,t""), i =1,...,n, of the mapping £ = ¢(t) are such that
det (%‘:—J‘-)(O) #0,4,5 =1,...,k Then by the implicit function theorem the
relations

> 2l = Ql(t,..., 1),

------------------------

N

........................

\ B = P e a1

¢ t1=f1(ml,--.f$k),
< ol i
e+ _fk 1(9:1, T )1
L ik =fn($1: ’mk)

In this case the mapping
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3 tlzfl(.'c],...,wk),

oooooooooooooooooooo

oooooooooooooooooooooooooooooooo

. (% =% = f(al,. ... 2)

is a diffeomorphism of a full-dimensional neighborhood of the point z5 € R™.
As ¢, we can now take the restriction to some cube I of the diffeomorphism
inverse to it. O

By a change of scale, of course, one can arrange to have £ = 1 and a unit
cube /7 in the last diffeomorphism.

Thus we have shown that for a smooth surface in R™ one can adopt the
following definition, which is equivalent to the previous one.

Definition 4. The k-dimensional surface in R™ introduced by Definition 1
is smooth (of class C(™), m > 1) if it has an atlas whose local charts are
smooth mappings (of class C('m), m > 1) and have rank k at each point of
their domains of definition.

We remark that the condition on the rank of the mappings (12.1) is es-
sential. For example, the analytic mapping R 3 t + (z',2?) € R? defined by
z' = t2, 22 = ¢® defines a curve in the plane R? having a cusp at (0,0). It is
clear that this curve is not a smooth one-dimensional surface in R?, since the
latter must have a tangent (a one-dimensional tangent plane) at each point.*

Thus, in particular one should not conflate the concept of a smooth path
of class C™) and the concept of a smooth curve of class C™),

In analysis, as a rule, we deal with rather sinooth parametrizations (12.1)
of rank k. We have verified that in this case Definition 4 adopted here for a
smooth surface agrees with the one considered earlier in Sect. 8.7. However,
while the previous definition was intuitive and eliminated certain unnecessary
complications immediately, the well-known advantage of Definition 4 of a
surface, in accordance with Definition 1, is that it can easily be extended to
the definition of an abstract manifold, not necessarily embedded in IR™. For
the time being, however, we shall be interested only in surfaces in R™,

Let us consider some examples of such surfaces.

Example 1. We recall that if F* ¢ Ct™)(R™,R), i = 1,...,n — k, is a set of
smooth functions such that the system of equations

% For the tangent plane see Sect. 8.7.
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1(n1 e ok
r Flzl,...,zk, 2% . a?) =0,

e (12.2)

\ FrR(gl xR gkl ™) =0

) v ®

has rank n — k at each point in the set S of its solutions, then either this
system has no solutions at all or the set of its solutions forms a k-dimensional
C{m)_smooth surface S in R™.

Proof. We shall verify that if S # @&, then S does indeed satisfy Definition
4. This follows from the implicit function theorem, which says that in some
neighborhood of each point zg € S the system (12.2) is equivalent, up to a
relabeling of the variables, to a system

. ; :L.A-.+1 =fk+1(:1:1,...,.’zk),

S mnzfn(wl"”,mk)

where e L, € O™, By writing this last system as

¢ ! = # .
< ¢ = ¢k,
$k+l == fk_'_l (tlr stk) 3
¢ @ = ),

we arrive at a parametric equation for the neighborhood of the point zg € S
on S. By an additional transformation one can obviously turn the domain
into a canonical domain, for example, into I*¥ and obtain a standard local
chart (12.1). O

Fzample 2. In particular, the sphere defined in R” by the equation
()2 4+ @&™)? =72 (r>0) (12.3)

is an (n — 1)-dimensional smooth surface in R™ since the set S of solutions
of Eq. (12.3) is obviously nonempty and the gradient of the left-hand side of
(12.3) is nonzero at each point of S.
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When n = 2, we obtain the circle in R? given by
(ml)z + (:L‘2)2 — ?,2 .

which can easily be parametrized locally by the polar angle & using the polar

coordinates
! = rcos@,

22 = rsin@ .

For fixed r > 0 the mapping 8 + (z*,22)(6) is a diffeomorphism on every
interval of the form 8y < @ < @y + 27, and two charts (for example, those
corresponding to values 8y = 0 and 6y = —) suffice to produce an atlas of
the circle. We could not get by with one canonical chart {(12.1) here because a
circle is compact, in contrast to R? or I' = B!, and compactness is invariant
under topological mappings.

Polar (spherical) coordinates can also be used to parametrize the two-
dimensional sphere

(ml)z =2 ($2)2 I (3:3)2 — T2
in R®. Denoting by % the angle between the direction of the vector (z!, 22, z3)
and the positive z2-axis (that is, 0 < ¢ < w) and by ¢ the polar angle of the
projection of the radius-vector (z',z2,z?) onto the (z*,z2)-plane, we obtain

T = rcosy ,
z? = rsinysing,
2! = rsinycosy.
In general polar coordinates (r, fy,...,0,-1) in R™ are introduced via the
relations
r ! = rcosf;,
z2 = rsiné; cosfy,
& cumseeees & SRR ERTEEY I ST NEs RS (12.4)
" ! = psinfysinfy-... -sinf,-2cosf,_, ,
- in@ sinfy-...-sind in g
L " = rsinf;sinfy-...-5in0,-;8inf,_, .

- We recall the Jacobian
J=r""15in""29,sin" 30y -... sinf,_s (12.5)

for the transition (12.4) from polar coordinates (r,0i,...,6n_1) to Cartesian
coordinates (z',...,z™) in R™. It is clear from the expression for the Jaco-
bian that it is nongzero if, for example, 0 < §; < 7, 7 = 1,...,n — 2, and
7 > 0. Hence, even without invoking the simple geometric meaning of the
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parameters 1,...,0,_1, one can guarantee that for a fixed v > 0 the map-
ping (8y,...,6,—1) — (2*,...,2"), being the restriction of a local diffeomor-
phism (r,01,...,0a-1) = (z',...,2™) is itself a local diffeomorphism. But
the sphere is homogeneous under the group of orthogonal transformations of
R*, so that the possibility of constructing a local chart for a neighborhood
of any point of the sphere now follows.

Example 3. The cylinder
(@2 4+ (@) =12 (r>0),

for k < n is an (n — 1)-dimensional surface in R™ that is the direct product
of the (k — 1)-dimensional sphere in the plane of the variables (z!,...,z%)
and the (n'— k)-dimensional plane of the variables (z**+1,... z™).

A local parametrization of this surface can obviously be obtained if we
take the first £ — 1 of the n — 1 parameters (¢!,...,t"!) to be the polar
coordinates 81,...,0_; of a point of the (k¥ — 1)-dimensional sphere in R*
and set t¥, ..., 1" ! equal to z*t1,..., ™ respectively.

Exzample 4. If we take a curve (a one-dimensional surface) in the plane z =0
of R? endowed with Cartesian coordinates (z,y, z), and the curve does not
intersect the z-axis, we can rotate the curve about the z-axis and obtain a
2-dimensional surface. The local coordinates can be taken as the local coor-
dinates of the original curve (the meridian) and, for example, the angle of
revolution (a local coordinate on a parallel of latitude).

In particular, if the original curve is a circle of radius ¢ with center at
(5,0,0), for a < b we obtain the two-dimensional torus (Fig. 12.1). Its para-
metric equation can be represented in the form

(xz = (b+acosy)cosyp ,

¢ y=(b+ acosy)sing

\ z = asiny ,

where ¢/ is the angular parameter on the original circle — the meridian — and
¢ is the angle parameter on a parallel of latitude.

It is customary to refer to any surface homeomorphic to the torus of
revolution just constructed as a torus (more precisely, a two-dimensional
torus). As one can see, a two-dimensional torus is the direct product of two
circles. Since a circle can be obtained from a closed interval by gluing together
(identifying) its endpoints, a torus can be obtained from the direct product of
two closed intervals (that is, a rectangle) by gluing the opposite sides together
at corresponding points (Fig. 12.2).

In essence, we have already made use of this device earlier when we estab-
lished that the configuration space of a double pendulum is a two-dimensional
torus, and that a path on the torus corresponds to a motion of the pendulum.
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Example 5. If a flexible ribbon (rectangle) is glued along the arrows shown
in Fig. 12.3,a, one can obtain an annulus (Fig. 12.3,c) or a cylindrical surface
(Fig. 12.3,b), which are the same from a topological point of view. (These
two surfaces are homeomorphic.) But if the ribbon is glued together along
the arrows shown in Fig. 12.4a, we obtain a surface in R® (Fig. 12.4,b) called
a Mobius band.®

Local coordinates on this surface can be naturally introduced using the
coordinates on the plane in which the original rectangle lies.

Vd Y ,.r “"\
_________ 7 \
\ / = \
~ -~ i / *
I \ .-----—"'_|
\ ~_7
\ {
_________ b J
\‘ ,f \\- .’,"
a b. ¢
Fig. 12.3.

. — —— g - — -

Example 6. Comparing the results of Examples 4 and 5 in accordance
with the natural analogy, one can now prescribe how to glue a rectangle
(Fig. 12.5,a) that combines elements of the torus and elements of the Mobius
band. But, just as it was necessary to go outside R? in order to glue the

> A.F. M&blus (1790-1868) -~ German mathematician and astronomer.
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G

Fig. 12.5,

Mogbius band without tearing or self-intersections, the gluing prescribed here
cannot be carried out in R*®, However, this can be done in R?, resulting in
a surface in R? usually called the Klein boitle.® An attempt to depict this
surface has been undertaken in Fig. 12.5,b.

This last example gives some idea of how a surface can be intrinsically
described more easily than the same surface lying in a particular space R™.
Moreover, many important surfaces (of different dimensions) originally arise
not as subsets of R™, but, for example, as the phase spaces of mechanical
systems or the geometric image of continuous transformation groups of auto-
morphisms, as the quotient spaces with respect to groups of automorphisms
of the original space, and so on, and so forth. We confine ourselves for the
time being to these introductory remarks, waiting to make them more pre-
cise until Chapter 15, where we shall give a general definition of a surface
not necessarily lying in R™, But already at this point, before the definition
has even been given, we note that by a well-known theorem of Whitney” any
k-dimensional surface can be mapped homeomorphically onto a surface lying
in R?**!, Hence in considering surfaces in R™ we really lose nothing from
the point of view of topological variety and classification. These questions,
however, are somewhat off the topic of our modest requirements in geometry.

® F.Ch. Klein (1849-1925) — outstanding German mathematician, the first to make
a rigorous investigation of non-Euclidean geometry. An expert in the history of
mathematics and one of the organizers of the “Encyclopédie der mathematischen
Wissenschaften,”

? H. Whitney (1907-1989) — American topologist, one of the founders of the theory
of fiber bundles,
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12.1,1 Problems and Exercises

1. For each of the sets Iy given by the conditions

Es = {(z,y) € R?|z* —y* = a},

Ea = {(z,y,2) € R’|z® =y = a},

Ba = {(z,p,2) €ER’|z" + 3" — 2" = a} ,
Fa={2€C||#—1|=0a},

]

depending on the value of the parameter a € R, determine
a} whether E, is a surface;
b) if so, what the dimension of E4 is;
¢) whether FE. is connected.

2. Let f :R™ - R™ be a smooth mapping satisfying the condition f o f = f.

a} Show that the set f(R") is a smooth surface in R™.

b) By what property of the mapping f is the dimension of this surface deter-
mined?
3. Let ep,€1,...,6, be an orthonormal basis in the Euclidean space R®*!, let
2 =z ep+z €1+ -+ I €n, let {z} be the point (z°,z?,.. .,z");and let ey,..., €

be a basis in R™ C R™*!,
The formulas

z — e

0
— T €q
Wi 1—2z0

i
for z# ey, 2= T30 for z # —ep

define the stereographic projections
$1:5" \{eo} »R", 9:8%\ {—e} 2 R"

from the points {ep} and {—eo} respectively.

&) Determine the geometric meaning of these mappings.

b) Verify that if ¢ € R" and ¢ # 0, then (2 0 7' )(t) = 7, where 97 =
(TrblISn\{cn})ﬁl'

c) Show that the two charts ¥ = ¢ : R™ gn \{eo} and 5 = 2 : R™ —
S™\ {—eo} form an atlas of the sphere 8™ C R"*!,

d) Prove that every atlas of the sphere must have at least two charts,

12.2 Orientation of a Surface

We recall first of all that the transition from one frame e;,...,e, in R® to a
second fraine €;,...,€, is effected by means of the square matrix obtained
from the expansions €; = a;-e,-. The determinant of this matrix is always
nonzero, and the set of all frames divides into two equivalence classes, each
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class containing all possible frames such that for any two of them the de-
terminant of the transition matrix is positive. Such equivalence classes are
called orientation classes of frames in R™.

To define an orientation means to fix one of these orientation classes. Thus,
the oriented space R" is the space R itself together with a fixed orientation
class of frames. To specify the orientation class it suffices to exhibit any of
the frames in it, so that one can also say that the oriented space R™ is R™
together with a fixed framne in it.

A frame in R" generates a coordinate system in R™, and the transition
from one such coordinate system to another is effected by the matrix (al)
that is the transpose of the matrix (a}) that connects the two frames. Since
the determinants of these two matrices are the same, everything that was said
above about orientation can be repeated on the level of orientation classes
of eoordinate systems in R", placing in one class all the coordinate systems
such that the transition matrix between any two systems in the same class
has a positive Jacobian.

Both of these essentially identical approaches to describing the concept
of an orientation in R™ will also manifest themselves in describing the orien-
tation of a surface, to which we now turn.

We recall, however, another connection between coordinates and frames
in the case of curvilinear coordinate systems, a connection that will be useful
in what is to follow.

Let G and D be diffeomorphic domains lying in two copies of the space
R™ endowed with Cartesian coordinates (z?,...,2") and (¢!,...,t") respec-
tively. A diffeomorphism ¢ : D — G can be regarded as the introduction of
curvilinear coordinates (t!,...,¢") into the domain G via the rule z = (t),
that is, the point € G is endowed with the Cartesian coordinates (t,...,t")
of the point ¢t = ¢~ *(z) € D. If we consider a frame ey,...,e, of the tan-
gent space TR} at each point ¢ € D composed of the unit vectors along the
coordinate directions, a field of frames arises in D, which can be regarded as
the translations of the orthogonal frame of the original space R™ containing
D, parallel to itself, to the points of D. Since ¢ : D — G is a diffeomor-
phism, the mapping ¢'(t) : TDy — TG —,(s) of tangent spaces effected by
the rule TD; 3 e = ¢'(t)e = £ € TG,, is an isomorphism of the tangent
spaces at each point {. Hence from the frame e;,...,e, in TD; we obtain a
frame &1 = ¢'(t)es,..., £, = ¢'(t)en in TG, and the field of frames on D
transforms into a field of frames on G (see Fig. 12.6). Since ¢ € CU)(D, G),
the vector field £(z) = &(p(t)) = ¢(t)e(t) is continuous in G if the vector
field e(t) is continuous in D. Thus every continuous field of frames (con-
sisting of n continuous vector fields) transforms under a diffeomorphism to
a continuous field of frames. Now let us consider a pair of diffeomorphisms
@i » D; = G, i =1,2, which introduce two systems of curvilinear coordinates
(t1-..,17) and (t,...,t}) into the same domain G. The mutually inverse
diffeomorphisms @5 0 @ : Dy — Dy and {}01—1 oo : Dy — Dy provide
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Fig. 12.6.

mutual transitions between these coordinate systems. The Jacobians of these
mappings at corresponding points of D, and Dy are mutually inverse to each
other and consequently have the same sign. If the domain G (and together
with it D; and Ds) is connected, then by the continuity and nonvanishing of
the Jacobians under consideration, they have the same sign at all points of
the domains )y and D, respectively.

Hence the set of all curvilinear coordinate systems introduced in a con-
nected domain G by this method divide into exactly two equivalence classes
when each class is assigned systems whose mutual transitions are effected
with a positive Jacobian. Such equivalence classes are called the orientation
classes of curvilinear coordinate systems in G.

To define an orientation in G means by definition to fix an orientation
class of its curvilinear coordinate systems.

It is not difficult to verify that curvilinear coordinate systems belonging
to the same orientation class generate continuous fields of frames in G (as
described above) that are in the same orientation class of the tangent space
TG, at each point x € G. It can be shown in general that, if G is connected,
the continuous fields of frames on G divide into exactly two equivalence classes
if each class is assigned the fields whose frames belong to the same orientation
class of frames of the space TG, at each point z € G (in this connection, see
Problems 3 and 4 at the end of this section).

Thus the same orientation of a domain G can be defined in two com-
pletely equivalent ways: by exhibiting a curvilinear coordinate system in G,
or by defining any continuous field of frames in G, all belonging to the same
orientation class as the field of frames generated by this coordinate system.

It is now clear that the orientation of a connected domain G is completely
determined if a frame that orients TG, is prescribed at even one point z € G.
This circumstance is widely used in practice. If such an orienting frame is
defined at some point zg € G, and a curvilinear coordinate system ¢ : D - G
is taken in G, then after constructing the frame induced by this coordinate
system in T'G.,, we compare it with the orienting frame in TG.. If the
two frames both belong to the same orientation class of TG, we regard the
curvilinear coordinates as defining the same orientation on G as the orienting
frame. Otherwise, we regard them as defining the opposite orientation.
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If G is an open set, not necessarily connected, since what has just been
said is applicable to any connected component of G, it is necessary to define
an orienting frame in each component of G in order to orient G. Hence, if
there are m components, the set G admits 2™ different orientations.

What has just been said about the orientation of a domain G C R®
can be repeated verbatim if instead of the domain G we consider a smooth
k-dimensional surface S in R™ defined by a single chart (see Fig. 12.7). In
this case the curvilinear coordinate systems on S also divide naturally into
two orientation classes in accordance with the sign of the Jacobian of their
mutual transition transformations; fields of frames also arise on S; and the
orientation can also be defined by an orienting frame in some tangent plane

TS, to S.
75

Ik

Fig. 12.7.

The only new element that arises here and requires verification is the
implicitly occurring proposition that follows.

Proposition 1. The mutual transitions from one curvilinear coordinale sys-
tem to another on a smooth surface S C R™ are diffeomorphisms of the same
degree of smoothness as the charts of the surface.

Proof. In fact, by the proposition in Sect. 12.1, we can regard any chart
I* - U ¢ S locally as the restriction to I* N O(t) of a diffeomorphism
F 1 O(t) =» O(x) from some n-dimensional neighborhood O(t) of the point
t € I¥ C R™ to an n-dimensional neighborhood O(z) of z € S C R",
F being of the same degree of smoothness as . If now ¢1 : IF - U;
and ¢y : I¥ — U, are two such charts, then the action of the mapping
3" o ¢ (the transition from the first coordinate system to the second)
which arises in the common domain of action can be represented locally
as gy o (..., %) = Fl o F(#,...,t5,0,...,0), where F; and F; are
the corresponding diffeomorphisms of the n-dimensional neighborhoods. O
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We have studied all the essential components of the concept of an orien-
tation of a surface using the example of an elementary surface defined by a
single chart. We now finish up this business with the final definitions relating
to the case of an arbitrary smooth surface in R™.

Let S be a smooth k-dimensional surface in R®, and let @; : IF — U;,
@; : I¥ — Uj be two local charts of the surface S whose domains of action
intersect, that is, U; NU; # @. Then between the sets If‘j = ¢;(U;) and
I _,f; = gagl(U.;), as was just proved, there are natural mutually inverse diffeo-
morphisms ¢;; Ifj — I ;‘5 and ¢;; : ;": - I%-’; that realize the transition from
one local curvilinear coordinate system on S to the other.

Definition 1. Two local charts of a surface are consistent if their domains of
action either do not intersect, or have a nonempty intersection for which the
mutual transitions are effected by diffeomorphisms with positive Jacobian in
their common domain of action.

Definition 2. An atlas of a surface is an orienting atlas of the surface if it
consists of pairwise consistent charts.

Definition 3. A surface is orientable if it has an orienting atlas. Otherwise
it is nonorientable.

In contrast to domains of B or elementary surfaces defined by a single
chart, an arbitrary surface may turn out to be nonorientable.

FEzample 1. The Mobius band, as one can verify (see Problems 2 and 3 af
the end of this section), is a nonorientable surface.

Ezample 2. The Klein bottle is also a nonorientable surface, since it; contains
a Mobius band. This last fact can be seen immediately from the construction
of the Klein bottle shown in Fig. 12.5.

Erample 3. A circle and in general a k-dimensional sphere are orientable,
as can be proved by exhibiting directly an atlas of the sphere consisting of
consistent charts (see Example 2 of Sect. 12.1).

Ezample 4. The two-dimensional torus studied in Example 4 of Sect. 12.1
is also an orientable surface. Indeed, using the parametric equations of the
torus exhibited in Example 4 of Sect. 12.1, one can easily exhibit an orienting
atlas for it.

We shall not go into detail, since a more visualizable method of controlling
the orientability of sufficiently simple surfaces will be exhibited below, making
it easy to verify the assertions in Examples 14.

The formal description of the concept of orientation of a surface will be
finished if we add Definitions 4 and 5 below to Definitions 1, 2, and 3.
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Two orienting atlases of a surface are equivalent if their union is also an
orienting atlas of the surface.

This relation is indeed an equivalence relation between orienting atlases
of an orientable surface.

Definition 4. An equivalence class of orienting atlases of a surface under
this relation is called an orientation class of atlases or simply an orientation
of the surface.

Definition 5. An oriented surface is a surface with a fixed orientation class
of atlases (that is, a fixed orientation of the surface).

Thus orienting a surface meaus exhibiting a particular orientation class
of orienting atlases of the surface by some means or other.

Some special manifestations of the following proposition are already fa-
miliar to us.

Proposition 2. There ezist precisely two orientations on a connected ori-
entable surface.

They are usually called opposite orientations.

The proof of Proposition 2 will be given in Subsect. 15.2.3.

If an orientable surface is connected, an orientation of it can be defined
by specifying any local chart of the surface or an orienting frame in any of
its tangent planes. This fact is widely used in practice.

When a surface has more than one connected component, such a local
chart or frame is naturally to be exhibited in each component.

The following way of defining an orientation of a surface embedded in a
space that already carries an orientation is widely used in practice. Let S be
an orientable (n — 1)-dimensional surface embedded in the Euclidean space
R"™ with a fixed orienting frame ey,...,e, in R". Let TS, be the (n — 1)-
dimensional plane tangent to S at z € S, and n the vector orthogonal to
TSz, that is, the vector normal to the surface S at z. If we agree that for
the given vector n the frame £,,...,£,_; is to be chosen in T'S, so that the
frames (e;,...,e,) and (n,£,,...,€,_,) = (€1,...,8,) belong to the same
orientation class on R™, then, as one can easily see, such frames (€,,...,£,,) of
the plane T'S, will themselves all turn out to belong to the same orientation
class for this plane. Hence in this case defining an orientation class for T'S,
and along with it an orientation on a connected orientable surface can be
done by defining the normal vector n (Fig. 12.8).

It is not difficult to verify (see Problem 4) that the orientability of an
(n — 1)-dimensional surface embedded in the Euclidean space R" is equiva-
lent to the existence of a continuous field of nonzero normal vectors on the
surface.

Hence, in particular, the orientability of the sphere and the torus follow
obviously, as does the nonorientability of the Mébius band, as was stated in
Examples 1-4.
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In geometry the connected (n — 1)-dimensional surfaces in the Euclidean
space K™ on which there exists a (single-valued) continuous field of unit
normal vectors are called two-sided.

Thus, for exainple, a sphere, torus, or plane in R? is a two-sided surface,
in contrast to the M&bius band, which is a one-sided surface in this sense.

To finish our discussion of the concept of orientation of a surface, we make
several remarks on the practical use of this concept in analysis.

In the computations that are connected in analysis with oriented surfaces
in R™ one usually finds first some local parametrization of the surface S with-
out bothering about orientation. In some tangent plant T'S; to the surface
one then constructs a frame £, ...,&,_, consisting of (velocity) vectors tan-
gent to the coordinate Hnes of a chosen curvilinear coordinate system, that
is, the orienting frame induced by this coordinate system. _

If the space R™ has been oriented and an orientation of S has been defined
by a field of normal vectors, one chooses the vector n of the given field at the
point « and compares the frame n,£,;,...,£€,_; with the frame e,,...,e,
that orients the space. If these are in the same orientation class, the local
chart defines the required orientation of the surface in accordance with our
convention. If these two frames are inconsistent, the chosen chart defines
an orientation of the surface opposite to the one prescribed by the normal
n.

It is clear that when there is a local chart of an (n—1)-dimensional surface,
one can obtain a local chart of the required orientation (the one prescribed
by the fixed normal vector n to the two-sided hypersurface embedded in the
oriented space R™) by a simple change in the order of the coordinates.

In the one-dimensional case, in which a surface is a curve, the orientation
is more often defined by the tangent vector to the curve at some point; in
that case we often say the direction of motion along the curve rather than
“the orientation of the curve.”

If an orienting frame has been chosen in R? and a closed curve is given,
the positive direction of eircuilaround the domain D bounded by the curve
is taken to be the direction such that the frame n, v, where n is the exterior
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normal to the curve with respect to D and v is the velocity of the motion, is
consistent with the orienting frame in RZ.

This means, for example, that for the traditional frame drawn in the plane
a positive circuit is “counterclockwise”, in which the domain is always “on
the left”.

In this connectioh the orientation of the plane itself or of a portion of
the plane is often defined by giving the positive direction along some closed
curve, usually a circle, rather than a frame in R2.

Defining such a direction amounts to exhibiting the direction of shortest
rotation from the first vector in the frame until it coincides with the second,
which is equivalent to defining an orientation class of frames on the plane.

"

12.2.1 Problems and Exercises

1. Is the atlas of the sphere exhibited in Problem 3 ¢) of Sect. 12.1 an orienting
atlas of the sphere?

2. a) Using Example 4 of Sect. 12.1, exhibit an orienting atlas of the two-
dimensional torus.

b) Prove that there does not exist an orienting atlas for the Mébius band.

¢) Show that under & dlﬂeomorphlsm f : D — D an orientable surface S ¢ D
maps to an orientable surface § C D.

3. a) Verify that the curvilinear coordinate systems on a domain G C R"™ belong-
ing to the same orientation class generate continuous fields of frames in G that
determine frames of the same orientation class on the space T'G. at each point

T € G,

b) Show that in a connected domain G C R"™ the continuous fields of frames
divide into exactly two orientation classes.

¢) Use the example of the sphere to show that a smooth surface S ¢ B™ may

be orientable even those there is no continucus field of frames in the tangent spaces
to S.

d) Prove that on & connected orientable surface one can define exactly two
different orientations.

a) A subspace R""' has been fixed, & vector v € R" \ R™"" has been chosen,
a_long with two frames (§;,...,€,_;) and (EI, .,En_l) of the subspace R™™!
Verify that these frames belong to the same orientation class of frames of R~ 1
if and only if the frames (v,§;,...,&,_;) and (v, & ,En_l) define the same
orientation on R™.

b).Show that a smooth hypersurface S C R™ i3 orientable if and only if there
exists a continuous field of unit normal vectors to S. Hence, in particular, it follows
that a two-sided surface is orientable.

c) Show that if grad F' # 0, then the surface defined by F(z',...,z2™) =0 is
orientable (assuming that thec equation has solutions).
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d) Generalize the preceding result to the case of & surface defined by a system
of equations.

e) Explain why not every smooth two-dimensional surface in B* can be defined
by an equation F(z,y, z) = 0, where F is a smooth surface having no critical points
(a surface for which grad F' # 0 at all points).

12.3 The Boundary of a Surface and its Orientation

12.3.1 Surfaces with Boundary

Let R™ be a Euclidean space of dimension & endowed with Cartesian coordi-
nates t',...,t*. Consider the half-space H* := {t € R¥|t! < 0 of the space
R*. The hyperplane 8H* := {t € R¥|t! = 0} will be called the boundary of
the half-space H*.

We remark that the set H* := HF \ 8H¥, that is, the open part of H¥,
is an elementary k-dimensional surface. The half-space H* itself does not
formally satisfy the definition of a surface because of the presence of the
boundary points from @H*. The set H* is the standard model for surfaces
with boundary, which we shall now describe.

Definition 1. A set S C R™ is a (k-dimensional) surface with boundary if

every point z € S has a neighborhood U in S homemorphic either to R* or
to H*.

Definition 2. If a point z € U corresponds to a point of the boundary 8H*
under the homeomorphism of Definition 1, then z is called a boundary point
of the surface (with boundary) S and of its neighborhood U. The set of all
such boundary points is called the boundary of the surface S.

As a rule, the boundary of a surface S will be denoted 8S. We note that
for & = 1 the space 8H* consists of a single point. Hence, preserving the
relation 8H* = R*~1, we shall from now on take R to consist of a single
point and regard AR? as the empty set.

We recall that under a homeomorphisin ¢;; : G; = G; of the domain
G; C ¥ onto the domain G; C R* the interior points of G; map to interior
points of the image ¢;;(G;) (this a theorem of Brouwer). Consequently, the
concept of a boundary point of the surface is independent of the choice of the
local chart, that is, the concept is well defined.

Formally Definition 1 includes the case of the surface described in Defi-
nition 1 of Sect. 12.1. Comparing these definitions, we see that if S has no
boundary points, we return to our previous definition of a surface, which
can now be regarded as the definition of a surface without boundary. In this
connection we note that the term “surface with boundary” is normally used
when the set of boundary points is nonempty.
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The concept of a smooth surface S (of class C(™)) with boundary can be
introduced, as for surfaces without boundary, by requiring that S have an
atlas of charts of the given smoothness class. When doing this we assume that
for charts of the form ¢ : H* — U the partial derivatives of ¢ are computed
at points of the boundary H* only over the domain H* of definition of the
mapping ¢, that is, these derivatives are sometimes one-sided, and that the
Jacobian of the mapping ¢ is nonzero throughout H*.

Since R* can be mapped to the cube I'* = {t e R¥|[t}| < 1,i=1,...,k}
by a diﬂ'eOmorphism of class C(*) and in such a way that H* maps to the
portion I}, of the cube I* defined by the additional condition #! < 0, it is
clear that in the definition of a surface with boundary (even a smooth one)
we could have replaced R* by I* and H* by If; or by the cube I* with one
of its faces attached: I*~! == {t e R¥|¢! =1, |t”[ <1, 6= ..k}, which is
obviously a cube of dimension one less.

Taking account of this always-available freedom in the choice of canonical
local charts of a surface, comparing Definitions 1 and 2 and Definition 1 of
Sect. 12.1, we see that the following proposition holds.

Proposition 1. The boundary of a k-dimensional surface of class C'™) is
itself a surface of the same smoothness class, and is a surface without bound-
ary having dimension one less than the dimension of the original surface with
boundary.

Proof. Indeed, if A(S) = {(H*,¢;,U;)} U {(R ,tpj,Uj)} is an atlas for the
surface S with boundary, then A(8S) = {(R*, v;|,;7x_gs—1, 8Us)} is obvi-
ously an atlas of the same smoothness class for 3S. O

We now give some simple examples of surfaces with boundary.

Ezample 1. A closed n—dlmensmnal ball B" in R™ is an n-dimensional surface
with boundary. Its boundary BB is the (n — 1)-dimensional sphere (see
Figs. 12.8 and 12.9,a). The ball B, which is often called in analogy with
the two-dimensional case an n-dimensional disk, can be homeomorphically
mapped to half of an n-dimensional sphere whose boundary is the equatorial
(n — 1)-dimensional sphere (Fig. 12.9,b).
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Ezample 2. The closed cube I in R™ can be homeomorphically mapped to
the closed ball 5B along rays emanating from its center. Consequently I™,
like B" is an n-dimensional surface with boundary, which in this case 15
formed by the faces of the cube (Fig. 12.10). We note that on the edges,
which are the intersections of the faces, it is obvious that no mapping of the
cube onto the ball can be regular (that is, smooth and of rank n).

I

1 1

Fig. 12.10.

Ezample 3. If the Mobius band is obtained by gluing together two opposite
sides of a closed rectangle, as described in Example 5 of Sect. 12.1, the result is
obviously a surface with boundary in R®, and the boundary is homeomorphic
to a circle (to be sure, the circle is knotted in R?).

Under the other possible gluing of these sides the result is a cylindrical
surface whose boundary consists of two circles, This surface is homeomorphic
to the usual planar annulus (see Fig. 12.3 and Example § of Sect. 12.1).
Figures 12.11a, 12.11b, 12.12a, 12.12b, 12.13a, and 12.13b, which we will use
below, show pairwise homeomorphic surfaces with boundary embedded in R?
and R3. As one can see, the boundary of a surface may be disconnected, even
when the surface itself is connected.

Fig. 12.12,




12.3 The Boundary of a Surface and its Orientation 181

a. b.
Fig. 12.13.

12.3.2 Making the Orientations of a Surface
and its Boundary Consistent

If an orienting orthoframe ey,...,e; that induces Cartesian coordinates
z',...,z" is fixed in R¥, the vectors ey,..., e define an orientation on the
boundary H* = R*! of 6H* = {z € R¥|z' < 0} which is regarded as
the orientation of the half-space H* consistent with the orientation of the
half-space H* given by the frame ey, ..., ey.

In the case & = 1 where 8H* = R*~! = RO is a point, a special convention
needs to be made as to how to orient the point. By definition, the point is
oriented by assigning a sign + or — to it. In the case H' = RY, we take
(R°, +), or more briefly +R°.

We now wish to determine what is meant in general by consistency of the
orientation of a surface and its boundary. This is very important in carrying
out computations connected with surface integrals, which will be discussed
below.

We begin by verifying the following general proposition.

Proposition 2. The boundary S of a smooth orientable surface S is itself
a smooth orientable surface {although possibly not connected).

Proof. After we take account of Proposition 1 all that remains is to ver-
ify that 8S is orientable. We shall show that if A(S) = {H",¢;,U;) U
{(R*,;,U;)} is an orienting atlas for a surface S with boundary, then
the atlas A(0S) = {Rk_l,!pil ark=me-1,0Ui)} of the boundary also con-
sists of pairwise consistent charts. To do this it obviously suffices to ver-
ify that if { = () is a diffeomorphism with positive Jacobian from an
HF-neighborhood Ugx (ty) of the point ¢g in OH* onto an H*-neighborhood
Use(to) of the point fy € HH”, then the mapping 1,b| BU 1k (to) from the H*-
neighborhood Upg+(to) = Uy« (to) of ty € OH % onto the H*-neighborhood
Upr (o) = BU g (F0) of T = (o) € OH* also has a positive Jacobian.

We remark that at each point tg = (0,13,...,tf) € 8H* the Jacobian J
of the mapping % has the form
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since for ¢! = 0 we must also have 1 = ¢'(0,t?,...,t*) = 0 (boundary points
map to boundary points under a diffeomorphism). It now remains only to
remark that when ¢! < 0 we must also have &+ = o' (£1,12,...,t*) < 0 (since

t = (t) € H*), so that the value of %f%((), t2,...,t*) cannot be negative.

By hypothesis J(tp) > 0, and since %(O,tﬂ ..,t%) > 0 it follows from the
equality given above connecting the determinants that the Jacobian of the
mapping ‘f"lau_,,k = (0,12, ...,t*) is positive. 0O

We note that the case of a one-dimensional surface (k = 1) in Proposi-
tion 2 and Definition 3 below must be handled by a special convention in
accordance with the convention adopted at the beginning of this subsection.

Definition 8. If A(S) = {(H*, ¢, U;)} N {(R*,p;,U;)} is an orienting
atlas of standard local charts of the surface S with boundary 85, then
A(8S) = {(R*, | 5 _ge—1,0U:)} is an orienting atlas for the boundary.
The orientation of S that it defines is said to be the orientation consistent
with the orientation of the surface.

To finish our discussion of orientation of the boundary of an orientable
surface, we make two useful remarks.

Remark 1. In practice, as already noted above, an orientation of a surface
embedded in R™ is often defined by a frame of tangent vectors to the surface.
For that reason, the verification of the consistency of the orientation of the
surface and its boundary in this case can be cairied out as follows. Take
a k-dimensional plane T'Sy, tangent to the smooth surface S at the point
zg € 0S. Since the local structure of S near g is the same as the structure of
the half-space H* near 0 € 8H", directing the first vector of the orthoframe
£.,65,...,&; € TS, along the normal to 8S and in the direction exterior to
the local projection of S on T'S;.,, we obtain a frame &,, . .., §; in the (k—1)-
dimensional plane T'0S., tangent to S at xy, which defines an orientation
of TOS,,, and bence also of 35, consistent with orientation of the surface S
defined by the given frame §,,£,,...,&;.

Figures 12.9-12.12 show the process and the result of making the orien-
tations of a surface and its boundary consistent using a simple exainple.

We note that this scheme presumes that it is possible to translate a frame
that defines the orientation of S to different points of the surface and its
boundary, which, as examples show, may be disconnected.
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Remark 2. In the oriented space R* we consider the half-space H* = H* =
{z € R*|z! < 0} and HE = {z € R%|z' > 0} with the orientation induced
from R¥. The hyperplane I" = {z € R*|z' = 0} is the common boundary
of H* and HY. It is easy to see that the orientations of the hyperplane I
consistent with the orientations of H* and H* are opposite to each other.
This also applies to the case & = 1, by convention.

Similarly, if an oriented k-dimensional surface is cut by some (k ~ 1)-
dimensional surface (for example, a sphere intersected by its equator), two
opposite orientations arise on the intersection, induced by the parts of the
original surface adjacent to it.

This observation is often used in the theory of surface integrals.

In addition, it can be used to determine the orientability of a piecewise-
smooth surface.

We begin by giving the definition of such a surface.

Definition 4. (Inductive definition of a piecewise-sinooth surface). We agree
to call a point a zero-dimensional surface of any smoothness class.

A piecewise smooth one-dimensional surface (piecewise smooth curve) is
a curve in R™ which breaks into smooth one-dimensional surfaces (curves)
when a finite or countable number of zero-dimensional surfaces are removed
from it.

A surface S C R™ of dimension k is piecewise smooth if a finite or count-
able number of piecewise smooth surfaces of dimension at most & — 1 can be
removed from it in such a way that the remainder decomposes into smooth
k-dimensional surfaces S; (with boundary or without).

Ezample 4. The boundary of a plane angle and the boundary of a square are
piecewise-smooth curves.

The boundary of a cube or the boundary of a right circular cone in R?
are two-dimensional piecewise-smooth surfaces.

Let us now return to the orientation of a piecewise-smooth surface.

A point (zero-dimensional surface), as already pointed out, is by conven-
tion oriented by ascribing the sign + or — to it. In particular, the boundary
of a closed interval [a,b] C R, which consists of the two points a and b is by
convention consistent with the orientation of the closed interval from a to b
if the orientation is (a,—), (b, +), or, in another notation, —a, +b.

Now let us consider a k-dimensional piecewise smooth surface S Cc R
(k >0).

We assume that the two smooth surfaces S;, and S;, in Definition 4
are oriented and abut each other along a smooth portion I' of a (k — 1)-
dimensional surface (edge). Orientations then arise on I", which is a boundary,
consistent with the orientations of S;, and S;,. If these two orientations are
opposite on every edge I' C S;; N S;,, the original orientations of S;, and S;,
are considered consistent. If S;, N S;, is empty or has dimension less than
(k — 1), all orientations of S;, and S;, are consistent.
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Definition 5. A piecewise-smooth k-dimensional surface (k > 0) will be con-
sidered orientable if up to a finite or countable number of piecewise-smooth
surfaces of dimension at most (k — 1) it is the union of smooth orientable
surfaces S; any two of which have a mutually consistent orientation.

Example 5. The surface of a three-dimensional cube, as one can easily verify,
is an orientable piecewise-smooth surface. In general, all the piecewise-smooth
surfaces exhibited in Example 4 are orientable.

Example 6. The M6bius band can easily be represented as the union of two
orientable smooth surfaces that abut along a piece of the boundary. But these
surfaces cannot be oriented consistently. One can verify that the Mobius band
is not an orientable surface, even from the point of view of Definition 5.

12.3.3 Problems and Exercises

1. a) Is it true that the boundary of a surface S C R™ is the set 5\ S, where § is
the closure of § in R"?

b) Do the surfaces S = {(z,y) € BR*|1 < z® + y* < 2} and Sz = {(z,9)|0 <
2® + y* have a boundary?

c) Give the boundary of the surfaces S1 = {(z,y) € R*|1 < z* +¢* < 2} and
8o = {(z,y) € R*|1 < z° + v°}.

2. Give an example of a nonorientable surface with an orientable boundary.

3. a) Each face I* = {z € R*||z'| < 1, i=1,...,k} is parallel to the corresponding
(k ~ 1)-dimensional coordinate hyperplane in R*, so that one may consider the
same frame and the same coordinate system in the face as in the hyperplane. On
which faces is the resulting orientation consistent with the orientation of the cube
I* induced by the orientation of R*, and on which is it not consistent? Consider
successively the cases k =2, k=3, and k= n.

b) The local chart (£',#2) + (sint? cost? sin¢?sint?,cost') acts in a certain
domain of the hemisphere § = {(z,7,2) € R}|z®* + y* + 2> = 1Az > 0} , and
the local chart ¢ — (cost,sint,0) acts in & certain domain of the boundary 85 of
this hemisphere. Determine whether these charts give a consistent orientation of
the surface S and its boundary 385.

¢) Construct the field of frames on the hemisphere S and its boundary 385
induced by the local charts shown in b).

d) On the boundary 95 of the hemisphere S exhibit a fraine that defines the
orientation of the boundary consistent with the orientation of the hemisphere given
in c).

e) Define the orientation of the hemisphere S obtained in c) using a normal
vector to S C R3.

4, a) Verify that the M&bius band is not an orientable surface even from the point
of view of Definition 5.

b) Show that if S is a smooth surface in R", determining its orientability as a
smooth surface and as a pilecewise-smooth surface are equivalent processes.
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5. a) We shall say that a set § C R” i3 & k-dimensional surface with boundary if
for each point z € S there exists a neighborhood U(z) € R™ and a diffleomorphism
9 : U(z) = I™ of this neighborhood onto the standard cube I C R™ under which
P(8 NU(z)) coincides either with the cube I* = {t € I"|tF! = ... =" =0} or
with a portion of it I* N{t € R"{¢* < 0} that is a k-dimensional open interval with
one of its faces attached.

Based on what was said in Sect. 12.1 in the discussion of the concept of a surface,
show that this definition of a surface with boundary is equivalent to Definition 1.

b) Is it true that if f € CO(H"R), where H* = {z € R¥|z! < 0}, then for
every point z € 8H* one can find a neighborhood of it U(z) in R* and g function

) = ?
F € C(U(z),R) such that F i f o S—

c) If the definition given in part a) is used to describe a smooth surface with
boundary, that is, we regard % as a smooth mapping of maximal rank, will this
definition of a smooth surface with boundary be the same as the one adopted in
Sect. 12.37 ' .

12.4 The Area of a Surface in Euclidean Space

‘We now turn to the problem of defining the area of a k-dimensional piecewise-
smooth surface embedded in the Euclidean space R™, n > k.

We begin by recalling that if §,,...,&, are k vectors in Euclidean space
R*, then the volume V(£,,...,£,) of the parallelepiped spanned by these
vectors as edges can be computed as the determinant

V(6. &) = det(g]) (12.6)

of the matrix J = (§f ) whose rows are formed by the coordinates of these
vectors in some orthonormal basis e, ...,ex of R*. We note, however, that
in actual fact formula (12.6) gives the so-called oriented volume of the paral-
lelepiped, rather than simply the volume. If V' # 0, the value of V' given by
(12.6) is positive or negative according as the frames ey, ...,e; and §;,...,&;
belong to the same or opposite orientation classes of R¥,

We now remark that the product JJ* of the matrix J and its transpose
J* has elements that are none other than the matrix G' = (g;;) of pairwise
inner products g;; = {£;,§;) of these vectors, that is, the Gram matriz® of
the system of vectors §,,. .., &. Thus

det G = det(JJ*) = det J det J* = (det J)?, (12.7)
and hence the nonnegative value of the volume V(§,,...,§;) can be obtained
as

V(€. .&) = /det (€. 5)) (12.8)

8 See the footnote on p. 503.
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This last formula is convenient in that it is essentially coordinate-free, con-
taining only a set of geometric quantities that characterize the parallelepiped
under consideration. In particular, if these same vectors &,,...,&, are re-
garded as embedded in n-diinensional Euclidean space R™ (n > k), formula
(12.8) for the A-dimensional volume (or k-dimensional surface area) of the
parallelepiped they span remains unchanged.

Now let r : D — S C R™ be a k-dimensional smooth surface S in the
Euclidean space R" defined in parametric form r = r(t',...,t¥), that is, as
a smooth vector-valued function r(t) = (z!, ..., 2")(t) defined in the domain
D c R¥. Let ei,...,ey be the orthonormal basis in R* that generates the
coordinate system (¢, ...,t*). After fixing a point tg = (&3,...,t5) € D, we
take the positive numbers A', ..., h* to be so small that the parallclepiped 7
spanned by the vectors h'e; € TDy,, i =1,..., k, attached at the point £ is
contained in D.

Under the mapping D — S a figure Ig on the surface S, which we may pro-
visionally call a curvilinear parallelepiped, corresponds to the parallelepiped
I (see Fig. 12.14, which corresponds to the case k = 2, n = 3). Since

Higiaeite b BE Y s ) —

I R Or :
—r(té,...,ta l: E-rts-i-ls---:tg): Et_i(tﬂ)ht'ko(hi) ]

a displacement in R™ from r(%o) that can be replaced, up to o(h?), by the
partial differential 5 (to)h? =: ©;h* as h — 0 corresponds to displacement
from ty by h'e;. Thus, for small values of h*, i = 1,...,k, the curvilinear
parallelepiped Ig differs only slightly from the parallelepiped spanned by the
vectors A'f1,..., ' tangent to the surface S at r(ty). Assuming on that
basis that the volume AV of the curvilinear parallelepiped Iy must also be
close to the volume of the standard parallelepiped just exhibited, we find the

Fig. 12.14.
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approximate formula

AV = 1 /det(gi;)(to) AL - ... At (12.9)

where we have set ¢;;(to) = (rt,rj)(tg) and At =h! i,j=1,... k.

If we now tile the entire space R* containing t.he parameter domain I
with k-dimensional parallelepipeds of small diameter d, take the ones that are
contained in DD, compute an approximate value of the k-dimensional volume
of their images using formula (12.9), and then sum the resulting values, we
arrive at the quantity

Z \/det(gij)(ta).dtl Y. .

which can be regarded as an approximation to the k-dimensional volume or
area of the surface S under consideration, and this approximate value should
becomne more precise as d — 0. Thus we adopt the following definition.

Definition 1. The area (or k-dimensional wolume) of a smooth k-
dimensional surface S given parametrically by D 5 t v r(t) € S and embed-
ded in the Euclidean space R™ is the quantity

Vi(S) : f\/det( fy,¥5)) dtt---de® . (12.10)

D

Let us see how formula (12.10) looks in the cases that we already know
about.

For k= 1 the domain D C R! is an interval with certain endpoints ¢ and
b (a < b) on the line R!, and S is a curve in R™ in this case. Thus for £ = 1
formula (12.10) becoms the formula

b

b
ves)= [ola= [ VEFET T @0

@

for computing the length of a curve.

If & = n, then S is an n-dimensional domain in R™ diffeomorphic to D.
In this case the Jacobian matrix J = z'(t) of the mapping D 3 (t!,...,i") =
t s r(t) = (z',...,2")(t) € S is a square matrix. Now using relation (12.7)
and the formula for change of variable in a multiple integral, one can write

v;(S)=‘/\/‘detG(t)dt=f|det$’(t)|dt=/d:z:=V(.5'),
D D 5

That is, as one should have expected, we have arrived at the volume of
the domain S in R™.
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We note that for £ = 2, n = 3, that is, when S is a two-dimensional
surface in R®, one often replaces the standard notation g;; = (i:,%;) by
the fOIlOWiDgZ g = V'z(S), E = g1 = (I"]_,ij), I = gi12 = g21 = (i‘l,f‘g),
G = goa = {F2,T2); and one writes u, v respectively instead of ¢! ,t2. In this
notation formula (12.10) assumes the form

cr=// EG— F?2dudy .
D

In particular, if w = z, v = y, and the surface S is the graph of a smooth
real-valued function z = f(z,y) defined in a domain D C R?, then, as one
can easily compute,

o= [[ i+ R+ (P
D

‘We now return once again to Definition 1 and make a number of remarks
that will be useful later.

Remark 1. Definition 1 makes sense only when the integral on the right-hand
side of (12.10) exists. It demonstrably exists, for example, if D is a Jordan-~
measurable domain and r € C()(D, R™).

Remark 2. If the surface S in Definition 1 is partitioned into a finite number
of surfaces Si,...,S,, with piecewise smooth boundaries, the same kind of
partition of the domain D into domains Dy,..., D,, corresponding to these
surfaces will correspond to this partition. If the surface S had area in the
sense of Eq. (12.10), then the quantities

Vi(Sa) = [ yfaet(e o) at
Dg

are defined for each valueof e =1,...,m.
By the additivity of the integral, it follows that

Vi(S) = Vi(Sa) -

We have thus established that the area of a k-dimensional surface is ad-
ditive in the same sense as the ordinary multiple integral.

Remark 3. This last remark allows us to exhaust the domain D when neces-
sary, and thereby to extend the meaning of the formula (12.10), in which the
integral may now be interpreted as an improper integral.

Remark 4. More importantly, the additivity of area can be used to define the
area of an arbitrary smooth or even piecewise smooth surface (not necessarily
given by a single chart).
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Definition 2. Let S be an arbitrary piecewise smooth k-dimensional surface
in B™, If, after a finite or countable number of piecewise smooth surfaces of
dimension at most k — 1 are removed, it breaks up into a finite or countable
number of smooth parametrized surfaces Si,...,Sm,..., we set

Vi(S) ==Y Vi(Sa) -

The additivity of the multiple integral makes it possible to verify that the
quantity Vi(S) so defined is independent of the way in which the surface S
is partitioned into smooth pieces Sy,...,Sm,..., each of which is contained
in the range of some local chart of the surface S.

We further remark that it follows easily from the definitions of smooth and
piecewise smooth surfaces that the partition of S info parametrized pieces,
as described in Definition 2, is always possible, and can even be done while
observing the natural additional requirement that the partition be locally
finite. The latter means that any compact set KX C S can intersect only a
finite number of the surfaces Si,...,Sm,... . This can be expressed more
vividly in another way: every point of S must have a neighborhood that
intersects at 1nost a finite number of the sets Si,...,S,..

Remark 5. The basic formula (12.10) contains a system of curvilinear coor-
dinates 1, ...,t*. For that reason, it is natural to verify that the quantity
Vi(S) defined by (12.10) (and thereby also the quantity Vi(S) from Defi-
nition 2) is invariant under a diffeomorphic transition D> @®,....17%) ~

t = (t!,...,t*) € D to new curvilinear coordinates #!,...,#* varying in the
domain D C R,

Proof. For the verification it suffices to remark that the matrices

c=(g,-j)=( %%}) and &= (Gy) = ((%%))

at corresponding points of the domams D and D are connected by the re-
lation G = J*GJ, where J = ) js the Jacobian matrix of the map-

pingvlﬂj 5t t €D and J* lb the transpose of the matrix J. Thus,
det G(f) = det G(t)(det J)?(%), from which it follows that

/VdetG(t)dt /qdet,G |J(3|df—/1/deta
D

Thus, we have given a definition of the k-dimensional volume or area of a
k-dimensional piecewise-smooth surface that is independent of the choice of
coordinate system.

Remark 6. We precede the remark with a definition.
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Definition 3. A set £ embedded in a k-dimensional piecewise-smooth sur-
face S is a set of k-dimensional measure zero or has area zero in the Lebesgue
sense if for every € > 0 it can be covered by a finite or countable sys-
tem Sji,...,Sm,... of (possibly intersecting) surfaces S, C S such that

> Vi(Sa) < e

As one can see, this is a verbatim repetition of the definition of a set of
measure zero in RF.

It is easy to see that in the parameter domain D of any local chart ¢ :
D — § of a piecewise-smooth surface S the set ¢~ '(E) C D C R* of k-
dimensional measure zero corresponds to such a set E. One can even verify
that this is the characteristic property of sets E C § of measure zero.

In the practical computation of areas and the surface integrals introduced
below, it is useful to keep in mind that if a piecewise-smooth surface S has
been obtained from a piecewise-smooth surface S by removing a set E of
measure zero from S, then the areas of S and S are the same.

The usefulness of this remark lies in the fact that it is often easy to remove
such a set of measure zero from a piecewise-smooth surface in such a way that
the result is a smooth surface S defined by a single chart. But then the area of
S and hence the area of S also can be computed directly by formula (12.10).

Let us consider some examples.

Ezample 1. The mapping |0, 2n(> t = (Rcos t,Rsint)_ ¢ R? is a chart for
the arc S of the circle z? + y? = R? obtained by removing the single point
E = (R,0) from that circle. Since E is a set of measure zero on S, we can
write

27
VA(S) = Vi(S) =/\/R2sm2t+R2cos2tdt= 2R .
0

Example 2. In Example 4 of Sect. 12.1 we exhibited the following parametric
representation of the two-dimensional torus S in R2:

r(¢p, %) = ((b+ acos) cos g, (b+ acosyp)sing, asing) .

In the domain D = {(p,¢)|0 < ¢ < 27, 0 < ¢ < 27} the mapping
(©,%) > r(p,1) is a diffeomorphism. The image S of the domain D un-
der this diffeomorphism differs from the torus by the set E consisting of the
coordinate line ¢ = 27 and the line ) = 2. the set £ thus consists of one
parallel of latitude and one meridian of longitude of the torus, and, as one
can easily see, has measure zero. Hence the area of the torus can be found
by formula (12.10) starting from this parametric representation, considered
within the domain D.



12.4 The Area of a Surface in Euclidean Space 191
Let us carry out the necessary computations:
i, = (— (b+acosy)sing, (b+ acosey) cosp,0) ,
i = (—asing) cos g, —asing sing, acosy) ,
Q1= (i'q,,i‘g,) = (b + acos 1;‘;)2
g12 = g21 = (T, Ty) =0,
922 = {fy, By) = @°,

11 G2 2 2
det G = = q°(b .
e o g = (b+ acos)
Consequently,
' 2 2w
Vo(S) = Vz(g) = /dy]a(b+ acosq) dip = dn?ab .
0 0

In conclusion we note that the method indicated in Definition 2 can now
be used to compute the areas of piecewise-smooth curves and surfaces.

12.4.1 Problems and Exercises

1. a) Let P and P be two hyperplanes in the Euclidean space R™, D asubdomain of
P, and D the orthogonal projection of D on the hyperplane P. Show that the (n—1)-
dimensional areas of D and D are comnected by the relation o(D) = o(D)cosa,
wliere o is the angle between the hiyperplanes P and p.

b) Taking account of the result of a), give the geometric meaning of the formula

do = /14 (f2)?+ (de dy for the element of area of the graph of a smooth
function 2 = f(z,y) in three-dimensional Euclidean space.

c) Show that If the surface S in Euclidean space R? is defined as a smooth
vector-valued function r = r(u,v) defined in a domain D C R?, then the area of
the surface S can be found by the formula

dm:éf

where [r},,r}] is the vector product of % and -%.

d) Verify that if the surface S C R® is defined by the equation F(z,y,2) = 0
and the domain U of the surface § projects orthogonally in a one-to-one manner
onto the domain D of the zy-plane, we have the formula

a(U) = f/ |F’ dmdy.

2. Find the area of the spherical rectangle formed by two parallels of latitude and
two meridians of longitude of the sphere § C R®.

dudv ,

[Fu, o)
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3. a) Let (r,, h) be cylindrical coordinates in B*, A smooth curve lying in the
plane = p and defined there by the equation r = r(s), where s is the arc length
parameter, is revolved about the h-axis, Show that the area of the surface obtained
by revolving the piece of this curve corresponding to the closed interval [s;, sz] of
variation of the parameter s can be found by the formula

52

rr=27rf?‘(3)ds.

21

b) The graph of a smooth nonnegative function y = f(z) defined on a closed
interval [a,b] C Ry is revolved about the z-axis, then about the y-axis. In each of
these cases, write the formula for the area of the corresponding surface of revolution
as an integral over the closed interval [a, b].

4. a) The center of a ball of radius 1 slides along a smooth closed plane curve of
length L. Show that the area of the surface of the tubular body thereby formed is
2m.1- L.

b) Based on the result of part a), find the area of the two-dimensional torus
obtained by revolving a circle of radius a about an axis lying in the plane of the
circle and lying at distance b > a from its center.

5. Describe the lhelical surface defined in Cartesian coordinates (z,y, 2) in B® by
the equation

y=:z:tan§:0, |z|$7—2rh, c

and find the area of the portion of it for which r? < z* + 3* < R®,

6. a) Show that the area {2,y of the unit sphere in R" is 2vm)” , where I'(a) =
r\z

e *z* ! dz. (In particular, if n is even, then I"( ) (3-;—2) !, while if n is odd,
(1) -5

b) By verifying that the volume V,,(7) of the ball of radius r in R” is Tt@:jr”,
(=42

™ m—-,g

r=1
c) Find the limit as n — oo of the ratio of the area of the hemisphere {z €
R"™[|z| = 1 A g™ > 0} to the area of its orthogenal projection on the plane z™ = 0.

; d\;
show that —a—ra“

n—1.

d) Show that as n — oo, the majority of the volume of the n-dimensional
ball is concentrated in an arbitrarily small neighborhood of the boundary sphere,
and the majority of the area of tlie sphere is concentrated in an arbitrarily small
neighborhood of iis equator.

e) Show that the following beautiful corollar_',r on concentration phenomena fol-
lows from the observation made in d).

A regular function that is continuous on a sphere of large dimension is nearly
constant on it (recall pressure in thermodynamics).
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Specifically,

Let us consider, for example, functions satisfying a Lipschitz condition with a
fixed constant. Then for any € > 0 and § > 0 there exists N such that forn > N
and any function f : S* — R there exists a value ¢ with the following properties:
the area of the set on which the value of f differs from ¢ by more than ¢ is at most
8 times the area of the whole sphere.

7. a) Let 1,, ..,z be a systein of vectors in Euclidean space B™, n > k. Show
that the Gram determinant of this sytem can be represented as

det ({a:i,:z:j}) = E Hin-ik ;

1Ki i Sn

where .
1.1 k
, T4 T
R‘l i = det | ............
i1 i
T Ty

b) Explain the geometric meaning of the quantities F;,...;, from a) and state
the result of a) as the Pythagorean theorem for measures of arbitrary dimension k,
1< k< n.

c) Now explain the formula

| §‘..ﬂ=_"ll . 8ztl
83 =k &f-];
g=/ 2 d"-tg(.., ........... . )dtl...dtﬂ
'_—_T"' . "

D 14 << En

for the area of a k-dimensional surface given in the parametric form z =
z(t*,...,t*), t € D c R®

8. a) Verify that the quantity Vi(S) in Definition 2 really is independent of the
method of partitioning the surface S into smooth pieces Si,...,8m;..-

b) Show that a piecewise-smooth surface S admits the locally finite partition
into pleces 51,...,8m,... described in Definition 2.

c) Show that & set of measure 0 can always be removed from & piecewise-smooth

surface S So as to leave a smooth surface § = § \ E that can be described by a
single standard local chart ¢ : I — S.

9. The length of a curve, like the high-school definition of the circumference of a
circle, is often definied as the limit of the lengths of suitably inscribed broken lines.
The limit is taken as the length of the links in the inscribed broken lines tend to
zero. The following simple example, due to H. Schwarz, shows that the analogous
procedure in an attempt to define the area of even a very siimmple smoocth surface in
terms of the areas of polyhedral surfaces “inscribed” in it, may lead to an absurdity.

In a cylinder of radius R and height & we inscribe a polyhedron as follows.
Cut the cylinder into m equal cylinders each of height H/m by means of horizontal
planes. Break each of the m4-1 circles of intersection (including the upper and lower
bases of the original cylinder) into n equal parts so that the points of division on each
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circle lie beneath the midpoints of the points of division of the circle immediately
above. We now take a pair of division points of each circle and the point lying
directly above or below the midpoint of the arc whose endpeints they are.

These three points form a triangle, and the set of all such triangles forms a
polyhedral surface inscribed in the original cylindrical surface (the lateral surface
of & right circular cylinder). In shape this polyhedron resembles the calf of a boot
that has been crumpled like an accordion. For that reason it is often called the
Schwarz boot.

a) Show that if m and n are made to tend to infinity in such a way that the
ratio n®/m tends to zero, then the area of the polyhedral surface just constructed
will increase without bound, even though the dimensions of each of its faces (each
triangle) tend to zero.

b) If n and m tend to infinity in such a way that the ratio m/n® tends to some
finite limit p, the area of the polyhedral surfaces will tend to a finite limit, which
may be larger than, smaller than, or (when p = 0} equal to the area of the original
cylindrical surface.

c) Compare the method of introducing the area of a smooth surface described
here with what was just done above, and explain why the results are the same in
the one-dimensional case, but in general not in the two-dimensional case. What
are the conditions on the sequence of inscribed polyhedral surfaces that guaranteee
that the two results will be the same?

10. The isoperimetric inequality ‘

Let V(E) denote the volume of & set £ C R", and A 4 B the (vector) sum of
the sets A, B C R™. (The sum in the sense of Minkowski is meant. See Problem 4
in Sect. 11.2.)

Let B be a bell of radius h. Then A 4+ B =: A, is the h-neighborhood of the
set A.

The quantity

V(AR =V(A) _. . (94)

lim
h—0 h

is called the Minkowski outer area of the boundary 8A of A.

a) Show that if 0A is a smooth or sufficiently regular surface, then p4(9A)
equals the usual area of the surface JA.

b) Using the Brunn-Minkowski inequality (Problem 4 of Sect. 11.2), obtain now
the classical isoperimetric inequality in R™:

n—1
pe(BA) > mun VR (A) = p(Sa) ;

here V' is the volume of the unit ball in R”, and u(Sa4) the area of the ((n — 1)-
dimensional) surface of the ball having the same volume as A.

The isoperimetric inequality means that a solid A € R™ has boundary area
i+(0A) not less than that of a ball of the same volume.
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12.5 Elementary Facts about Differential Forms

We now give an elementary description of the convenient mathematical ma-
chinery known as differential forms, paying particular attention here to its
algorithmic potential rather than the details of the theoretical constructions,
which will be discussed in Chap. 15.

12.5.1 Differential Forms: Definition and Examples

Having studied algebra, the reader is well acquainted with the concept of a
linear form, and we have already made extensive use of that concept in con-
structing the differential calculus. In that process we encountered mostly sym-
metric forms. In the present subsection we will be discussing skew-symmetric
(anti-symmetric) forms.

We recall that a form L : X* — Y of degree or order k defined on ordered
sets &,,...,&; of vectors of a vector space X and assuming values in a vector
space Y is skew-symmetric or anti-symmetric if the value of the form changes
sign when any pair of its arguments are interchanged, that is,

L(€yy--- & 1€jo-r8k) = —L€1, - 850, €ane o0 i) -

In particular, if §; = §; then the value of the form will be zero, regardless
of the other vectors.

Ezample 1. The vector (cross) product [€,, €,] of two vectors in R? is a skew-
symmetric bilinear form with values in R3.

Example 2. The oriented volume V(£,,...,§;) of the parallelepiped spanned
by the vectors &,, ..., £ of R*, defined by Eq. (12.6) of Sect. 12.4, is a skew-
symmetric real-valued k-form on R¥.

For the time being we shall be interested only in real-valued k-forms
(the case ¥ = R), even though everything that will be discussed below is
applicable to the more general situation, for example, when Y is the field C
of complex numbers.

A linear combination of skew-symmetric forms of the same degree is in
turn a skew-symmetric form, that is, the skew-symmetric forms of a given
degree constitute a vector space.

In addition, in algebra one introduces the exterior product A of skew-
symmetric forms, which assigns to an ordered pair A?, B? of such forms (of
degrees p and g respectively) a skew-syminetric form AP A B? of degree p+ g.
This operation is

associative: (AP ABI)AC™ = AP A (B2 ACT),
distributive: (47 + BP)ACT=AP AC9+ BP A1,
skew-commutative: AP A B? = (—1)P4B? A A%,
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In particular, in the case of 1-forms A and B, we have anticommutativity
AAB = —BAA, for the operations, like the anticommutativity of the vector
product shown in Example 1. The exterior product of forms is in fact a
generalization of the vector product.

Without going into the details of the definition of the exterior product, we
take as known for the time being the properties of this operation just listed
and observe that in the case of the exterior product of 1-forms Lq,...,L; €
L(R",R) the result Ly A --- A Ly, is & k-form that assumes the value

Li(&) - Li(§)
b 7, R 8 0 (- % S S ——— =det (L;(§;)) (12.11)

Li(&e) -+ Lie(§)

on the set of vectors &,,...,&.

If relation (12.11) is taken as the definition of the left-hand side, it follows
from properties of determinants that in the case of linear forms A, B, and
C, we do indeed have AAB=—-BAAand (A+ B)AC=AAC+BAC.

Let us now consider some examples that will be useful below.

Example 8. Let =* € L(R™,R), ¢ = 1,...,n, be the projections. More
precisely, the linear function 7* : R® — R is such that on each vector
€ = (£4,...,6") € R" it assumes the value 7*(€) = & of the projection
of that vector on the corresponding coordinate axis. Then, in accordance
with formula (12.11) we obtain

1 ik

1 T 1
TEA AT (€, )= i (12.12)
E::l . 6;.:"

Ezample 4. The Cartesian coordinates of the vector product [£,,&,] of the
vectors &, = (¢},€2,€9) and &, = (€1,€3, ) in the Euclidean space R, as i
known, are defined by the equality

9 4114 9))
& &|'|& &

& &
Thus, in accordance with the result of Example 3 we can write

& &
7 ([€1,€2]) = 7* A (€1,€2)
72([&1,&2]) = 7° At (€1,62)
71'3([51,&2') = m' A&}, €2) .

? k]

el = (
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Example 5. Let f : D — R be a function that is defined in a domain D C R™
and differentiable at g € D. As is known, the differential df(zy) of the
function at & point is a linear function defined on displacement vectors &
from that point. More precisely, on vectors of the tangent space TD,, to D
(or R™) at the point under consideration. We recall that if z',...,z™ are the
coordinates in R™ and & = (£1,...,£"), then

41 (zo)(€) = (o)} +--+ P (zo)6™ = Dgf(zo)

In particular dz*(§) = &*, or, more formally, dz*(zq)(€) = €. If f1,..., fx
are real-valued functions defined in G and differentiable at the point zq € G,
then in accordance with {12.11) we obtain

dfi(€;) --- dfs(és)
Afi Ao AdFelpy e L) =1 eoienieiiiiaiain (12.13)

dfi(§x) -+ dfi(ér)

at the point z; for the set &,,...,&; of vectors in the space TG,,; and, in
particular,

dz Ao AdT* (€, L) =] e iennn. , (12.14)

i Tk
kl = Eki.

In this way skew-symmetric forms of degree k defined on the space T' D, =~
TR: = R™ have been obtained from the linear forms df,...,dfy defined on
this space.

Example 6. If f € C(Y)(D,R), where D is a domain in R™, then the differen-
tial df(z) of the functions f is defined at any point = € D, and this differen-
tial, as has been stated, is a linear function df(z) : TD; = TRj(,j) =~ R on
the tangent space T'D to D at z. In general the form d f(z) = f’(z) varies in
passage from one point to another in D. Thus a smooth scalar-valued func-
tion f : D — R generates a linear form df(z) at each point, or, as we say,
generates a field of linear forms in D, defined on the corresponding tangent
spaces 1D,

Definition 1. We shall say that a real-valued differential p-form w is defined
in the domain D C R" if a skew-symmetric form w(z) : (TD.)? — R is
defined at each point z € D.

The number p is usually called the degree or order of w. In this connection
the p-form w is often denoted w?.
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Thus, the field of the differential df of a smooth function f : D — R
considered in Example 6 is a differential 1-form in D, and w = dz* A- - -Adz’s
is the simplest example of a differential form of degree p.

Ezample 7. Suppose a vector field D C R™ is defined, that is, a vector F(z)
is attached to each point & € D. When there is a Euclidean structure in R
this vector field generates the following differential 1-form wi in D.

If £ is a vector attached to z € D, that is, £ € T'D., we set

wi(z)(€) = (F(2),£) .

It follows from properties of the inner product that wi(z) = (F(z),-) is
indeed a linear form at each point z € D.

Such differential forms arise very frequently. For example, if F is a con-
tinuous force field in D and £ an infinitesimal displacement vector from the
point z € D, the element of work corresponding to this displacement, as is
known from physics, is defined precisely by the quantity (F(z), &).

Thus a force field F in a domain D of the Euclidean space R™ naturally
generates a differential 1-form wg in D, which it is natural to call the work
form of the field F in this case.

We remark that in Euclidean space the differential df of a smooth func-
tion f : D = R in the domain D C R™ can also be regarded as the 1-
form generated by a vector field, in this case the field F = grad f. In fact,
by definition grad f is such that df(z)(§) = (grad f(z),&) for every vector
£E€TD..

Example 8. A vector field V defined in a domain D of the Euclidean space R™
can also be regarded as a differential form wj, ' of degree n — L. If at a point
z € D we take the vector field V(z) and n — 1 additional vectors &,,...,&, €
TD, attached to the point z, then the oriented volume of the parallelepiped
spanned by the vectors V(z),&,,...,&,_,, which is the determinant of the
matrix whose rows are the coordinates of these vectors, will obviously be a
skew-symmetric (n — 1)-form with respect to the variables &,,...,&,,_;.

For n = 3 the form w3, is the usual scalar triple product (V(z),&;,€2)
of vectors, one of which V(z) is given, resulting in a skew-symmetric 2-form
U)%- — (V: s ) .

For example, if a steady flow of a fluid is teking place in the domain D and
V(z) is the velocity vector at the point 2 € D, the quantity (V(z),§&;,&,)
is the element of volume of the fluid passing through the (parallelogram)
area spanned by the small vectors §; € TD, and &, € TD, in unit time, By
choosing different vectors &, and &,, we shall obtain areas (parallelograms) of
different configuration, differently situated in space, all having one vertex at
z. For each such area there will be, in general, a different value (V{(z), £, £5)
of the form w2 (z). As has been stated, this value shows how much fuid
has fiowed through the surface in unit time, that is, it characterizes the flux

across the chosen element of area. For that reason we often call the form w?,
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(and indeed its multidimensional analogue w3~ the fluz form of the vector
vield V in D.

12.5.2 Coordinate Expression of a Differential Form

Let us now investigate the coordinate expression of skew-symmetric algebraic
and differential forms and show, in particular, that every differential k-form
is in a certain sense a linear combination of standard differential forms of the
form (12.14).

To abbreviate the notation, we shall assume summation over the range
of allowable values for indices that occur as both superscripts and subscripts
(as we did earlier in similar situations).

Let L be a k-linear form in R™. If a basis e;,...,e, is fixed in R™, then
each vector £ € R™ gets a coordinate representation £ = £'e; in that basis,
and the form L acquires the coordinate expression

L{&y, .- &) = L€ ey, ... 610 es) = Liey,,. .. @5, )61 -+ € . (12.15)

The numbers ai, ... ¢, = L(e;,,...,e;,) characterize the form L completely
if the basis in which they have been obtained is known. These numbers are
obviously symmetric or skew-symmetric with respect to their indices if and
only if the form L possesses the corresponding type of symmetry.

In the case of a skew-symmetric form L the coordinate representation
can be transformed slightly. To make the direction of that transformation
clear and natural, let us consider the special case of (12.15) that occurs when
L is a skew-symmetric 2-form in R”. Then for the vectors £, = £*e;, and
&, = Eeq,, where i1,ip = 1,2, 3, we obtain

L(£,,&3) = L(€i ey, €7ei,) = L{ey,, 04, )60 €7 =
= L{ey, ;)16 + Le1, e2)€1 65 + L(ey, e3)€165 +
+L(ez, €1)616; + Liea, e2)6765 + L{es, e3)€165 +
+L(es,e1)€5 + Lies, e2)€76; + L{es,e3)E365 =
= L(ey,e2)(£162 — £2€3) + L{ey, e3) (6765 — £367) +

Hiere) @G-8 = T Uewea)|Sh .

T 1K1 <53

where the summation extends over all combinations of indices #; and o that
satisfy the inequalities written under the summation sign.

Similarly in the general case we can also obtain the following representa-
tion for a skew-symmetric form L:

1<is < <ix<n

7 (I TS T - -SSR . [—— . (12.16)
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Then, in accordance with formula (12.12) this last equality can be rewrit-
ten as

L(Ela'-‘ask): Z L(e*iu“"e'ik)ﬁ—iiA"'Aw‘zk(sla-"aék)'

| B I T

Thus, any skew-symmetric form L can be represented as a linear combination

L= Y e mt A ATE, (12.17)
18y Lo L <y

of the k-forms 7* A- - An'*, which are the exterior product formed from the
elementary 1-forms #!,..., 7™ in R™.

Now suppose that a differential k-form w is defined in some domain D C
R™ along with a curvilinear coordinate system z',...,z". At each point = €
D we fix the basis e;(z),...,en(z) of the space T'D,, formed from the unit
vectors along the coordinate axes. (For example, if z',...,2™ are Cartesian
coordinates in R, then e(z),...,e,(z) is simply the frame e, ..., e, in R®
translated parallel to itself from the origin to z.) Then at each point z € D
we find by formulas (12.14) and (12.16) that

w(z)(éls i :&R‘.) =
= Z w(eﬁ(m)s“-:eik(m))dwilA“'Admik(EU“':&k)

1<i; €< <n

or
w(z) = Z @iy, (T) AT A - AdT (12.18)

1€iy < <igLn

Thus, every differential k-form is a combination of the elementary k-forms
dz® A- .- Adz** formed from the differentials of the coordinates. As a matter
of fact, that is the reason for the term “differential form.”

The coefficients a;,...;, () of the linear combination (12.18) gencrally de-
pend on the point z, that is, they are functions defined in the domain in
which the form w* is given.

In particular, we have long known the expansion of the differential

of
oz"

df(z) = %(z)dml toet 2 pydgm (12.19)

and, as can be seen from the equalities

(F,6) = (Fitey, (z), 6%, () =
= (e‘il (m)r €is (m)}Ftl (m)gig = Giyip (m)Fil ('T’)‘fia =
= Giyia (:E)Fil (z) dz™ (5) y

the expansion
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wi(z) = (F(z),) = (gi,s(2) F (z)) dz* = as(z) da* (12.20)

also holds. In Cartesian coordinates this expansion looks especially simple:

wi(z) = (F(z),) = Y _ Fi(z)dz’ . (12.21)

=1

Next, the following equality holds in R3;

Viz) Viz) Vi(z)
Wi (z)(§1,€2) = | &l & &g |=
& & & -
-vim)|8 dlevia|d Bleve|g §l.

& & & &

2

from which it follows that
Wi (z) = Vi{(z)dz? Adz® + VE(z)dz® Adz! + V3(z)dz! Adz? . (12.22)

Similarly, expanding the determinant of order n for the form wi ' by
minors along the first row, we obtain the expansion

n—1 £
wy = Z(—l)“l Viz)dz' A---Adx' A Ada™, (12.23)

i=1

where the sign ~ stands over the differential that is to be omitted in the
indicated term.

12.5.3 The Exterior Differential of a Form

All that has been said up to now about differential forms essentially involved
each individual point z of the domain of definition of the form and had a
purely algebraic character. The operation of (exterior) differentiation of such
forms is specific to analysis.

Let us agree from now on to define the 0-forms in a domain to be functions
f : D — R defined in that domain.

Definition 2. The (exterior) differential of a O-form f, when f is a differ-
entiable function, is the usual differential d f of that function.

If a differential p-form (p > 1) defined in a domain D C R™
w(z) = @4y...q, () dT™ A -+ Ada®™

has differentiable coefficients a;,...s, (), then its (exierior) differentiol is the
form ‘ _
duw(z) = dai;---i,(ﬁ) Adz't A--- Adx'
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Using the expansion (12.19) for the differential of a function, and relying
on the distributivity of the exterior product of 1-forms, which follows from
relation (12.11), we conclude that

301 : 31;

du(z) = o

(z)dz* Adzt A--- Ada™? =
= Qg iy (z) dz* Adz™ A .- Adz® ,

that is, the (exterior) differential of a p-form (p > 0) is always a form of
degree p + 1.

We note that Definition 1 given above for a differential p-form in a domain
D C R™, as one can now understand, is too general, since it does not in any
way connect the forms w(z) corresponding to different points of the domain
D. In actuality, the only forms used in analysis are those whose coordinates
@i, -4, () In a coordinate representation are sufficiently regular (most often
infinitely differentiable) functions in the domain D. The order of smoothness
of the form w in the domain D C R™ is customarily characterized by the
sinallest order of smoothness of its coefficients. The totality of all forms of
degree p > 0 with coefficients of class C(°)(D,R) is most often denoted
27(D,R) or £27.

Thus the operation of differentiation of forms that we have defined effects
a mapping d : 27 — 2P+,

Let: us consider several useful specific examples.

Ezample 9. For a 0-form w = f(z,y, z) — a differentiable function — defined
in a domain D C %, we obtain

91 9T
Ba: 3

<

dw = B

dy+ =

Example 10. Let

w(z,y) = P(z,y) dz + Q(z,y) dy
be a differential 1-form in a domain D of R? endowed with coordinates (z,¥).
Assuming that P and @ are differentiable in D, by Definition 2 we obtain

dw(z,y) = dP Adz + dQ Ady =

P
=(%—dm+a—dJ)Adm+(gc—gdm+any)-"\dy“

_ 9P 8Q 8Q _oP
_-—aydyf\d T+ dz Ady = (SE—ay)(may)dmAdy«

Example 11. For a 1-form
w=Pdz+4+Qdy+ Rdz

defined in a domain D in R® we obtain

dw = (—gg—@)d Adz +(%£—Z—R)d Adm+(%—~a—‘p-)d zAdy.
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Ezample 12. Computing the differential of the 2-form
w=PdyAdz+QdzAdx+ RdzxAdy,

where P, @, and R are differentiable in the domain D C R3, leads to the

relation oP 8Q OR
et az)d:c/\dyf\dz.

o

If (z',2% 23) are Cartesian coordinates in the Euclidean space R? and
z+ f(z), T F(z) = (F, F%, F°)(z), and > V = (V},V?,V®)(z) are
smooth scalar and vector fields in the domain D C R3, then along with these
fields, we often consider the respective vector fields

_(08f 9of of _ .
grad f = (B:sl’ 52 3::3) the gradient of f, (12.24)

OF3 pF?% aF! BF® 8F% oF!
cul F = ( T~ o BT B Bt 3:1:2) _the curl of F , (12.25)
and the scalar field
. avl av:  av3 .
divV = o + 522 = B —the divergence of V . (12.26)

We have already mentioned the gradient of a scalar field earlier. Without
dwelling on the physical content of the curl and divergence of a vector field
at the moment, we note only the connections that these classical operators
have with the operation of differentiating forms.

In the oriented Euclidean space R® there is a one-to-one correspondence
between vector fields and 1- and 2-forms:

FHw}%" =(F,") , VHM%(V,*,').

We remark also that every 3-form in the domain D C R? has the form
p(z',z?,z%) dz’ A dz? Adz®. Taking this circumstance into account, one can
introduce the following definitions for grad f, curl ¥, and div'V:

frou®(=f)m dl(=df)=wlmgi—gadf,  (12.24)
Fowpeo dwop=w? > r:=culF, (12.25")
Vs wd - dw? = w§ Hpi=divV. (12.26)

Examples 9, 11, and 12 show that when we do this in Cartesian coor-
dinates, we arrive at the expressions (12.24), (12.25), and (12.26) above for
grad f, curl F, and div V. Thus these operators in field theory can be regarded
as concrete manifestations of the operation of differentiation of exterior forms,
which is carried out in a single manner on forms of any degree. More details
on the gradient, curl, and divergence will be given in Chap. 14.
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12.5.4 Transformation of Vectors and Forms under Mappings

Let us consider in more detail what happens with functions (0-forms) under
a mapping of their domains.

Let ¢ : U — V be a mapping of the domain /' C R™ into the domain
V C R". Under the mapping ¢ each point { € U maps to a definite point
2 = p(t) of the domain V.

If a function f is defined on V/, then, because of the mapping ¢ : U - V
a function ¢* f naturally arises on the domain U, defined by the relation

(")) = f(p(?)) ,

that is, to find the value of ¢* f at a point ¢ € U one must send ¢ to the point
z = @(t) € V and compute the value of f at that point.

Thus, if the domain ¥/ maps to the domain V under the mapping ¢ : U —
V, then the set of functions defined on V maps (in the opposite direction)
to the set of functions defined on U under the correspondence f +— * f just
defined.

In other words, we have shown that a mapping »* : 29V) — 2°%U)
transforming O-forms defined on V' into O-forms defined on U naturally arises
from a mapping @ : U = V.

Now let us consider the general case of transformation of forms of any
degree.

Let ¢ : U — V be a smooth mapping of a domain U C R{" into a
domain V C R%, and ¢'(t) : TU; — TV,—,(y) the mapping of tangent spaces
corresponding to ¢, and let w be a p-form in the domain V. Then one can
assign to w the p-form ¢*w in the domain U defined at ¢ € U on the set of
vectors 7y,...,7, € TU, by the equality

P wt) (T, Tp) == w(e(®) (Y171, PpTp) - (12.27)

Thus to each smooth mapping ¢ : U — V there corresponds a mapping
w* : PP(V) — 2P(U) that transforms forms defined on V into forms defined
on U. It obviously follows from (12.27) that

p*(w + W) = p" (W) + 9" (W), (12.28)
(W) = Ap*w, fAER. (12.29)
Recalling the rule (¥ o )’ = 9 o ¢’ for differentiating the composition of
the mappings ¢ : U — V, ¢y : V — W, we conclude in addition from (12.27)
that

(Pop) =" oy’ (12.30)

(the natural reverse path: the composition of the mappings)

P P(W) = QP(V), ¢ QP(V) = 2P(U)).

Now let us consider how to carry out the transformation of forms in
practice.
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Example 18. In the domain V C R” let us take the 2-form w = dz®* A dz.
Let z* = z*(¢!,...,t™), i = 1,...,n, be the coordinate expression for the
mapping ¢ : U — V of a domain U C R into V.

‘We wish to find the coordinate representation of the form ¢*w in U. We
take a point ¢ € U and vectors 7,,72 € TU;. The vectors &, = ¢/(t)Ty and
& = ¢'(t)T2 correspond to them in the space TV, —, ). The coordinates
(€1,...,€}) and (€2,...,&Y) of these vectors can be expressed in terms of the
coordmates (ri, ..., 7] ) and (14,...,7") of T; and 72 using the Jacobian
matrix via the formulas

oz
ot

(The summation on j runs from 1 to m.)
Thus,

P w(t)(T1,T2) = U((p(t))(€1152) = dz* Adz™(€,,8,) =
& 2| _ 8zt g1 Bz i

a1 1 Htiz '1
;1 (:-'33 Bzl T}t Hz'2 ,rj'a
— Oz* 9z

Btin otz

1 2

8z B |7
gt gtiz |2t F?
J1dz=1 2 2
i 3:1:‘1 ozt

= Z 3t3 iz dtﬁ Adt”(‘rl 1'2) =

- s A

or’ . .
=70, &=

jl.-ji—l
Z (Bcc"l Ozt Bz grt
Btiv Piiz  Pii» Bt
Hz'L dz'z
BtiL BLIL

8zt 92
a8tz otz

)dtm f\dtjz('fl ‘Tg) =
1< <jas<m

P>

1< <jasm

(t)dt?* Adt?2(r1,7T2) .

Consequently, we have shown that

d(zh , z*2)

S W ! 72
XD (t)di™ Adi

@*(dz* Adz*) = Z

1<i; <ig<m

If we use properties (12.28) and (12.29) for the operation of transformation
of forms® and repeat the reasoning of the last example, we obtain the following
equality:

9 If (12.29) is used pointwise, one can see that
0" (a(w)w) = a.(qp(t))tp'w :
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LP*( Z Qiyyeniip (E) dmil P ooy dmip) =
1<iy <o ip L
a(mil"-.’mip) jl j
Z ailvus‘ir (m(t)) a(tjl’ . "tjp) dt Arves A dc 7, (1231)
1<8; <<y
1<y <...<jp$m

1

We remark that if we make the formal change of variable z = z(f) in
the form that is the argument of ¢* on the left, express the differentials
da',...,dz" in terms of the differentials d¢*,...,d#™, and gather like terms
in the resulting expression, using the properties of the exterior product, we
obtain precisely the right-hand side of Eq. (12.31).

Indeed, for each fixed choice of indices %i,.-.,%, we have

iy, ip () Az A-- - Adz' =

= 0i (1) (2

Jaeen (G
3:1:""1 Oz'r

= ail.--.,fp( (t)) peat Bitie ] sjraize .ﬂ'\dtj” =
Azh,...,z%) . .
= Z ailv--s‘ip ( (i)) (( tjp )) dtjl A ful L A dth .
<1< jpm "

Summing such equalities over all ordered sets 1 < 4; < -+ < 4, < n, we
obtain the right-hand side of (12.31).

Thus we have proved the following propostion, of great technical impor-
tance.

Proposition. If a differential form w is defined in a domain V C R" and
w: U — V is a smooth mapping of a domain U C R™ into V, then the
coordinate expression of the form p*w con be obtained from the coordinate
ETPTESSION

Y G, (@)dt A Ada

1£i‘[<"'<'§p£ﬂ
of the form w by the direct change of variable z = @(t) (with subsequent
transformations in accordance with the properties of the exterior product).

Example 1. In particular, if m = n = p, relation (12.31) reduces to the
equality
p*(dz' A--- Adz"™) =det/(t)dt' A---AdE™. (12.32)
Heénce, if we write f(z)dz' A -+ A dz®™ in a multiple integral instead of
f(z)dz!---dz", the formula

f fx)d:c-/f(xp(t) ) detyp!(2)dt

=e(U)
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for change of variable in a multiple integral via an orientation-preserving
diffeomorphism (that is, when det ¢/(t) > 0) could be obtained automatically
by the formal substitution x = (i), just as happened in the one-dimensional
case, and it could be given the following form:

f w =!go*w. (12.33)

@(U)

We remark in conclusion that if the degree p of the form w in the domain
V c R is larger than the dimensiou m of the domain U C R™ that is
mapped into V' via p : U - V, then the form ¢*w on U corresponding to w
is obviously zero. Thus the mapping p* : 2P(V') — 27(U) is not necessarily
injective in general.

On the. other hand, if ¢ : U — V has a smooth inverse ¢! : V —
U, then by (12,30) and the equalities o™ o = ey, pop™ ! = ey, we
find that (¢)* o (p™)* = ef; and (p~')* o v* = e},. And, since ef; and e},
are the identity mappings on QF’QU ) and 27(V') respectively, the mappings
@ 2P(V) - 2°(U) and (p~')" : 2°(U) — 27(V), as one would expect,
turn out to be inverses of each other. That is, in this case, the mapping
©* : 2P(V) = 2P (U) is bijective.

We note finally that along with the properties (12.28)—(12.30) the map-
ping ¢ that transfers forms, as one can verify, also satisfies the relation

" (dw) = d(p*w) . (12.34)

This theoretically important equality shows in particular that the oper-
ation of differentiation of forms, which we defined in coordinate notation,
is actually independent of the coordinate system in which the differentiable
form w is written. This will be discussed in more detail in Chapt. 15.

12.5.5 Forms on Surfaces

Definition 3. We say that a differential p-form w is defined on a smooth
surface S C R™ if a p-form w(z) is defined on the vectors of the tangent
plane T'S; to S at each point z € S.

Example 15. 1f the smooth surface S is contained in the domain D c R™ in
which a form w is defined, then, since the inclusion T'S,, € T'D, holds at each
point z € S, one can consider the restriction of w(z) to T'S;. In this way a
form w|, arises, which it is natural to call the restriction of w to S.

As we know, a surface can be defined parametrically, either locally or
globally. Let ¢ : U = S = 9(U) C D be a parametrized smooth surface
in the domain D and w a form on D. Then we can transfer the form w to
the domain U of parameters and write ¢*w in coordinate form in accordance
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with the algorithm given above. It is clear that the form ¢*w in U obtained
in this way coincides with the form ¢*(w| ).

We remark that, since ¢'(t) : TU; — TS, is an isomorphism between
TUs and TS, at every point ¢ € U, we can transfer forms both from S to U
and from U to S, and so just as the smooth surfaces themselves are usually
defined locally or globally by parameters, the forms on them, in the final
analysis, are usually defined in the parameter domains of local charts.

Ezxample 16. Let w? be the flux form considered in Example 8, generated by
the velocity field V of a flow in the domain I of the oriented Fuclidean space
R3. If S is a smooth oriented surface in D, one may consider the restriction
w¥ | ¢ of the form w¥ to S, The form w} | so obtained characterizes the flux
across each element of the surface S.

If o: I — S is a local chart of the surface S, then, making the change of
variable T = ¢(t) in the coordinate expression (12.22) for the form w¥, we
obtain the coordinate expression for the form ¢"w% = ¢* (w%,l .5')1 which is
defined on the square I, in these local coordinates of the surface.

Ezxample 17. Let wi be the work form considered in Example 7, generated
by the force field F acting in a domain D of Euclidean space. Let ¢ : I —
@(f) € D be a smooth path (¢ is not necessarily a homeomorphism). Then,
in accordance with the general principle of restriction and transfer of forms,
a form @*wy, arises on the closed interval I, whose coordinate representation
a(t) dt can be obtained by the change of variable z = ¢(t) in the coordinate
expression (12.21) for the form wi.

12.5.6 Problems and Exercises

1. Compute the values of the differential forms w in R™ given helow on the indicated
sets of vectors:

a) w = z* dz' on the vector & = (1,2,3) € TRz 2,
b) w = dz' Adz*+=z'dz® Adz" on the ordered pair of vectors £;,£, € TR} 4.0.0)-
c) w=df, where f = a' 4+ 2z% 4+ -+ 4 nz", and £ = (1, —,1,...,(=1)" ') €
?1.-1:---:1)'
2. a) Verify that the form dz*' A---Adz* is identically zero if the indices i3,..., 8k
are not all distinct.

b) Explain why there are no nonzero skew-symmetric forms of degree p > n on
an n-dimensiongl vector space.

c) Siinplify the expression for the form
2dz' Adz® Adz? +3dz® Adz' Adz® — dz® Adzd Ada .
d) Remove the parentheses and gather like terms:

(z' dz? + 2 dz?) A (2 dz* Adz® + 2° dr’ Ada?® + ' dz® AdT®) .



12.5 Elementary Facts about Differential Forms 209

e) Write the form df A dg, where f = In (1 + |:r.:|2), g = sin|z|, and = =
(z?, 2% 2%) as a linear combination of the forms dz*t Adz™2, 1 < 4; < iy < 3,
f) Verify that in R™

1
df* A-  Adf"(z) = det (%)(w)dmif\m;‘\dz“ ;

g) Carry out all the computations and show that for 1 < k < n

. ) or. ... ar .
dff A AdfE = E det %z,} ge dz' A Adz'* .
1<y Cin < <ig<n Bzt ' Bxk

3. a) Show that a form & of even degree commutes with any form S, that is,
aAB=8Aa.

b) Let w= Y dp: Adg' and w* =wA -+ Aw (n factors). Verify that
i=1

w"=n!dp1_/\dq1f\---/‘\dpn .i’\dqnz(—l)ﬂﬁﬁ_l dpy A Adpe Adg' A+ Adg™.

4. a) Write the form w = df, where f(z) = (z')* + (z°)* + ..+ + (z")?, as a
combination of the forms dz?,...,ds™ and find the differential dw of w.

b) Verify that d®f = 0 for any function f € C'®(D,R), where d* = d od, and
d is exterior differentiation.

c) Show that if the coefficients ay, ... i, of the form w = aq,,, . (z)dz™ A+ A
dz'* belongs to the class C*?)(D,R), then d*w = 0 in the domain D,

d) Find the exterior differential of the form %;—;{m in its domain of definition.

5. If the product dz' - da™ in the multiple integral [ f(z)dz'.. dg™ is inter-
D

preted as the form dz' A - Adz™, then, by the result of Example 14, we have the
possibility of formally obtaining the integrand in the formula for change of varigble
in a multiple integral. Using this recommendation, carry out the following changes
of variable from Cartesian coordinates:

a) to polar coordinates in R?,
b) to cylindrical coordinates in R?,
c) to spherical coordinates in R,

6. Find the restriction of the following forms:
a) dz* to the hyperplane z* = 1.
b) dz Ady to the curve z = z(t), y = y(t), a < t < b.
c) de Ady to the plane in R?® defined by the equation z = ¢,
d) dy Adz + dz A dz + dz A dy to the faces of the standard unit cube in R?,
e) w; =dz' A+ Adz T A d2® Adz* AL - Ade™ to the faces of the standard

unit cube in R™, The symbol ~ stands over the differential dz* that is to be omitted
in the product.
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7. Express the restriction of the following forms to the sphere of radius R with
center at the origin in spherical coordinates on R?:

a) dz,
h) dy‘l
c) dy Adz.

8. The mapping ¢ : B = R? i3 given in the form (u,v) ~+ (u+v,1) = (z,y). Find:
a) ¢"(dz),
b) ¢*(dy),
c) ¢"(ydz).

9. Verify that the exterior differential d : 2°(D) — 2P"(D) has the following
properties;

a) d{wt +we) = dwy 4 dws,

b) d(wr Aws) = dw A wa + (—1)deg“’1w1 A dws, where degw; is the degree of
the form w;,

c) Vw € 27 d(dw) = 0.

d)Vf €20 df = 3 £ da'.
i=1

Show that there is only one mapping d : 27(D) — 27 (D) having properties
a), b), c), and d).

10. Verify that the mapping ¢* : 2P(V) - 27°(U) corresponding to a mapping
@: U — V has the following properties:

a) " (w1 +w2) = @' w1 + P wa.

b) ¢ (w1 Awz) = @ w1 A p w2,

c) dp'w = ¢*dw.

d) If there is a mapping 1 : V — W, then (¢ o@)* =" o ¢p”.

11. Show that a smooth k-dimensional surface is orientable if and only if there
exists a k-form on it that is not degenerate at any point.



13 Line and Surface Integrals

13.1 The Integral of a Differential Form

13.1.1 The Original Problems, Suggestive Considerations,
Examples

a. The Work of a Field Let F(z) be a continuous force field acting in
a domain @G of the Euclidean space R™. The displacment of a test particle
in the field is accompanied by work. We ask how we can compute the work
done by the field in moving a unit test particle along a given trajectory, more
precisely, a smooth path v: I — v(I) CG.

We have already touched on this problem when we studied the applica-
tions of the definite integral. For that reason we can merely recall the solution
of the problem at this point, noting certain elements of the construction that
will be useful in what follows.

It is known that in a constant field F the displacement by a wvector £ is
associated with an amount of work (F, &).

Let ¢t ++ x(t) be a smooth mapping v : I — G defined on the closed
interval I = {t e R|a <t < b}.

We take a sufficiently fine partition of the closed interval [a,b]. Then
on each interval I; = {t € I|t;—y € t < t;} of the partition we have the
equality x(t) — x(t;) = x'(¢t)(t; — t;—,) up to infinitesimals of higher order.
To the displacement; vector 7; = ¢;,3 — t; from the point #; (Fig. 13.1) there
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corresponds a displacement of x(t;) in R™ by the vector Ax; = x;,.3 — x;,
which can be regarded as equal to the tangent vector §; = %x(i;)m to the
trajectory at x(¢;) with the same precision. Since the field F(x) is continuous,
it can be regarded a locally constant, and for that reason we can compute the
work AA; corresponding to the (time) interval I; with small relative error as

AA; ~ (F(z2), &)

or
AA; = (F(x(t:)), x(t:)7) -
Hence,

A= Z AA; =~ Z(F (x(t:)), %(t:)) At;

and so, passing to the limit as the partition of the closed interval I is refined,
we find that

/ (F(x(2), %(6)) d (13.1)

If the expression (F(x(t)),%(t))dt is rewritten as (F(x),dx), then, as-
suming the coordinates in R™ are Cartesian coordinates, we can give this
expression the form Fldz! ... 4 F™dz™, after which we can write (13.1) as

4= f FAAz? 4 o Frdz" (13.2)
or as
A= / wh . (13.2")
Y

Formula (13.1) provides the precise meaning of the integrals of the work
1-forin along the path 7 written in formulas (13.2) and (13.2').

Ezample 1. Consider the force field F = ( — 7, gragz) defined at all

points of the plane R? except the origin. Let us compute the work of this
field along the curve 7, defined as z = cost, y = sint, 0 € t < 27, and
along the curve defined by = = 2 + cost, y = sint, 0 < ¢ € 2. According to
formulas (13.1), (13.2), and (13.2'), we find

fw f dz 4+ = dy =
F 2+y $2+y2 Y

27

:/(_s1nt-(—51nt)+ cost-cost )dt=27r

cos?t+sin’t cos?t-sin’t
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and

27
fw -f~ydm+m<iy f——smt(—51nt)+(2+cost)(cost)d
F z? + y? (2 + cost)? + sin® ¢

0

1+ 2cost 1+ 2cost 1+ 2cos(2m — u)

e f 2T A f 2T oy =
/5+4costd /5+4cost +]5+4cos(2w—u)du

0 0 T

T
14+ 2cost T1+4+2cosu
__/5+4costdt_/g 5+4cosudu_0'

D

Example 2. Let r be the radius vector of a point (z,y,z) € R3 and r = |r|.
Suppose a force field F = f(r)r is defined everywhere in R® except at the
origin. This is a so-called central force field. Let us find the work of F on a
path « : [0, 1] — R®\ 0. Using (13.2), we find

] f(r)(@dz +ydy + 2dz) = f FR)A( + 92+ 2) =

1

ff(r (£))dr3(t) = %f Vu(t)) =

0

M]J—l

= %-/f(x/ﬁ) du = D(rg, ) .

Here, as one can see, we have set z2(t)+y2(t)+ 2% (t) = r2(t), r2(t) = u(t),
ro = r(0), and r; = r(1).

Thus in any central field the work on a path 7 has turned out to depend
only on the distances rg and r; of the beginning and end of the path from
the center 0 of the field.

In particular, for the gravitational field Zsr of a unit point mass located ’
at the origin, we obtain

2

1 1 1 1
@(Tu,r1)= Efu—gﬁ-du=—*ﬁm.

ra
2

To
b. The Flux Across a Surface Suppose there is a steady flow of liquid (or
gas) in a domain G of the oriented Euclidean space R® and that z — V(z)
is the velocity field of this fiow. In addition, suppose that a smooth oriented
surface S has been chosen in G. For definiteness we shall suppose that the
orientation of S is given by a field of normal vectors. We ask how to determine
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the (volumetric) outfiow or fiux of fluid across the surface S. More precisely,
we ask how to find the volume of fiuid that fiows across the surface S per
unit time in the direction indicated by the orienting field of normals to the
surface.

To solve the problem, we remark that if the velocity field of the fiow is
constant and equal to V, then the fiow per unit time across a parallelogram
IT spanned by vectors &, and &, equals the volume of the parallelepiped
constructed on the vectors V, &,, &,. If n is normal to IT and we seek the fux
across II in the direction of 7, it equals the scalar triple product (V,&,,&,),
provided 7 and the frame &,,£, give II the same orientation (that is, if
1n,§,,&; is a frame having the given orientation in R®). If the frame &, &,
gives the orientation opposite to the one given by 7 in I, then the fiow in
the direction of 7 is —(V, &,,&3).

We now return to the original statement of the problem, For simplicity let
us assume that the entire surface S admits a smooth parametrization ¢ : I —
S < G, where I is a two-dimensional interval in the plane R?. We partition
I into small intervals I; (Fig. 13.2). We approximate the image ¢(l;) of each
such interval by the parallelogram spanned by the images &, = ¢'(i;)T)
and & = ¢/(t:)72 of the displacement vectors 7,72 along the coordinate
directions. Assuming that V(z) varies by only a small amount inside the piece
of surface ¢(/;) and replacing ¢(I;) by this parallelogram, we may assume
that the fiux AF; across the piece ¢(I;) of the surface is equal, with small
relative error, to the fiux of a constant velocity field V(z;) = V(ip(t;)) across
the parallelogram spanned by the vectors &,,&,.

Assuming that the frame &;, &, gives the same orientation on S as 1), we
find

A-Fi w (V(wi):EI!EQ) :

Fig. 13.2.
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Summing the elementary fiuxes, we obtain

T = ZA}; e Zw%r(fﬁi)(fufz) )

where w? (z) = (V(z),+,+) is the fiux 2-form (studied in Example 8 of
Sect. 12.5). If we pass to the limit, taking ever finer partitions P of the
interval I, it is natural to assume that

Fom im 3 @) 6 €)= f = (133

This last symbol is the integral of the 2-form w#, over the oriented surface
S.

Recalling (formula (12.22) of Sect. 12.5) the coordinate expression for the
flux form w# in Cartesian coordinates, we may now also write

]

F= f Vidz? Adz® + V3dz® Ada! + V3dz! Adz?. (13.4)

We have dicussed here only the general principle for solving this problem.
In essence all we have done is to give the precise definition (13.3) of the fiux F
and introduced certain notation (13.3) and (13.4); we have still not obtained
any effective computational formula similar to formula (13.1) for the work.

We remark that formula (13.1) can be obtained from (13.2) by replacing
zl,...,z" with the functions (z!,...,z")(t) = z(¢) that define the path 7.
We recall (Sect. 12.5) that such a substitution can be interpreted as the
transfer of the form w defined in G to the closed interval I = [a, b].

In a completely analogous way, a computational formula for the fiux can
be obtained by direct substitution of the parametric equations of the surface
into (13.4).

In fact,

w\zf(mi)(glvg‘?) == "‘JV('P{ti))(w’(i"i)Th ‘pr(ti)TQ) = (‘p*w%’)(ti)(rhri’)
and

ijv(m )(€1,€,) = Z(so )(t:)(T1,72) .

The form @*w? is defined on a two-dimensional interval I C R?. Any
2-form in I has the form f(t) dt' Adt?, where f is a function on I depending
on the form. Therefore

0w () (11, T2) = f(t:)dt! A dt* (71, 72) .

But dt! A dt2(1'1,1'2) = 7'11 . 'rff is the area of the rectangle /; spanned by
the orthogonal vectors 71, 7.
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Thus,
S £(6)det A d(rs,ma) = 3 e

As the partition is refined we obtain in the limit

f f&)dtt Ad#? = / f(t)de! de?, (13.5)
) I

where, according to (13.3), the left-hand side contains the integral of the
2-form w? = f(t)dt! A dt? over the elementary oriented surface I, and the
right-hand side the integral of the function f over the rectangle /.

It remains only to recall that the coordinate representation f(t)dé' Adt?
of the form ¢*w? is obtained from the coordinate expression for the form w3
by the direct substitution z = @(t), where ¢ : I — G is a chart of the surface
S.

Carrying out this change of variable, we obtain from (13.4)

3"1‘ ’6‘1’ 2 %ﬁ: aml
f ( He®) |3 25 [+ V()| 25 24|+
/ T o WT o
Bn: 2%
+ V3 (e(t) | 35 ff'" )dtlf\dtZ
BT B

This last integral, as Eq. (13.5) shows, is the ordinary Riemann integral
over the rectangle I.
Thus we have found that

Vie(®) Vi(e(®) V3(e()
F = / ;g%:(t) %%;(t) %’fg(t) dg! dt? (13.6)
1] ) @) F@)

where = ¢(t) = (¢, ¢?, ©?)(t*, t2) is a chart of the surface S defining the
same orientation as the field of normals we have given. If the chart p: [ — §
gives S the opposite orientation, Eq. (13.6) does not generally hold. But, as
follows from the considerations at the beginning of this subsection, the left-
and right-hand sides will differ only in sign in that case.

The final formula (13.6) is obviously merely the limit of the sums of the
elementary fluxes AF; = (V(z;), €;,£,) familiar to us, written accurately in
the coordinates t! and #2.

We have considered the case of a surface defined by a single chart. In
general a smooth surface can be decomposed into smooth pieces S; having
essentially no intersections with one another, and then we can find the flux
through S as the sum of the fluxes though the pieces S;.
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Example 8. Suppose a medium is advancing with constant velocity V =
(1,0,0). If we take any closed surface in the domain of the flow, then, since
the density of the medium does not change, the amount of matter in the
volume bounded by this surface must remain constant. Hence the total flux
of the medium through such a surface must be zero.

In this case, let us check formula (13.6) by taking S to be the sphere
x? +y? + 22 = R2.

Up to a set of area zero, which is therefore negligible, this sphere can be
defined parametrically

z = Rcosycosy ,

y = Rcosysiny ,

z = Rsiny,
where 0 < ¢ < 27 and —7/2 < 9 < w/2.

After these relations and the relation V = (1,0,0) are substituted in
(13.6), we obtain

.‘?Ei @f w/2 2ir
1 1
.7"=/ g;il ::;2 dedy = R? / cm2¢d¢fcoswdw=0.
"%z w2 B ’

Since the integral equals zero, we have not even bothered to consider
whether it was the inward or outward flow we were computing.

Erxample 4. Suppose the velocity field of a medium moving in R® is
defined in Cartesian coordinates z,y,z by the equality V(z,y,z) =
(VL, V2, V3)(z,y,2) = (z,,2). Let us find the flux through the sphere
z? + y* + 22 = R? into the ball that it bounds (that is, in the direction
of the inward normaal) in this case.

Taking the parametrization of the sphere given in the last example, and
carrying out the substitution in the right-hand side of (13.6), we find that

*/2| Rcostpcosy  Rcosipsing Rsinyp

2
/d(p f —Rcosysing Rcosycosyp 0 dep =
0 —m /2 Rsinycosy —Rsintgsing Rcose

2 'ﬂ'/2
=/dgo / R3 costpdy = 4wR> .
0 —7 2

We now check to see whether the orientation of the sphere given by the
curvilinear coordinates (i, 1)) agrees with that given by the inward normal.
It is easy to verify that they do not agree. Hence the required flux is given
by F = —4wR3.
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In this case the result is easy to verify: the velocity vector V of the flow has
magnitude equal to R at each point of the sphere, is orthogonal to the sphere,
and points outward. Therefore the outward flux from the inside equals the
area of the sphere 47R? multiplied by R. The flux in the opposite direction
is then ~47R3.

13.1.2 Definition of the Integral of a Form
over an Oriented Surface

The solution of the problems considered in Subsect. 13.1.1 leads to the defi-
nition of the integral of a k-form over a k-dimensional surface.

First let S be a smooth k-dimensional surface in R™, defined by one stan-
dard chart ¢ : I — S. Suppose a k-form w is defined on S. The integral of
the form w over the parametrized surface ¢ : I — S is then constructed as,
follows.

Take a partition P of the k-dimensional standard interval / C R" in-
duced by partitions of its projections on the coordinate axes (closed inter-
vals). In each interval I; of the partition P take the vertex ¢; having minimal
coordinate values and attach to it the & vectors 71,...,7 that go along
the direction of the coordinate axes to the k vertices of I; adjacent to f;
(Fig. 13.2). Find the vectors &, = ¢'(t:)71,...,& = ¢'(t:)7k of the tangent
space T'S,,—,(z,), then compute w(w;)(€y,....£&,) = (P w)(t)(T1,.. ., Tk),
and form the Riemann sum " w(;)(€,,...,&;). Then pass to the limit as

3
the mesh A\(P) of the partition tends to zero.
Thus we adopt the following definition:

Definition 1. (Integral of a k-form w over a given chart ¢ : I - S of a
smooth k-dimensional surface.)

[ i Sl 60 = fin S 7).

S
(13.7)
If we apply this definition to the k-form f(¢)dt' A--- A dt* on I (when ¢ is
the identity mapping), we obviously find that

/f(t)dﬁ A---Adt":/f(t)dsl---dt*. (13.8)
I I

It thus follows from (13.7) that
/ W= /w*w , (13.9)
S=(1) T

and the last integral, as Eq. (13.8) shows, reduces to the ordinary multiple
integral over the interval I of the function f corresponding to the form ¢*w.
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We have derived the important relations (13.8) and (13.9) from Definition
1, but they themselves could have been adopted as the original definitions.
In particular, if D is an arbitrary domain in R”* (not necessarily an interval),
then, so as not to repeat the summation procedure, we set

f HOL SRV f fe)at . dt. (13.8))
D D

and for a smooth surface given in the form ¢ : D — § and a k-form w on it

we set
f w :=fgp"'w. (13.9")

S=y(D) -

If S is an arbitrary piecewise-smooth k-dimensional surface and w is a
k-form defined on the smooth pieces of §, then, representing S as the union
|JS; of smooth parametrized surfaces that intersect only in sets of lower
i

S/w = ZS/w (13.10)

In the absence of substantive physical or other problems that can be
solved using (13.10), such a definition raises the question whether the magni-
tude of the integral of the partition | S; is independent of the choice of the

dimension, we set

parametrization of its pieces.
Let us verify that this definition is unambiguous.

Proof. We begin by considering the simplest case in which S is a domain D,
in R* and @ : Dy — D, is a diffeomorphism of a domain D; C R* onto D,.
In D, = S the k-form w has the form f(z)daz' A--- Adz®. Then, on the one
hand (13.8) implies

/f(a;)dmlA-.-Admk:/f(m)dml-«-dzk.
D Dy

On the other hand, by (13.9') and (13.8'),

D[w :=£{tp*w =I{f(w(t)) det o/ (t) dt? - - - de* .

But if det ¢'(t) > 0 in Dy, then by the theorem on change of variable in
a multiple integral we have

/ fle)da’s. dat = / F(ep(t)) det o' (t) dt* - - dt* .
D,

Dx=wp(Dy)
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Hence, assuming that there were coordinates «!,...,z* in § = D, and
curvilinear coordinates t', ... ,t* of the same orientation class, we haye shown
that the value of the integral f w is the same, no matter which of these two

5

coordinate systems is used to compute it.

We note that if the curvilinear coordinates ¢!,...,t* had defined the op-
posite orientation on 8, that is, det ¢’(t) < 0, the right- and left-hand sides
of the last equality would have had opposite signs. Thus, one can say that the
integral is well-defined only in the case of an oriented surface of integration.

Now let @, : Dy — S and ¢; : D; — S be two parametrizations of the
same smooth k-dimensional surface S and w a k-form on S. Let us compare
the integrals

f ol and f . (13.11)

D: fo

Since ¢ = . 0 (pz' 0 @) = Pz o, where = @zl o, : Dy = Dy is
a diffeomorphism of D; onto Dy, it follows that pfw = @*(piw) (see Eq.
(12.30) of Sect. 12.5). Hence one can obtain the form yfw in D; by the
change of variable z = ¢(t) in the form ¢jw. But, as we have just verified,
in this case the integrals (13.11) are equal if det ¢'(t) > 0 and differ in sign
if det /() < 0.

Thus it has been shown that if ¢, : D; — S and ¢, : D, = S are
parametrizations of the surface S belonging to the same orientation class,
the integrals (13.11) are equal. The fact that the integral is independent of
the choice of curvilinear coordinates on the surface S has now been verified.

The fact that the integral (13.10) over an oriented piecewise-smooth sur-
face § is independent of the method of partitioning | | S; into smooth pieces

follows from the additivity of the ordinary multiple integral (it suffices to
consider a finer partition obtained by superimposing two partitions and ver-
ify that the value of the integral over the finer partition equals the value over
each of the two original partitions). O

On the basis of these considerations, it now makes sense to adopt the
following chain of formal definitions corresponding to the construction of the
integral of a form explained in Definition 1.

Definition 1’. (Integral of a form over an oriented surface S C R™.)
a) If the form f(z)dz' A --- A dz"® is defined in a domain D C R¥, then

ff(m)dmlh---Adwk :=ff(:1:)da:'~-dwk.
D D

b) If § C R™ is a smooth k-dimensional oriented surface, ¢ : D — S is a
parametrization of it, and w is a k-form on S, then
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/w::ﬂ:/tp*w,

S D
where the + sign is taken if the parametrization ¢ agrees with the given
orientation of § and the — sign in the opposite case.

c) If S is a piecewise-smooth k-dimensional oriented surface in B™ and w
is a k-form on S (defined where S has a tangent plane), then

S-/wtzz‘i:&[w,

where Si,...,8m...- i3 a decomposition of S into smooth parametrizable
k-dimensional pieces intersecting at most in piecewise-smooth surfaces of
smaller dimension.

We see in particular that changing the orientation of a surface leads to a
change in the sign of the integral.

13.1.3 Problems and Exercises

1. a) Let 7,y be Cartesiam coordinates on the plane R?®. Exhibit the vector field
whose work form is w = ""thg dz + 5@ dy.

b) Find the integral of the form w in a) along the following paths +::
[0,7] > ¢ 22 (cost,sint) € R*; [0,7] D¢ -2 (cost, —sint) € R?;

~a consists of a motion along the closed intervals joining the points (1,0), (1,1),
(—1,1), (—1,0) in that order; y4 consists of a motion along the closed intervals
joining (1,0), (1,-1), (-=1,~1), (—1,0) in that order.

2. Let f be a smooth function in the domain D C R"™ and % a smooth path in D
with initial point py € D and terminal point p; € D. Find the integral of the form
w = df over 7.

3. a) Find the integral of the form w = dyAdz+dz A dz over the boundary of the
standard unit cube in R® oriented by an outward-pointing normal.
b) Exhibit a velocity field for which the form w in a) is the flux form.

4. a) Let z,y, z be Cartesian coordinates in R”. Exhibit a velocity field for which

the Aux form is
czdyAdz +ydzAdz+z2dzAdy

(22 4 y? 4 2712

b) Find the integral of the form w in a) over the sphere z” + y* + 2° = R?
oriented by the outward normal.

c) Show that the flux of the field @}T—'tﬁ%; across the sphere (z —2)% +4° +
z* =1 is zero.

d) Verify that the flux of the field in ¢) across the torus whose parametric
equations are given in Example 4 of Sect. 12.1 is also zero.

—
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5. It is known that the pressure P, volume V, and temperature 7' of a given
quantity of a substance are connected by an equation f(P,V,T) = 0, called the
equation of state in thermodynamics. For example, for one mole of an ideal gas
the equation of state is given by Clapeyron's formula f%"— - R =0, where R is the
universal gas constant.

Since P, V, T are connected by the equation of state, knowing any pair of them,
one can theoretically determine the remaining one. Hence the state of any system
can be characterized, for example, by points (V, P) of the plane R* with coordinates
V, P. Then the evolution of the state of the system as a function of time will
correspond to some path < in this plane.

Suppose the gas is located in & cylinder in which a frictionless piston can move.
By changing the position of the piston, we can change the state of the gas enclosed
by the piston and the cylinder walls at the cost of doing mechanical work. Con-
versely, by changing the state of the gas (heating it, for example) we can force the
gas to do mechanical work (lifting a weight by expanding, for example). In this
problem and in Problems 6, 7, and 8 below, all processes are assumed to take place
50 slowly that the temperature and pressure are able to average out at each partic-
ular instant of time; thus at each instant of time the system satisfies the equation
of state. These are the so-called quasi-static processes.

a) Let v be a path in the V P-plane corresponding to a quasi-static transition
of the gas enclosed by the piston and the cylinder walls from state Vg, Po to Vi, P.
Show that the quantity A of mechanical work perforimed on this path is defined by
the line integral A= [ PdV.
R

b) Find the mechanical work performed by one mole of an ideal gas in passing
from the state Vg, P to state Vi, Py along each of the following paths (Fig. 13.3):
~YoLI, consisting of the isobar OL (P = F,) followed by the isochore LI (V = V;);
Yox1, consisting of the isochore OK (V = Vp) followed by the isobar KI (P = P);
Yor, consisting of the isotherm T' = const (assuming that PoVp = P V3).

Y &
- L
i |K |I
Vo v
Fig. 13.3.

c) Show that the formula obtained in a) for the mechanical work performed by
the gas enclosed by the piston and the cylinder walls is actually general, that is, it
remains valid for the work of a gas enclosed in any deformable container.

6. The quantity of heat acquired by a system in some process of varying its states,
like the mechanical work performed by the system (see Problem 5), depends not
only on the initial and final states of the system, but also on the transition path. An
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important characteristic of a substance and the thermodynamic process performed
by (or on) it is its heat capacity, the ratio of the heat acquired by the substance to
the change in its temperature. A precise definition of heat capacity can be given as
follows. Let x be a point in the plane of states F' (with coordinates V, P or V, T or
P,T) and e € TF; a vector indicating the direction of displacement from the point
x. Let £ be a small parameter. Let us consider the displacment from the state x
to the state X + te along the closed interval in the plane F' whose endpoints are
these states. Let AQ(x,te) be the heat acquired by the substance in this process
and AT(x,%e) the change in the temperature of the substance.

The heat capacity C = C'(x,e) of the substance (or system) corresponding to
the state x and the direction e of displacement from that state is

AQ(x te)

Chite) = n_»u AT (x,te)

In particular, if the system is thermally insulated, its evolution takes place with-
out any exchange of heat with the surrounding medium. This is a so-called adiabatic
process. The curve in the plane of states F' corresponding to such a process is called
an aediebalic. Hence, zero heat capacity of the system corresponds to displacement
from a given state x along an adiabatic,

Infinite heat capacity corresponds to displacement along an isotherm T = const.

The heat capacities at constant volume Cy = C(X,ey) and at constant pressure
Cp = C(x,ep), which correspond respectively to displacement along an isochore
V = const and an isobar P = const, are used particularly often. Experiment shows
that in a rather wide range of states of a given mass of substance, each of the
quantities Cy and Cp can be considered practically constant. The heat capacity
corresponding to one mole of a given substance is customarily called the molecular
heat capacity and is denoted (in contrast to the others) by upper case letters rather
than lower case. We shall assume that we are dealing with one mole of a substance.

Between the quantity AQ of heat acquired by the substance in the process, the
change AU in its internal energy, and the mechanical work AA it performs, the law
of conservation of energy provides the connection AQ = AU + AA. Thus, under
a small displacement te from state x € F the heat acquired can be found as the
value of the form 4Q := dU + PdV at the point X on the vector te € TF. (for
the formula P dV for the work see Problem 5¢c)). Hence if T' and V are regarded as
the coordinates of the state and the displacement parameter (in a nonisothermal
direction) is taken as T', then we can write

AQ 8U 8U 4dv dv
i l—mAT ar Tav dr"'P";Tf'

The derivative & T V. determines the direction of displacment from the state x € F
in the plane of states with coordinates 7' and V. In particular, if ‘W = 0 then
the displacement is in the djrection of the isochore V = const, a.nd we find that

Cy = U . If P = const, then gg . (Inthe general case V = V (P, T)
is the equatlon of state f(P, V T) 0 SOIved for V.) Hence

or= (%), +((%),+7) (3%),
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where the subscripts P, V, and T on the right-hand side indicate the parameter
of state that is fixed when the partial derivative is taken. Comparing the resulting
expressions for Cy and Cp, we see that

Cr—Cy = ((g.g)ﬁ) (&)

By experiments on gases (the Joule'-Thomson experiments) it was established
and then postulated in the model of an ideal gas that its internal energy depends

only on the temperature, that is, (g%)’r = 0. Thus for an ideal gas Cp — Cy =

P(%)P. Taking account of the equation PV = RT for one mole of an ideal gas,

we obtain the relation Cr — Cy = R from this, known as Mayer’s eguation® in
thermodynamics.

The fact that the internal energy of a mole of gas depends only on temperature
makes it possible to write the form 6Q as

ou
§Q = Z=dT +PdV = CydT+ PV .

To compute the quantity of heat acquired by a mole of gas when its state varies
over the path ~ one must consequently find the integral of the form Cy d7' 4 PdV
over 7. It is sometimes convenient to have this form in terms of the variables V and
P. If we use the equation of state PV = RT and the relation Cp — Cy = R, we
obtain v

m=m§w+m§@.

a) Write the formula for the quantity Q of heat acquired by a mole of gas as its
state varies along the path ~y in the plane of states F'.

b) Assuming the quantities Cp and Cy are constant, find the quantity Q cor-
responding to the paths yorr, yoxr, and vo; in Problem 5b).

c) Find (following Poisson) the equation of the adiabetic passing through the
point (Vo, Py) in the plane of states F' with coordinates V' and P. (Poisson found
that PV©P/¢v — const on an adiabatic. The quantity Cp/Cy is the adiabatic
constant of the gas. For air Cp/Cy = 1.4.) Now compute the work one must do in
order fo confine a thermally isolated mole of air in the state (Vp, ;) to the volume
Vi = 3 V.

7. We recall that a Carnot cycle® of variation in the state of the working body of
a heat engine (for example, the gas under the piston in a cylinder) consists of the
following (Fig. 13.4). There are two cnergy-storing bodies, a heater and a cooler (for

' G.P. Joule (1818-1889) — British physicist who discovered the law of thermal
action of a current and also determined, independently of Mayer, the mechanical
equivalent of heat.

2 J.P. Mayer (1814-1878) — German scholar, a physician by training; he stated
the law of conservation and transformation of energy and found the mechanical
equivalent of heat.

3 N.L.S. Carnot (1796-1832) — French engineer, one of the founders of thermody-
namics.
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Fig. 1304'

example, a steam boiler and the atmosphere) maintained at constant temperatures
Ty and Tb respectively (Ti > T3). The working body (gas) of this heat engine,
having temperature T in State 1, is brought into contact with the heater, and by
decreasing the external pressure along an isotherm, expands quasi-statically and
moves to State 2. In the process the engine borrows a quantity of heat Q1 from the
heater and performs mechanical work Aj; against the external pressure. In State 2
the gas is thermally insulated and forced to expand quasi-statically to state 3, until
its temperature reaches T4, the temperature of the cooler. In this process the engine
also performs a certain quantity of work Az3 against the external pressure. In State
3 the gas is brought into contact with the cooler and compressed isothermically
to State 4 by increasing the pressure. In this process work is done on the gas (the
gas itself performs negative work Ass), and the gas gives up a certain quantity of
heat @2 to the cooler. State 4 is chosen so that it is possible to return from it to
State 1 by a quasi-static compression along an adiabatic. Thus the gas is returned
to State 1. In the process it is necessary to perform some work on the gas (and the
gas itself performs negative work Ag1). As a result of this cyclic process (a Carnot
cycle) the internal energy of the gas (the working body of the engine) obviously
does not change (after all, we have returned to the initial state). Therefore the work
performed by the engine is A = A1z + A2z + Az + Ay = Q1 — Q2.

. The heat Q) acquired from the heater went only partly to perform the work A.
It is natural to call the quantity n = 'QAT — 215.1_'-?.3 the efficiency of the heat engine
under consideration.

a) Using the results obtained in a) and c) of Problem 6, show that the equality
%1 = %:‘1 holds for a Carnot cycle.

b) Now prove the following theorem, the first of Carnot’s two famous theorems.
The efficiency of a heat engine working along a Carnot cycle depends only on the
temperatures Ty and T3 of the heater and cooler. (It is independent of the structure
of the engine or the form of its working body.)

8. Let v be a closed path in the plane of states F' of the working body of an arbitrary
heat engine (see Problem 7) corresponding to a closed cycle of work performed by it.
The quantity of heat that the working body (a gas, for exatnple) exchanges with the
surrounding medium and the temperature at which the heat cxchange takes place
are connected by the Clausius inequality [ ‘-s:ﬁ < 0. Here 8Q is the heat exchange
form mentioned in Problem 8. 7
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a) Bhow that for a Carnot cycle (see Problem 7), the Clausius inequality becomes
equality.

b) Show that if the work cycle v can be run in reverse, then the Clausius
inequality becomes equality.

c) Let 71+ and 2 be the parts of the path v on which the working body of a
heat engine acquires heat from without and imparts it to the suwrrounding medium
respectively. Let T} be the maximal temperature of the working body on 7y; and T3
its minimal temperature on ;. Finally, let Q1 be the heat acquired on 7; and Q>
the heat given up on 42. Based on Clausius’ inequality, show that 91 < 3.

d) Obtain the estimate 5 < -1—2 for the efficiency of any heat engine (see
Problem 7). This is Caernot's second theorem. (Estimate separately the efficiency of
a steam engine in which the maximal temperature of the steam is at most 160°C,
that is, 71 = 423K, and the temperature of the cooler — the surrounding medium
— is of the order 20°C, that is 7 = 291 K.)

e) Compare the results of Problems 7b) and 8d) and verify that a heat engine

working in a Carnot cycle has the maximum possible efficiency for given values of
Ty and 7%.
8. The differential equation dz = *E-‘(;:—; is said to have variables separable. It is
usually rewritten in the form g(y) dy = f(x)dz, in which “the variables are sepa-
rated,” then “solved” by equating the primitives [ g(y)dy = [ f(z) dz. Using the
language of differential forms, now give a detailed mathematical explanation for
this algorithm.

13.2 The Volume Element.
Integrals of First and Second Kind

13.2.1 The Mass of a Lamina

Let S be a lamina in Euclidean space R". Assume that we know the density
p(z) (per unit area) of the mass distribution on S. We ask how one can
determine the total mass of S.

In order to solve this problem it is necessary first of all to take account
of the fact that the surface density p(z) is the limit of the ratio Am of the
quantity of mass on a portion of the surface in a neighborhood of @ to the area
Ao of that same portion of the surface, as the neighborhood is contracted
to x.

By breaking S into sinall pieces S; and assuming that p is continuous on
S, we can find the mass of 5;, neglecting the variation of p within each small
piece, from the relation

Am; = p(z;) Aoy ,

in which Ag; is the area of the surface S; and z; € S;.
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Summing these approximate equalities and passing to the limit as the
partition is refined, we find that

m= fpdcr. (13.12)
3

The symbol for integration over the surface § here obviously requires
some clarification so that computational formulas can be derived from it.

We note that the statement of the problem itself shows that the left-hand
side of Eq. (13.12) is independent of the orientation of S, so that the integral
on the right-hand side must have the same property. At first glance this
appears to contrast with the concept of an integral over a surface, which was
discussed in detail in Sect. 13.1. The answer to the question that thus arises
is concealed in the definition of the surface element de, to whose analysis we
now turn.

13.2.2 The Area of a Surface as the Integral of a Form

Comparing Definition 1 of Sect. 13.1 for the integral of a form with the
construction that led us to the definition of the area of a surface (Sect. 12.4),
we see that the area of a smooth k-dimensional surface S embedded in the
Euclidean space IR and given parametrically by ¢ : D — S, is the integral of
a form {2, which we shall provisionally call the volume element on the surface
S. It follows from relation (12.10) of Sect. 12.4 that 2 (more precisely ¢*§2)

has the form
w = 1/det(gi;)(t)dt* A--- A dtF, (13.13)

m the curvilinear coordina,tgs X D — S (that is, when transferred to the
domain D). Here gy;(t) = (5%, 55 ), ,j = 1,...,k.

To compute the area of S over a domain D in a second parametrization
@ : D — S, one must correspondingly integrate the form

@ = o/ det(G; )(E) dE* A -~ - AdEF (13.14)

where §i;(f) = (3%, 2£),i,j=1,..., k.
We denote by 1 the diffeomorphism ¢~ 0 ¢ : D — D that provides the

change from £ coordinates to ¢ coordinates on S. Earlier we have computed
(see Remark 5 of Sect. 12.4) that

det(3i; (D) = /det(gy;)(¢) - | det 9/ (2)] (13.15)

At the same time, it is obvious that

P*w = y/det(gi;)(¥(F)), det v’ () dF* A - - AdE* . (13.16)
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Comparing the equalities (13.13)-(13.16), we see that ¢Y*w = @ if
dety/(f) > 0 and ¥*w = —© if det®/(f) < 0. If the forms w and @ were
obtained from the same form 2 on S through the transfers ¢* and ¢*, then
we must always have the equality ¢¥*(¢*f2) = ©*§2 or, what is the sane,
Pw=0u.

We thus conclude that the forms on the parametrized surface S that one
must integrate in order to obtain the areas of the surface are different: they
differ in sign if the parametrizations define different orientations on §; these
forms are equal for parametrizations that belong to the same orientation class
for the surface S.

Thus the volume element 2 on § must be determined not only by the
surface S embedded in R™, but also by the orienation of S.

This might apprear paradoxical: in our intuition, the area of a surface
should not depend on its orientation!

But after all, we arrived at the definition of the area of a parametrized
surface via an integral, the integral of a certain form. Hence, if the result of our
computations is to be independent of the orientation of the surface, it follows
that we must integrate different forms when the orientation is different.

Let us now turn these considerations into precise definitions.

13.2.3 The Volume Element

Definition 1. If R® is an oriented Euclidean space with inner product (, ),
the volume element on R* corresponding to a particular orientation and the
inner product {, } is the skew-symmetric k-form that assumes the value 1 on
an orthonormal frame of some orientation class.

The value of the k—fomi on the frame ey, ..., e; obviously determines this
form.
We remark also that the form (2 is determined not by an individual or-
thonormal frame, but only by its orientation class.

Proof. In fact, if €,,...,e, and &i,..., & are two such frames in the same
orientation class, then the transition matrix O from the second basis to the
flrst is an orthogonal matrix with det O = 1. Hence

ﬂ(el}...,ek)=det0'ﬂ(él,...,ék) '—_ﬂ(é_[!...,ék) . 0O

If an orthonormal basis ey, ..., ex is fixed in R* and #!,...,7* are the
projections of B* on the corresponding coordinate axes, obviously 7! A --- A
n*(e1,...,ex) =1 and

R=a'A--ATF.
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Thus,

ﬂ(&}:---:&k) =] cevnvrnene

& - &
This is the oriented volume of the parallelepiped spanned by the ordered
set of vectors &,,...,&;.

Definition 2. If the smooth k-dimensional oriented surface S is embedded
in a Euclidean space R", then each tangent plane 7'S; to S has an orientation
consistent with the orientation of S and an inner product induced by the the
inner product in R™; hence there is a volume element 2(x). The k-form 2

that arises on S in this way is the volume element on § induced by the
embedding of S in R™.

Definition 3. The area of an oriented smooth surface is the integral over
the surface of the volume element corresponding to the orientation chosen
for the surface.

This definition of area, stated in the language of forms and made precise,
is of course in agreement with Definition 1 of Sect. 12.4, which we arrived
at by consideration of a smooth k-dimensional surface S C R™ defined in
parametric form.

Proof. Indeed, the parametrization orients the surface and all its tan-
gent planes T'S;. If &,,...,&; is a frame of a fixed orientation class in
TS,, it follows from Definitions 2 and 3 for the volume element (2 that
2(z)(&y,--.,&) > 0. But then (see Eq. (12.7) of Sect. 12.4)

2Az)(Ey, -, &) = 1/ det ((£0,€,) - O (13.17)

We note that the form 2(z) itself is defined on any set &,,.. ., &, of vectors
in T'S;, but Eq. (13.17) holds only on frames of a given orientation class in
TS

We further note that the volume element is defined only on an oriented
surface, so that it makes no sense, for example, to talk about the volume
element on a Mobius band in &2, although it does make sense to talk about
the volume element of each orientable piece of this surface.

Definition 4. Let S be a k-dimensional piecewise-smooth surface (ori-
entable or not) in R®, and Si,...,5m,... & finite or countable number of
smooth parametrized pieces of it intersecting at most in surfaces of dimen-
sion not larger than & — 1 and such that § = |J S;.

2
The area (or k-dimensional volume) of S is the sum of the areas of the
surfaces S;.
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In this sense we can speak of the area of a Mobius band in R® or, what is
the same, try to find its mass if it is a material surface with matter having
unit density.

The fact that Definition 4 is unambiguous (that the area obtained is
independent of the partition S,,...,S,,, ... of the surface) can be verified by
traditional reasoning.

13.2.4 Expression of the Volume Element
in Cartesian Coordinates

Let S be a smooth hypersurface (of dimension n—1) in an oriented Euclidean
space R™ endowed with a continuous field of unit normal vectors n(z), « € S,
which orients it. Let V' be the n-dimensional volume in R™ and §2 the (n—1)-
dimensional volume element on S.

If we take a frame §,,...,£,~; in the tangent space T'S; from the orien-
tation class determined by the unit normal n(x) to 7'S;, we can obviously
write the following equality:

V(x)(n: 611 il 1571—1) = Q("’)(&h £y En—l) ' (1318)

Proof. This fact follows from the fact that under the given hypotheses
both sides are nonnegative and equal in magnitide because the volume
of the parallelepiped spanned by 7,§&,,...,&,,_, is the area of the base
Az)(&,,- .. €,-1) multiplied by the height || = 1. O

But,
"' "
: 3
Viz)(m&obp-)=| -
3;—1 AR

= Z(—l)i_lﬂi({'ﬂ)d&?l A A dgi A= A dw“(&]: wne 'J'En—-l) .

i=1

Here the variables z',...,z™ are Cartesian coordinates in the orthonor-
mal basis ey,...,e, that deflnes the orientation, and the frown over the
differential dz* indicates that it is to be omitted.

Thus we obtain the following coordinate expression for the volume element
on the oriented hypersurface § C R"™:

2=> (-1)"'g'(z)dz' A---A i e~ dz™(&y,....€,_1) . (13.19)

i=1
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At this point it is worthwhile to remark that when the orientation of the
susrface is reversed, the direction of the normal n(z) reverses, that is, the
form {2 is replaced by the new form —{2.

It follows from the same geometric considerations that for a fixed value
of i €{l,...yn}

(n(m)!ei>ﬂ(£11 L thl En—l) = V(ﬂ.’:)(ei, El'.' £ 1671.-—1) : (13‘20)

This last equality means that

(@) 2(2) = (1) g A A dzE Ao AdS (€, rg) . (13.21)

For a two-dimensional surface S in R™ the volume element is most often
denoted do or dS. These symbols should not be interpreted as the differen-
tials of some forms ¢ and §; they are only symbols. If z,y, 2 are Cartesian
coordinates on R?, then in this notation relations (13.19) and (13.21) can be
written as follows: :

do = cosa; dy Adz 4+ cosagdz Adz + cosazdz Ady
cosayy do =dy Adz,
cosapdo =dz Adz
cosazdo =dz Ady ,

(oriented areas of the projections
on the coordinate planes).

Here (cos a,cos o, cosag)(x) are the direction cosines (coordinates) of
the unit normal vector n(z) to S at the point z € S. In these equalities (as
also in (13.19) and (13.21)) it would of course have been more correct to place
the restriction sign |, on the right-hand side so as to avoid misunderstanding.
But, in order not to make the formulas cumbersome, we confine ourselves to
this remark.

13.2.5 Integrals of First and Second Kind

Integrals of type (13.12) arise in a number of problems, a typical represen-
tative of which is the problem consisdered above of determining the mass of
a surface whose density is known. These integrals are often called integrals
over a surface or integrals of first kind.

Definition 5. The integral of a function p over an oriented surface S is the
integral
/ pf2 (13.22)
S

of the differential form pf2, where {2 is the volume element on S (correspond-
ing to the orientation of S chosen in the computation of the integral).
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It is clear that the integral (13.22) so defined is independent of the orienta-
tion of S, since a reversal of the orientation is accompanied by a corresponding
replacement of the volume element.

We emphasize that it i not really a matter of integrating a function,
but rather integrating a form pf2 of special type over the surface S with the
volume element defined on it.

Definition 6. If S is a piecewise-smooth (orientable or non-orientable) sur-
face and p is a function on S, then the integral (13.22) of p over the surface

S is the sum E / pf2 of the integrals of p over the parametrized pieces
i
Sy
S1,...y9m,... of the partition of S described in Definition 4.
The integral (13.22) is usually called a surface integral of first kind.

For example, the integral (13.12), which expresses the mass of the surface
S in terms of the density p of the mass distribution over the surface, is such
an integral.

To distinguish integrals of first kind, which are independent of the ori-
entation of the surface, we often refer to integrals of forms over an oriented
surface as surface integrals of second kind.

We remark that, since all skew-symmetric forms on a vector space whose
degrees are equal to the dimension of the space are multiples of one an-
other, there is a connection w = pf2 between any k-form w defined on a
k-dimensional orientable surface S and the volume element {2 on S. Here p
is some function on S depending on w. Hence

[o=fon
8 S

That is, every integral of second kind can be written as a suitable integral of
first kind.

Example 1. The integral (13.2') of Sect. 13.1, which expresses the work on
the path v : [a,b] — R™, can be written as the integral of first kind

/ (F,e}ds, (13.23)

where s is arc length on «, ds is the element of length (a 1-form), and e is
a unit velocity vector containing all the information about the orientation
of . From the point of view of the physical meaning of the problem solved
by the integral (13.23), it is just as informative as the integral (13.1) of
Sect. 13.1.
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Ezample 2. The flux (13.3) of Sect. 13.1 of the velocity field V across a
surface S C R”™ oriented by unit normals n(z) can be written as the surface
integral of first kind

/ (V,n)do . (13.24)

The information about the orientation of S here is contained in the direction
of the field of normals n.

The geometric and physical content of the integrand in (13.24) is just
as transparent as the corresponding meaning of the integrand in the final
computational formula (13.6) of Sect. 13.1.

For the reader’s information we note that quite frequently one encounters
the notation ds := eds and do := ndeg, which introduce a vector element
of length and a vector element of area. In this notation the integrals (13.23)
and (13.24) have the form

/ (F,ds)  and / (V,do) ,

v ¢

-

which are very convenient from the point of view of physical interpretation.
For brevity the inner product {A,B) of the vectors A and B is often written
A -B.

Example 3. Faraday’s law* asserts that the electromotive force arising in a
closed conductor I” in a variable magnetic field B is proportional to the rate
of variation of the flux of the magnetic field across a surface § bounded by
I'. Let E be the electric field intensity. A precise statement of Faraday’s law
can be given as the equality

fE-@zmg-/B-do'.

14
r S
The circle in the integration sign over I” is an additional reminder that
the integral is being taken over a closed curve. The work of the field over a
closed curve is often called the circulation of the field along this curve. Thus
by Faraday’s law the circulation of the electric field intensity generated in a
closed conductor by a variable magnetic field equals the rate of variation of

the flux of the magnetic field across a surface S bounded by I', taken with a
suirable sign.

* M. Faraday (1791-1867) — outstanding British physicist, creator of the concept
of an electromagnetic field.
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Example 4. Ampére’s law®

1
cds=— [ j-d
fB E0(‘_2/‘_1 o
r S

(where B is the magnetic field intensity, j is the current density vector, and
gp and ¢ are dimensioning constants) asserts that the circulation of the
intensity of a magnetic field generated by an electric current along a contour
I' is proportional to the strength of the current flowing across the surface S
bounded by the contour.

We have studied integrals of first and second kind. The reader might
have noticed that this terminological distinction is very artificial. In reality
we know how to integrate, and we do integrate, only differential forms. No
integral is ever taken of anything else (if the integral is to claim independence
of the choice of the coordinate system used to compute it).

13.2.6 Problems and Exercises

1. Give a formal proof of Egs. (13.18) and (13.20).

2. Let v be a smooth curve and ds the element of arc length on +.

a) Show that
f £(s)ds
)

for any function f on 7 for which both integrals are defined.
b) Verify that if |f(s)| < M on 7 and { is the length of 7, then

/ f(z) ds

c) State and prove assertions analogous to a) and b) in the general case for an
integral of first kind taken over a k-dimensional smooth surface.

< [ £(s)] ds

~

<M.

3. a) Show that the coordinates (z§, 25, () of the center of masses distributed with
linear density p(z) along the curve « should be given by the relations

mé/p(:c)ds=fxip(z)ds, i=1,2,3.

Y ¥

b) Write the equation of a helix in R? and find the coordinates of the center of
mass of a piece of this curve, assuming that the mass is distributed along the curve
with constant density equal to 1.

5 AM. Ampére (1775-1836) — French physicist and mathematician, one of the
founders of modern electrodynamics.
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c¢) Exhibit formulas for the center of masses distributed over a surface S with
surface density p and find the center of masses that are uniformly distributed over
the surface of a hemisphere,

d) Exhibit the formulas for the moment of inertia of a mass distributed with
density p over the surface S.

e) The tire on a wheel has mass 30 kg and the shape of a torus of outer diameter
1 m and inner diameter 0.5 m. When the wheel is being balanced, it is placed on a
balancing lathe and rotated to a velocity corresponding to a speed of the order of
100 km /hr, then stopped by brake pads rubbing against a steel disk of diameter 40
cm and width 2 cm. Estimate the temperature to which the disk would be heated
if all the kinetic energy of the the spinning tire went into heating the disk when the
wheel was stopped. Assume that the heat capacity of steel is ¢ = 420 J/(kg-K).

4. a) Show that the gravitational force acting on a point mass mg located at
(z0, Yo, 20) due to a material curve v having linear density p is given by the formula

F=Gm0/E€r§rds,
Y

where G is the gravitational constant and r is the vector with coordinates (z —
zo, ¥ — Yo,z — ZU)'

b) Write the corresponding formula in the case when the mass is distributed
over a surface S. '

c) Find the gravitational field of a homogeneous material line.

d) Find the gravitational field of a homogeneous material sphere. (Exhibit the
field both outside the ball bounded by the sphere and inside the ball.)

e). Find the gravitational field created in space by a homogeneous material ball
(consider both exterior and interior points of the ball).

f) Regarding the Earth as a liquid ball, find the pressure in it as a function of
the distance from the center. (The radius of the Earth is 6400 km, and its average
density is 6g/cm®.)

5. Let 71 and 72 be two closed conductors along which currents J, and Jo re-
spectively are flowing. Let ds; and ds; be the vector elements of these conductors
corresponding to the directions of current in them. Let the vector Rz be directed
from dS] to dSz, and R21 = —RIZ-

According to the Biot-Savart law® the force dF 12 with which the first element
acts on the second is

JiJ2

Fio= —r——
Fi2 = AIRP

[dsz, [ds1, Rlz]:l ,

where the brackets denote the vector product of the vectors and ¢ is a dimensioning
constant.

a) Show that, on the level of an abstract differential form, it could happen that
dFi2 # —dF2; in the differential Biot—Savart formula, that is, “the reaction is not
equal and opposite to the action.”

® Biot (1774-1862), Savart (1791-1841) — French physicists.
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b) Write the (integral) formulas for the total forces F12 and F21 for the inter-
action of the conductors ; and 72 and show that Fi2 = —Fy,.

6. The co-area formula (the Kronrod-Federer formula).

Let M™ and N™ be smooth surfaces of dimensions m and n respectively, em-
bedded in a Fuclidean space of high dimension (M™ and N™ may also be abstract
Riemannian meanifolds, but that is not important at the moment). Suppose that
m > n.

Let f: M™ — N™ be a smooth mapping. When m > n, the mapping d f(z) :
T.M™ — T¢(z)N™ has a nonempty kernel kerdf(z). Let us denote by T;- M™ the
orthogonal complement of ker df(z), and by J(f,z) the Jacobian of the mapping

df($)|T¢Mm : ToE M™ — Ty N™. If m = n, then J(f,z) is the usual Jacobian.
Let n::lvk (p) denote the volume element on a k-dimensional surface at the point
p. We shall assume that vo(E) = card E, where vi(E) is the k-volume of E.

a) Using Fubini's theorem and the rank theorem (on the local canonical form
of a smooth mapping) if necessary, prove the following formula of Kronrod and

Federer: ML J(f, z)dvm(z) = Nj’; Um—n (f“l(y)) dun (y)-

b) Show that if A is a measurable subset of M™, then

[0 dom@ = [ onn(an 57 @) doalt.
A Nrn
This is the general Kronrod—Federer formula.

c) Prove the following strengthening of Sard's theorem (which in its simplest
version asserts that the image of the set of critical points of a2 smooth mapping has
measure zero). (See Problem 8 of Sect. 11.5.)

Suppose as before that f : M™ — N" is a smooth mapping and K is a compact
set in M™ on which rankd f(z) <n for all z € K.

Then [ vm—n (I{ N f—‘(y)) dv.(y) = 0. Use this result to obtain in addition
Nn

the simplest version of Sard’s theorem stated above.

d) Verify that if f : D — R and % : D — R are smooth functions in a regular
domain D C R™ and u has no critical points in D, then

do
[ra=[a [ 15
D R’ u—1(§)

e) Let V¢(t) be the measure (volume) of the set {x € D| f(z) > t}, and let the
function f be nonnegative and bounded in the domain D.

Show that | fdv =~ [ ¢dV;() = va(t) dt.

f) Let ¢ € C“)(IR R4) and ¢(0) = 0, while f € C)(D, R) and Vig((t) is the
measure of the set {z € DI | f(x)| > t}. Verify that f:po fdv= f o' )V (2) dt.
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13.3 The Fundamental Integral Formulas of Analysis

The most important formula of analysis is the Newton—Leibniz formula (fun-
damental theorem of calculus). In the present section we shall obtain the
formulas of Green, Gauss—Ostrogradskii, and Stokes, which on the one hand
are an extension of the Newton-Leibniz formula, and on the other hand,
taken together, constitute the most-used part of the machinery of integral
calculus.

In the first three subsections of this section, without striving for generality
in our statements, we shall obtain the three classical integral formulas of anal-
ysis using visualizable material. They will be reduced to one general Stokes
formula in the fourth subsection, which can be read formally independently
of the others.

13.3.1 Green’s Theorem
Green's” theorem is the following.

Proposition 1. Let R? be the plane with a fized coordinate grid x,y, and let
D be a compact domain in this plane bounded by piecewise-smooth curves.
Let P and @ be smooth functions in the closed domain D. Then the following
relation holds:

f @—ﬁ dz dy—deE—I—Q Dy, (13.25)

8D

in which the right-hand side contains the integral over the boundary 8D of the
domain D oriented consistently with the orientation of the domain D itself.

We shall first consider the simplest version of (13.25) in which D is the
square I = {(z,y) € Rzl 0<2<1,0<y<1}and @=0inl. Then Green's
theorem reduces to the equality

oP
—_ =— [ P 3.2
/ By dz dy ] dz , (13.26)
I ar

which we shall prove.

Proof. Reducing the double integral to an iterated integral and applying the
fundamental theorem of calculus, we obtain

" G. Green (1793-1841) — British mathematician and mathematical physicist.
Newton's grave in Westminster Abbey is framed by five smaller gravestones with
brilliant names: Faraday, Thomson (Lord Kelvin), Green, Maxwell, and Dirac.
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1
6P aP
——dzd d —
./ oy S /w Bydy

D 0 0
1

1 1
= [ (P(z,1) - P(z,2))dz = — [ P(z,0)dz + [ P(z,1)dz
/ frieoe:

0

The proof is now finished. What remaing is a matter of definitions and
interpretation of the relation just obtained. The point is that the difference
of the last two integrals is precisely the right-hand side of relation (13.26).

I L
Ly
Y4 Y2
0 M 1
Fig. 13.5.

Indeed, the piecewise-smooth curve 81 breaks into four pieces (Fig. 13.5),
which can be regarded as parametrized curves

7 : [0,1] — B2, where &+ (z,0),
42 : [0,1] = R2, where y = (1,y),
v3 : [0,1] = R?, where z 25 (2 1),
44+ [0,1] = R2, where y 2% (0,%),
By definition of the integral of the 1-form w = Pdz over a curve

fP(n:,y)d /'yl(P(:c y) dz) : /P:c()d
1

71 [0,1]

/P(a:,y) dz = f ¥ (P(x,y) dz) = /Ody =0,

T2 [0,1] 0
1

fP(m, y)dz := f v (P(z,y) dz) == fP(:c,l)d:r,
78 [0,1] 0
1

/ (z,y)dz == /74 (z,y)dz) == fﬂdy=0,

[0,1] 0
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and, in addition, by the choice of the orientation of the boundary of the
domain, taking account of the orientations of i1, y2, s, 4, it is obvious that

JomJex Jor [ [ [or [ [o- [o
] =74
where —-y; is the curve +; taken with the orientation opposite to the one

defined by ;.
Thus Eq. (13.26) is now verified. O

It can be verified similarly that

9Q
/fad:ndy—/Qdy, (13.27)
Adding (13.26) and (13.27), we obtain Green’s formula
]/ o % dzdy = /Pd:c + Qdy (13.25")

for the square [.

We remark that the asymmetry of P and @ in Green’s formula (13.25)
and in Eqs. (13.26) and (13.27) comes from the asymmetry of z and y: after
all, z and y are ordered, and it is that ordering that gives the orientation in
R? and in 1.

In the language of forms, the relation (13.25") just proved can be rewritten

as
/dw =/w, (13.25")
T ar

where w is an arbitrary smooth form on I. The integrand on the right-hand
side here is the restriction of the form w to the boundary 9I of the the
square 1.

The proof of relation (13.26) just given admits an obvious generalization:
If D, is not a square, but a “curvilinear quadrilateral” whose lateral sides are
vertical closed intervals (possibly degenerating to a point) and whose other
two sides are the graphs of piecewise-smooth functions ¢;(z) < pa(z) over
the closed interval [a,d] of the z-axis, then

P
f ‘Zy de dy = f Pdz. (13.26')
D, 8D,

Similarly, if there is such a “quadrilateral” D, with respect to the y-axis,
that is, having two horizontal sides, then for it we have the equality

f f ‘-Z% dzdy = / Qdy . (13.27")
D, 8D,
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Now let us assume that the domain D can be cut into a finite number
of domains of type Dy (Fig. 13.6). Then a formula of the form (13.26') also
holds for that region D.

)
gl

Fig. 13.6.

Proof. In fact, by additivity, the double integral over the domain D is the
sum of the integrals over the pieces of type Dy, into which D is divided.
Formula (13.26"} holds for each such piece, that is, the double integral over
that piece equals the integral of P dz over the oriented boundary of the piece.
But adjacent pieces induce opposite orientations on their common boundary,
8o that when the integrals over the boundaries are added, all that remains
after cancellation is the integral over the boundary dD of the domain D itself.
DO

Similarly, if D admits a partition into domains of type D, an equality of
type (13.27°) holds for it.

We agree to call domains that can be cut both into pieces of type D, and
into pieces of type D, elementary domains. In fact, this class is sufficiently
rich for all practical applications.

By writing both relations (13.26") and (13.27") for a simple domain, we
obtain (13.25) by adding them.

Thus, Green’s theorem is proved for simple domains.

We shall not undertake any further sharpenings of Green’s formula at
this point (on this account see Problem 2 below), but rather demonstrate a
second, very fruitful line of reasoning that one may pursue after establishing
Egs. (13.25') and (13.25").

Suppose the domain C has been obtained by a smooth mapping : I — C
of the square I. If w is a smooth 1-form on C, then

/dw :=f<,a"‘ dw = /dnp*wé/qa*w = fw. (13.28)
C I I ar ac

The exclamation point here distinguishes the equality we have already
proved (see (13.25")); the extreme terms in these equalities are definitions
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or direct consequences of them; the remaining equality, the second from the
left, results from the fact that exterior differentiation is independent of the
coordinate system.

Hence Green’s formula also holds for the domain C.

Finally, if it is possible to cut any oriented domain D into a finite num-
ber of domains of the same type as C, the considerations already described
involving the mutual cancellation of the integrals over the portions of the
boundaries of the C; inside D imply that

fdw:Zfdsz/wsz, (13.29)
D et ' oD

aC,

that is, Green’s formula also holds for D.

It can be shown that every domain with a piecewise-smooth boundary
belongs to this last class of domains, but we shall not do so, since we shall
describe below (Chap. 15) a useful technical device that makes it possible to
avoid such geometric complications, replacing them by an analytic problem
that is comparatively easy to solve.

Let us consider some examples of the use of Green’s formula.

Example 1. Let us set P = —y, @ = z in (13.25). We then obtain

f_ydm+mdy:f2dmdy=20‘(D):
aD D

where o (D) is the area of D. Using Green’s formula one can thus obtain the
following expression for the area of a domain on the plane in terms of line
integrals over the oriented boundary of the domain:

a(D):%/-—ydm+xdy:-/ydm=/z:dy.

8D 8D an
It follows in particular from this that the work A = [ PdV performed

)
by a heat engine in changing the state of its working substance over a closed
cycle 7y equals the area of the domain bounded by the curve -y in the PV-plane
of states (see Problem 5 of Sect. 13.1).

Ezample 2. Let B = {(z,y) € R*|2? + y® < 1} be the closed disk in the

plane. We shall show that any smooth mapping f : B — B of the closed
disk into itself has at least one fixed point (that is, a point p € B such that

f(p) =np).

Proof. Assume that the mapping f has no fixed points. Then for every point
p € B the ray with initial point f(p) passing through the point p and the
point ¢(p) € OB where this ray intersects the circle bounding B are uniquely
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determined. Thus a mapping ¢ : B — OB would arise, and it is obvious
that the restriction of this mapping to the boundary would be the identity
mapping. Moreover, it would have the same smoothness as the mapping f
itself. We shall show that no such mapping ¢ can exist.

In the domain R? \ 0 (the plane with the origin omitted) let us consider
the form w = "f—"’m—'*fﬂ tha.t we encountered in Sect. 13.1. It can be verified

immediately that dw = 0. Since 8B € R?\0, given the mapping ¢ : B — 8B,
one could obtain a form ¢*w on B, and dy*w = ¢*(dw) = ©*0 = 0. Hence

by Green's formula
/{p*w:fdcp"‘wzo
a8 B

But the restriction of ¢ to 8B is the identity mapping, and so

[ren]-
8B 6B

This last integral, as was verified in Example 1 of Sect. 13.1, is nonzero. This
contradiction completes the proof of the assertion. D

This assertion is of course valid for a ball of any dimension (see Example
5 below). It also holds not only for smooth mappings, but for all continuous
mappings f : B — B. In this general form it is called the Brouwer fized-point
theorem.®

13.3.2 The Gauss—Ostrogradskii Formula

Just as Green’s formula connects the integral over the boundary of a plane
domain with a corresponding integral over the domain itself, the Gauss—
Ostrogradskii formula given below connects the integral over the boundary
of a three-dimensional domain with an integral over the domain itself.

Proposition 2. Let R3 be three-dimensional space with a fized coordinate

system z,y,2 and D o compact domain in R® bounded by piecewise-smooth

surfaces. Let P, Q, and R be smooth functions in the closed domain D.
Then the following relation holds:

/f oP 3(} BR)dmdyDz—-

a

:/ PdyAdz+ QdzAdz+ Rdx Ady . (13.30)

oD

8 L.E.J. Brouwer (1881-1966) — Well-known Dutch mathematician. A number of
fundamental theorems of topology are associated with his name, as well as
an analysis of the foundations of mathematics that leads to the philosophico-
mathematical concepts called intuitionism.
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The Gauss-Ostrogradskii formula (13.30) can be derived by repeating the
derivation of GGreen’s formula step by step with obvious modifications. So as
not to do a verbatim repetition, let us begin by considering not a cube in
R3, but the domain D, shown in Fig. 13.7, which is bounded by a lateral
cylindrical surface § with generator parallel to the z-axis and two caps S;
and Sg which are the graphs of piecewise-smooth functions ¢, and s defined
in the same domain G C ]Ri . We shall verify that the relation

R
/f d:z:dydz—/ Rdz Ady - (13.31)
8D
holds for D,.
z
T
Proof.
wz(w.y)
ff —d:r:dydz-f dx dy f —dz—
w1(zy)

=f/ (R(ﬂf, y:'ao2($uy)) —“R(m,y: (’altmly))) dz dy =

[/ 29,01 (2,1)) derdy + éf (B(z,9, ¢2(z,9)) de dy .

The surfaces S; and S have the following parametrizations:

Si: (= y) r— (:E, yafﬁ'l(mly)) )
SZ : (*'.L‘, y} s (ma y,QOQ(fI:,y)) =
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The curvilinear coordinates (z, y) define the same orientation on Sy that is
induced by the orientation of the domain D,, and the opposite orientation on
S,. Hence if S) and Sy are regarded as pieces of the boundary of D, oriented
as indicated in Prosition 2, these last two integrals can be interpreted as
integrals of the form Rdz A dy over S; and Ss.

The cylindrical surface S has a parametric representation (,2) —
(m(t), y(t), z), so that the restriction of the form Rdxz A dy to S equals zero,
and so consequently, its integral over S is also zero.

Thus relation (13.31) does indeed hold for the domain D,. O

If the oriented domain D can be cut into a finite number of domains of
the type D, then, since adjacent pieces induce opposite orientations on their
common boundary, the integrals over these pieces will cancel out, leaving
only the integral over the boundary dD.

Consequently, formula (13.31) also holds for domains that admit this kind
of partition into domains of type D,.

Similarly, one can introduce domains D, and D, whose cylindrical sur-
faces have generators parallel to the y-axis or z-axis respectively and show
that if a domain D can be divided into domains of type D, or D, then the

relations
/ff%dmdydz= fodzAdw, (13.32)
D 8D '

P
/[ %dmdydzzf PdyAdz. (13.33)
D

8D

Thus, if D is a simple domain, that is, a domain that admits each of the
three types of partitions just described into domains of types D., D,, and
D,, then, by adding (13.31), (13.32), and (13.33), we obtain (13.30) for D.

For the reasons given in the derivation of Green’s theorem, we shall not
undertake the description of the conditions for a domain to be simple or any
further sharpening of what has been proved (in this connection see Problem
8 below or Example 12 in Sect. 17.5).

We note, however, that in the language of forms, the Gauss—Ostrogradskii
formula can be written in coordinate-free form as follows:

/dw = /w, (13.30")
D 8D

where w is a smooth 2-form in D.

Since formula (13.30') holds for the cube I = I® = {(z,y,2) € R3|0 <
1<1,0<y<10%< z < 1}, as we have shown, its extension to more
general classes of domains can of course be carried out using the standard
computations (13.28) and (13.29).
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Example 3. The law of Archimedes. Let us compute the buoyant force of a
homogeneous liquid on a body D immersed in it. We choose the Cartesian
coordinates z, , z in R? so that the zy-plane is the surface of the liquid and
the z-axis is directed out of the liguid. A force pgzn do is acting on an element
do of the surface S of D located at depth z, where p is the density of the
liquid, g is the acceleration of gravity, and n is a unit outward normal to the
surface at the point of the surface corresponding to do. Hence the resultant
force can be expressed by the integral

F://pgznda.
g

If n = e;cosay + ey cosay + e, cos a,, then ndo = e;dy Adz + e, dz A
dz+e,dx Ady (see Subsect. 13.2.4). Using the Gauss—-Ostrogradskii formula
(13.30), we thus find that

F=empgf/zdyhdz+eypgf/zdzAdm+eng//zd:1:/\dy:
S \ s s
=empgff/Od:cdydz+eypg]/f0dxdydz+
D D
+ e.pg /ffdmdydz: pgVe, ,
D

where V' is the volume of the body D. Hence P = pgV is the weight of a
volume of the liquid equal to the volume occupied by the body. We have
arrived at Archimedes’ law: F = Pe,.

Example 4. Using the Gauss-Ostrogradskii formula (13.30), one can give the

following formulas for the volume V(D) of a body D bounded by a surface
oD.

V(D)=%f/$dy/\dz+ydz/\dm+zd:cz\dy=
an
aD oD aD

13.3.3 Stokes’ Formula in B3

Proposition 3. Let S be an oriented piecewise-smooth compact two-
dimensional surface with boundary 8S embedded in a domain G C R3, in
which a smooth 1-form w = Pdz+Q dy+ Rdz is defined. Then the following
relation holds:
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/Pdw—|—Qdy+Rd -/ B—R-—Qi dy/\dz-l—
oP @R 0Q 0P
+(E—B—-§)dz/\dm+(—é—;—a)d Ady,|  (13.34)

where the orientation of the boundary O0S is chosen consistently with the
orientation of the surface S.
In other notation, this means that

'S[dw =3{w. (13.34")

Proof. 1f C is a standard parametrized surface ¢ : I — C in R3, where I is a
square in R?, relation (13.34) follos from Egs. (13.28) taking account of what
has been proved for the square and Green’s formula.

If the orientable surface S can be cut into elementary surfaces of this type,
then relation (13.34) is also valid for it, as follows from Egs. (13.29) with D
replaced by S. O

As in the preceding cases, we shall not prove at this point that, for exam-
ple, a piecewise-smooth surface admits such a partition.

Let us show what this proof of formula. (13.34) would look like in coordi-
nate notation. To avoid expressions that are really too cumbersome, we shall
write out only the first, main part of its two expressions, and with some sim-
plifications even in that. To be specific, let us introduce the notation z!, 22, 23

for the coordinates of a point z € R® and verify only that

/P:c)dm _f —d f\dml+~(?£dm3f\dm],
dz3

since the other two terms on the left-hand side of (13.34) can be studied s
imilarly. For simplicity we shall assume that S can be obtained by a smooth
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mapping & = z(¢) of a domain D in the plane R? of the variables ¢!, {2 and
bounded by a smooth curve v = 0D parametrized via a mapping ¢ = ¢(7) by
the points of the closed interval @ < 7 < # (Fig. 13.8). Then the boundary
I' = 38 of the surface S can be written as 2 = z(¢(7)), where 7 ranges over
the closed interval [o, £]. Using the definition of the integral over a curve,
Green’s formula for a plane domain D, and the definition of the integral over
a parametrized surface, we find successively

B

f P(z)dz’ = f P(z(t(r))) (g“;”: “:ii " f‘;; :lif) o
I o

[ (P(al t)) )dt1 (P(a t)) )dt2 o
f/ [8#&1 at2 622 (Pg%)] di! Adi® =

OP oz GPdx'N\, 4 .o
| f/ (55 ~ g )4 A =

P 9z’ dz' P9 03"\ 4, o
_./:/Z 3&7’5 otl 8i2 Ozt 912 Jil )dt Adt? =
=) |G+ am ) 5
D

OP 0z® 0P 023\ 0z! g
(a2 2 * 5o 08 }dtl Pl =

8P 9z? op | 8z 8zl
_ Fﬁ' 5 % 1 2 _
_'[/(3:39 B’ T 5.8 a:: bz’ ) af" At
S s o BT BeZ

. oP | 4 1 E 3 1
= f/ (@dm Adzx +a$3d:r Adzx )
8

The colon here denotes equality by definition, and the exclamation point
denotes a transition that uses the Green’s formula already proved. The rest
consists of identities.

Using the basic idea of the proof of formula (13.34"), we have thus verified
directly (without invoking the relation ¢*d = d¢*, but essentially proving it
for the case under consideration) that formula (13.34) does indeed hold for
& simple parametrized surface. We have carried out the reasoning formally
only for the term P dz, but it is clear that the same thing could also be done
for the other two terms in the 1-form in the integrand on the left-hand side
of (13.34).
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13.3.4 The General Stokes Formula

Despite the differences in the external appearance of formulas (13.25),
(13.30), and (13.34), their coordinate-free expressions (13.25”), (13.29),
(13.30"), and (13.34') turn out to be identical. This gives grounds for sup-
posing that we have been dealing with particular manifestations of a general
rule, which one can now easily guess.

Proposition 4. Let S be an oriented piecewise smooth k-dimensional com-
pact surface with boundary 8S in the domain G C R™, in which a smooth
(k — 1)-form w 1s defined.

Then the following relation holds:

/dw - /w , (13.35)

bej a5

in which the orientation of the boundary 8S is that induced by the orientation
of S.

Proof. Formula (13.35) can obviously be proved by the same general com-
putations (13.28) and (13.29) as Stokes’ formula (13.34') provided it holds
for a standard k-dimensional interval I* = {z = (z!,...,2%*) e R¥|0 < z* <
1,7=1,...,k}. Let us verify that (13.35) does indeed hold for I*.

Since a (k — 1)-form on I* has the form w = Y ; ai(z)dz’ A -+ A da
A--+AdzF (summation over ¢ = 1,. .., k, with the differential dz* omitted), it

suffices to prove (13.35) for each mdlvldual term. Let w = a(z)dz? A--- A da?
A+-» Adz¥. Then dw = (—1)F1£& (z)dz A+-- Adat A--- A dz¥. We now
carry out the computation:

.1 Oa
e — t_l_ 1 - n k —
fdw_/( 1) Eh:*'(w)dm A Adz® =
I* I*

1

(=1 f dz'.--dat ... dz* g:t(x)da:"::
0

(1)1 /(a N B T =

—

—a(ml,...,xi_l,ﬂ,m’:""li...a;k)) dz!.-.dzt .- da® =

= (=1)"! / O g [ PR | T

+ (=1)* / 1 O S8 R, il T DT | el

Ik—-l
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Here I*~! is the same as I* in R, only it is a (k— 1)-dimensional interval
in R*=1, In addition, we have relabeled the variables 2! = ¢!,..., 2*~! = 1,
il — fi’ ok = k-1
s oy .

The mappings

I g e I, o A (B e B it o 20 ™,
Iy = I o ) b B e B o Y 0

are parametrizations of the upper and lower faces I';; and [ of the inter-
val I* respectively orthogonal to the z* axis. These coordinates define the
same frame ej,...,€;-1,€i41,...,€; orienting the faces and differing from
the frame e;,...,ex of R® in the absence of e;. On Iy the vector e; is
the exterior normal to 7%, as the vector —e; is for the face I';y. The frame
€{,€1y...,€i_1,€441,...,8; becomes the frame e;,...,er after { — 1 inter-
changes of adjacent vectors, that is, the agreement or disagreement of the
orientations of these frames is determined by the sign of (—1)*~'. Thus, this
parametrization defines an orientation on I;; consistent with the orientation
of I¥ if taken with the corrective coefficient (—1)*~! (that is, not changing
the orientation when ¢ is odd, but changing it when 2 is even).

Analogous reasoning shows that for the face [ it is necessary to take a
corrective coefficient (—1)* to the orientation defined by this parametrization
of the face Ig.

Thus, the last two integrals (together with the coefficients in front of
them) can be interpreted respectively as the integrals of the form w over the
faces I's; and Iy of I* with the orientation induced by the orientation of I*.

We now remark that on each of the remaining faces of I* one of the co-
ordinates z!,...,z"1, 2", ..., 2* is constant. Hence the differential corre-
sponding to it i3 equal to zero on such a face, Thus, the form dw is identically
equal to zero and its integral equals zero over all faces except o and I3;.

Hence we can interpret the sum of the integrals over these two faces as
the integral of the form w over the entire boundary 8I* of the interval I*
oriented in consistency with the orientation of the interval I¥ itself.

The formula
[ [
I

arx

and along with it formula (13.35), is now proved. 0O

As one can see, formula (13.35) is a corollary of the Newton-Leibniz
formula (fundamental theorem of calculus), Fubini’s theorem, and a series of
definitions of such concepts as surface, boundary of a surface, orientation,
differential form, differentiation of a differential form, and transference of
forms.

Formulas (13.25), (13.30), and (13.34), the formulas of Green, Gauss-
Ostrogradskii, and Stokes respectively, are special cases of the general formula
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(13.35). Moreover, if we interpret a function f defined on a closed interval
[a,b] C R as a 0-form w, and the integral of a 0-form over an oriented point
as the value of the function at that point taken with the sign of the orien-
tation of the point, then the Newton—Leibniz formula itself can be regarded
as an elementary (but independent) version of (13.35). Consequently, the
fundamental relation (13.35) holds in all dimensions k > 1.

Formula (13.35) is often called the general Stokes formula. As historical
information, we quote here some lines from the preface of M. Spivak to his
book (cited in the bibliography below):

The first statement of the Theorem® appears as a postscript to a
letter, dated July 2, 1850, from Sir William Thomson (Lord Kelvin)
to Stokes. It appeared publicly as question 8 on the Smith’s Prize Ex-
amination for 1854. This competitive examination, which was taken
annually by the best mathematics students at Cambridge University,
was set from 1849 to 1882 by Professor Stokes; by the time of his
death the result was known universally as Stokes’ theorem. At least
three proofs were given by his contemporaries: Thomson published
one, another appeared in Thomson and Tait’s Treatise on Natural
Philosophy, and Maxwell provided another in Electricity and Mag-
netism. Since this time the name of Stokes has been applied to much
more general results, which have figured so prominently in the devel-
opment of certain parts of mathematics that Stokes’ theorem may be
considered a case study in the value of generalization.

 We note that the modern language of differential forms originates with
Elie Cartan,'® but the form (13.35) for the general Stokes’ formula for surfaces
in R™ seems to have been first proposed by Poincaré. For domains in n-
dimensional space IR™ Ostrogradskii already knew the formula, and Leibniz
wrote down the first differential forms.

Thus it is not an accident that the general Stokes formula (13.35) is
sometimes called the Newton-Leibniz-Green—Gauss—Ostrogradski-Stokes—
Poincaré formula. One can conclude from what has been said that this is
by no means its full name.

Let us use this formula to generalize the result of Example 2.

Ezample 5. Let us show that every smooth mapping f : B — B of a closed
ball B C R™ into itself has at least one fixed point.

Proof. If the mapping f had no fixed points, then, as in Example 2, one could
construct a smooth mapping ¢ : B — 8B that is the identity on the sphere
0B. In the domain R™ \ 0, we consider the vector field FrF’ where r is the

radius-vector of the point =z = (z',...,z™) € R™\ 0, and the flux form

® The classical Stokes theorem (13.34) is meant.
10 Elie Cartan (1869-1951) — outstanding French geometer.
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r c (*l)i_lmidmlf\---/\d,:;"/\---/\d:cm
={=n)2=)"
N <\r|’“ n> = (217 + -+ + (am)2) ™2

corresponding to this field (see formula (13.19) of Sect. 13.2). The flux of

such a field across the boundary of the ball B = {z € R||z| = 1} in the

direction of the outward normal to the sphere 9B is obviously equal to the

area of the sphere 8B, that is, [ w # 0. But, as one can easily verify by
8B

direct computation, dw = 0 in R™ \ 0, from which, by using the general

Stokes formula, as in Example 2, we find that

/w:f&p*w:/d:p*cu:/w*dw=f¢p*0=0.

B 8B B B B

This contradiction finishes the proof. O

I

13.3.5 Problems “and Exercises

1. a) Does Green's formula (13.25) change if we pass from the coordinate system
x,y to the system y,z7

b) Does formula (13.25") change in this case?

2. a) Prove that formula (13.25) remains valid if the functions P and Q are con-
tinuous in a closed square I, their partial derivatives ‘3—4:: and %- are continuous
at interior points of 7, and the double integrals exist, even if as improper integrals
(13.25').

b) Verify that if the boundary of a compact domain D consists of piecewise-
smooth curves, then under assumptions analogous to those in a), formula (13.25)
remains valid.

3, a) Verify the proof of (13.26") in detail.

b) Show that if the boundary of a compact domain D C R? consists of 2 finite
number of smooth curves having only a finite number of points of inflection, then
D is a simple domain with respect to any pair of coordinate axes.

c) Is it true that if the boundary of a plane domain consists of smooth curves,
then one can choose the coordinate axes in R* such that it is a simple domain
relative to them?

4. a) Show that if the functions P and @ in Green’s formula are such that % ~

%;i = 1, then the area o(D) of the domain D can be found using the formula

o(D) = [ Pdz+ Qdy.
8D
b) Explain the geometric meaning of the integral [ ydz over some (possibly
B
nonclosed) curve in the plane with Cartesian coordinates z, y. Starting from this,

give a new interpretation of the formula o(D) = — [ ydz.
6D



252 13 Line and Surface Integrals

c) As a check on the preceding formula, use it to find the area of the domain

2 2
%+15%.

. 2
p={ey | +4

5. a) Let 2 = 2(t) be a diffeomorphism of the domain Dy C R} onto the do-
main D, C RZ, Using the results of Problem 4 and the fact that a line integral
is independent of the admissible change in the parametrization of the path, prove

that
fda::/|3:’(t)|dt,
D, Dy

where dz = dz'dz?, dt = dt' dt?, |2'(t)| = det 2 (¢).
b) From a) derive the formula

f fla)de= / £ (=) det'(6)|
D, Dy

for change of variable in a double integral.

2 2
6. Let f(z,y,t) be a smooth function satisfying the condition (4L ) +(4L)" # 0in
its domain of definition. Then for each fixed value of the parameter t the equation
f(z,y,t) = 0 defines a curve +; in the plane R?, Then a family of curves {v:}
depending on the parameter t arises in the plane. A smooth curve I' C R* defined
by parametric equations x = 2(t), y = y(t), is the envelope of the family of curves
{7} if the point x(to), y(to) lies on the corresponding curve v, and the curves I"
and 7, are tangent at that point, for every value of tp in the common domain of
definition of {y:} and the functions z(t), y(t).

a) Assuming that z,y are Cartesian coordinates in the plane, show that the
functions z(t), y(t) that define the envelope must satisfy the system of equations

{ f(m'ly,i):o’
%%(:B,T,t) =0,

and from the geometric point of view the envelope itself is the boundary of the
projection (shadow) of the surface f(z,y,t) =0 of Rf, , ) on the plane R7, .

b) A family of lines zcosa + ysina — p(a) = 0 is given in the plane with
Cartesian coordinates  and y. The role of the parameter is played here by the polar
angle . Give the geometric meaning of the quantity p(a), and find the envelope of
this family if p(a) = ¢ + a cosa + bsin o, where a, b, and ¢ are constants.

c¢) Desribe the accessible zone of a shell that can be fired from an adjustable
cannon making any angle a € [0, 7/2] to the horizon.

d) Show that if the function p(a) of b) is 27-periodic, then the corresponding
envelope I” is a closed curve,
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e) Using Problem 4, show that the length L of the closed curve I” obtained in
d) can be found by the formula

2
L= f‘p(a) da .
0

(Assume that p € C*®).)

f) Show also that the area ¢ of the region bounded by the closed curve I’
obtained in d) can be computed as

Qo
o=3 [0°~P@)da,  Ha)= <L (5.

7. Consider the integral [ —"35{-:’"—) ds, in which ~ is a smooth curve in R?, r is the
v

radius-vector of the point (x,y) € 4, r = |r| = /2% + 92, n is the unit normal
vector to v at (z,y) varying continuously along <, and ds is arc length on the
curve. This integral is called Gauss' integral

a) Write Gauss’ integral in the form of a flux [(V,n)ds of the plane vector
“r

field V across the curve =,

b) Show that in Cartesian coordinates @ and y Gauss’ integral has the form
& [ 1%%’?"& familiar to us from Example 1 of Sect. 13.1, where the choice of sign
y

is determined by the choice of the field of normals n.

¢) Compute Gauss’ integral for a closed curve + that encircles the origin once
and for a curve 7 bounding a domain that does not contain the origin.
d) Show that Eﬂ{;‘lﬁ ds = de, where  is the polar angle of the radius-vector

r, and give the geometric meaning of the value of Gauss’ integral for a closed curve
and for an arbitrary curve v C R2.

8. In deriving the Gauss-Ostrogradskii formula we assumed that D is a simple
domain and the functions P, Q, R belong to C'}(D, R). Show by improving the
reasoning that formula (13. 30) holds if D is a compact domain with piecewise

smooth boundary, P, Q, R € C(D,R), 3£, 52, 22 € C(D,R), and the triple integral

converges, even if it is an improper integral.

9. a) Ifthe functions P, , and R in formula (13.30) are such th&t + gd —l— 1,
then the volume V(D) of the domain D can be found by the formula

V(D)=f[deAdz+deAd:c+Rdm/\dy.

b) Let f(z,t) be a smooth function of the variables z € Dx C RZ, t € D, C R}
and —i = (g;fr e an) = (0. Write the system of equations that must be satisfied

by the (n—1)-dimensional surface in R} that is the envelope of the family of surfaces
{St} defined by the conditions f(z,t) =0, t € D; (see Problem 6).
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¢) Choosing a point on the unit sphere as the parameter £, exhibit a fmaily of
planes in R® depending on the parameter ¢ whose envelope is the ellipsoid E; +

2 22
%2- - 3 = 1.
d) Show that if a closed surface S is the envelope of a family of planes

cos o1 (8)z + cosalt)y + cosaz(t)z — pt) =0,

where o, a2, a3 are the angles formed by the normal to the plane and the coordinate
axes and the parameter ¢ is a variable point of the unit sphere S* C R?, then the
area o of the surface S can be found by the formula o = [ p(t) de.
g2
e) Show that the volume of the body bounded by the surface S considered in
d) can be found by the formula V = 1 [ p(t) do.
S

f) Test the formula given in e) by finding the volume of the ellipsoid f;} + %:- +
151
g) What does the n-dimensional analogue of the formulas in d) and e) look like?

10. a) Using the Gauss—Ostrogradskii formula, verify that the flux of the field r/r3
(where r is the radius-vector of the point = € R® and r = |r|) across a smooth
surface S enclosing the origin and homeomorphic to a sphere equals the flux of the
same field across an arbitrarily small sphere |z| = ¢.

b) Show that the flux in a) is 4.
c) Interpret Gauss' integral [ <%E8) 45 in R? as the flux of the field r/r® across
8

the surface S.

d) Compute Gauss’ integral over the boundary of a compact domain D C R3,
considering both the case when D contains the origin in its interior and the case
when the origin lies outside D.

e) Comparing Problems 7 and 10a)—d}, give an n-dimensional version of Gauss’
integral and the corresponding vector field. Give an n-dimensional statement of
problems a)—d) and verify it.

11. a) Show that a closed rigid surface § C R® remains in equilibrium under the

action of a uniformly distributed pressure on it. (By the principles of statics the

problem reduces to verifying the equalities [[ndo = 0, [[[r,n]de = 0, where n
s 3

is a unit normal vector, r is the radius-vector, and [r, n] is the vector product of r
and n.)

b) A solid body of volume V is completely immersed in a liquid having specific
gravity 1. Show that the complete static effect of the pressure of the liquid on the
body reduces to a single force F of magnitude V directed vertically upward and
attached to the center of mass C of the solid domain occupied by the body.

12. Let ' : I* — D be a smooth (not necessarily homeomorphic) mapping of an
interval I* C R* into a domain D of R, in which a k-form w is defined. By analogy
with the one-dimensional case, we shall call a mapping I" a k-cell or k-pathand

by definition set [w = [ Iw. Study the proof of the general Stokes formula and
L Ik
verify that it holds not only for k-dimensional surfaces but also for k-cells.
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13. Using the generalized Stokes formula, prove by induction the formula for change
of variable in a multiple integral (the idea of the proof is shown in Problem 5a)).

14. Integration by parts in a multiple integral.
Let D be a bounded domain in R™ with a regular (smooth or piecewise smooth)

boundary 8D oriented by the outward unit normal n = (n’,...,n™).
Let f, g be smooth functions in D.

&) Show that
/ékfdv - ffni .
D

8D
b) Prove the following formula for integration by parts:

!(3if)9dv=a£ fgn*dcr-—D/f(r‘i-g)du.



14 Elements of Vector Analysis
and Field Theory

14.1 The Differential Operations of Vector Analysis

14.1.1 Scalar and Vector Fields

In field theory we consider functions z +» T'(x) that assign to each point z of
a given domain D a special object T'(z) called a tensor. If such a function is
defined in a domain D, we say that a tensor field is defined in D. We do not
intend to give the definition of a tensor at this point: that concept will be
studied in algebra and differential geometry. We shall say only that numerical
functions D 3 z > f(z) € R and vector-valued functions R™ D D 2 z
V(z) € TR} ~ R™ are special cases of tensor fields and are called scalar fields
and vector fields respectively in D (we have used this terminology earlier).

A differential p-form w in D is a function R™ D D 3 2z = w(z) €
E((R“)",R) which can be called a field of forms of degree p in D. This
also is a special case of a tensor field.

At present we are primarily interested in scalar and vector fields in do-
mains of the oriented Euclidean space R™. These fields play a major role in
many applications of analysis in natural science.

14.1.2 Vector Fields and Forms in R3

We recall that in the Euclidean vector space R® with inner product (, )
there is a correspondence between linear functionals A : R? — R and vectors
A € R? consisting of the following: Each such functional has the form A(£) =
(A, &), where A is a completely definite vector in R3.

If the space is also oriented, each skew-symmetric bilinear functional B :
R3 x R* — R can be uniquely written in the form B(£,,&,) = (B, &;,&,),
where B is a completely definite vector in R*® and (B, &,,£,), as always,
is the scalar triple product of the vectors B, &,, and §,, or what is the
same, the value of the volume element on these vectors. Thus, in the oriented
Euclidean vector space R® one can associate with each vector a linear or
bilinear form, and defining the linear or bilinear form is equivalent to defining
the corresponding vector in R3,
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If there is an inner product in R3, it also arises naturally in each tan-
gent space TR3 consisting of the vectors attached to the point R3, and the
orientation of R? orients each space TRZ.

Hence defining a 1-form w'(z) or a 2-form w?(z) in TRZ under the con-
ditions just listed is equivalent to defining some vector A(z) € TRZ corre-
sponding to the form w'(z) or a vector B(z) € TRS corresponding to the
form w?(z).

Consequently, defining a 1-form w! or a 2-form w® in a domain D of the
oriented Euclidean space R is equivalent to defining the vector field A or B
in D corresponding to the form.

In explicit form, this correspondence amounts to the following;

wi (z)(&) = (A(z),€) (14.1)
wlﬂa(m)(spe ) = ( (z), &1, 52) (14.2)

where A(z), B(z), &, &;, and &, belong to T'D,,.

Here we see the work form w! = w} of the vector field A and the flux
form w? = w} of the vector field B, which are already familiar to us.

To a scalar field f: D — R, we can assign a 0-form and a 3-form in D as
follows:

2

I

wy =f, (14.3)
w} = fdv, (14.4)

where dV is the volume element in the oriented Euclidean space R?.

In view of the correspondences (14.1)—(14.4), definite operations on vector
and scalar fields correspond to operations on forms. This observation, as we
shall soon verify, is very useful technically.

Proposition 1. To a linear combination of forms of the same degree there

corresponds a linear combination of the vector and scalar fields corresponding
to them.

Proof. Proposition 1 is of course obvious. However, let us write out the full
proof, as an example, for 1-forms:

Oflw}al + azw};,g = 0o (Ay,-) + Ay, ) =

(QIAI + aaAg, ) a1A1+cezA2 -0

It is clear from the proof that &y and ag can be regarded as functions
(not necessarily constant) in the domain D in which the forms and fields are
defined.

As an abbreviation, let us agree to use, along with the symbols (, ) and
[, ] for the inner product and the vector product of vectors A and B in R,
the alternative notation A - B and A x B wherever convenient.
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Proposition 2. If A, B, A,, and B, are vector fields in the oriented Eu-
clidean space B3, then

1 1 2
wAl Awﬁ.z = wAleg 3 (145}

wh Awh = wi.p. (14.6)

In other words, the vector product Ay X As of fields A; and A, that
generate 1-forms corresponds to the exterior product of the 1-forms they
generate, since it generates the 2-form that results from the product.

In the same sense the inner product of the vector fields A and B that
generate a 1-form w} and a 2-form w corresponds to the exterior product

of these forms.

Proof. To prove these assertions, fix an orthornormal basis in B3 and the
Cartesian coordinates z!,z?2, 23 corresponding to it.
In Cartesian coordinates

wh()()=Ax) - £=)_ A'(z)6' =) _ Al(z)dsi(¢),
=1

=1

that is,

wh = A' dz' + A%d2® + A% da? | (14.7)
and

B'(z) B*(z) B’(z)

"-’%(f‘?)(slafz) = & 5% ‘f? =
& & &
= (B'(z)dz? A dz® + B*do® Adz' + B®(z) dz’ Adz?)(£,,&,)
that is,
wh = B'd2? Ads® 4+ B*dz® Adz! + B3dz! Ada? . (14.8)

Therefore in Cartesian coordinates, taking account of expressions (14.7)
and (14.8), we obtain

wh, Awh, = (A] dz' + AZda2® + A} d2®) A (Ajdz' + AZds” + ASdz®) =
= (424 — A3A3) do® Ado® 4 (A3A} — A1A3) da® A da’ +
+ (AlA5 — A2AL) dz! Ad2? = wd
where B = A; x A,.
Coordinates were used in this proof only to make it easier to find the
vector B of the corresponding 2-form. The equality (14.5) itself, of course, is

independent of the coordinate system.
Similarly, multiplying Eqs. (14.7) and (14.8), we obtain

wh Awh = (A'B' + A’B? + A*B%) dz’ Ada® Ade® =l
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In Cartesian coordinates dz! A dz? A de? is the volume element in R3,
and the sum of the pairwise products of the coordinates of the vectors A and
B, which appears in parentheses just before the 3-form, is the inner product
of these vectors at the corresponding points of the domain, from which it
follows that p(z) = A(z) - B(z). O

14.1.3 The Differential Operators grad, curl, div, and V

Definition 1. To the exterior differentiation of 0-forms (functions), 1-forms,
and 2-forms in oriented Euclidean space R there correspond respectively the
operations of finding the gradient (grad) of a scalar field and the curi and
divergence (div) of a vector field. These operations are defined by the relations

dw? = w;md £ (14.9)
dwh = wlia > (14.10)
dwp = Wivp - (14.11)

By virtue of the correspondence between forms and scalar and vector
fields in R® established by Eqs. (14.1)—(14.4), relations (14.9)—(14.11) are
unambiguous definitions of the operations grad, curl, and div, performed
on scalar and vector fields respectively. These operations, the operators of
field theory as they are called, correspond to the single operation of exterior
differentiation of forms, but applied to forms of different degree.

Let us give right away the explicit form of these operators in Cartesian
coordinates z!, z2, z® in R3.

As we have explained, in this case

Wl =f, (14.3)
wh = A'dz' + A?d2?® + A% d2? (14.7")
wd = Bldz? Ade?® + B?dz® Ads! + B3ds! Ad2? (14.8')
w3 = pdz’ Adz® Adz® . (14.4")
Since
of Bf 6f
1 vee e off 2
it follows from (14.7') that in these coordinates
of of of
grad f = e, Ep +92511:2 +933—$3 ' (14.9)

where e;, e, e is a fixed orthonormal basis of R3.
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Since

Wl a = dwh = d(A'de" + A% de? + A% da®) =
dA' A3

= (gi: _gi:)d‘”z"d""hr(amﬁ - aml)d”“’s’“d”’l*"
2 1
+ (G ~ oz AP A,

it follows from (14.8") that in Cartesian coordinates

B_AE‘ B -@flj) HAl B 3A3) OA? B OAL
922 0z 82(3553 dz! ‘33(53;1 B2

As an aid to memory this last relation is often written in symbolic form

curl A = e ). (1410)

as

e e2 e3
curlA = |52 2 2| - (14.10")
Al A2 A3

Next, since

Wi g i=dwd =d(B'dz? Adz® + B?dz® Adz! + B¥dz! A dz?) =
oB' OB OB
= (3 + 5= + 33 4o’ Ade? Adz?,

it follows from (14.4") that in Cartesian coordinates

2 oB! 8B? @B? ;
HvB= o T T Sl

One can see from the formulas (14.9'), (14.10"), and (14.11") just obtained
that grad, curl, and div are linear differential operations (operators). The grad
operator is defined on differentiable scalar fields and assigns vector fields to
the scalar fields. The curl operator is also vector-valued, but is defined on
differentiable vector fields. The div operator is defined on differentiable vector
fields and assigns scalar fields to them.

We note that in other coordinates these operators will have expressions
that are in general different from those obtained above in Cartesian coordi-
nates. We shall discuss this point in Subsect. 14.1.5 below.

We remark also that the vector field curl A is sometimes called the rotation
of A and written rot A.
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As an example of the use of these operators we write out the famous!
system of equations of Maxwell,2 which describe the state of the components
of an electromagnetic field as functions of a point z = (z!, 22, 23) in space
and time £.

Example 1. (The Maxwell equations for an electromagnetic field in a vac-
uum.)

1. divE=2 . 2. divB=0.

£0

oB j 1 OE
erlE=——. 4 carlB= —5 4+ —5—.

Bt BT e T @ ot
Here p(z,t) is the electric charge density (the quantity of charge per unit
volume), j(z,%) is the electrical current density vector (the rate at which
charge is flowing across a unit area), E(z,t) and B(z,t) are the electric
and magnetic field intensities respectively, and £y and ¢ are dimensioning

constants (and in fact c is the speed of light in a vacuum).

(14.12)

In mathematical and especially in physical literature, along with the op-
erators grad, curl, and div, wide use is made of the symbolic differential
operator nabla proposed by Hamilton (the Hamilton operator)®

0 0 0
V=915$—1+ega$2 +E36$3. s

(14.13)

3 are the corre-

where {e;, ez, ez} is an orthonormal basis of R® and z!,z% =
sponding Cartesian coordinates.
By definition, applying the operator V to a scalar field f (that is, to a

function), gives the vector field

! On this subject the famous American physicist and mathematician R. Feynman
(1918-1988) writes, with his characteristic acerbity, “From a long view of the
history of mankind — seen from, say, ten thousand years from now — there can
be little doubt that the most significant event of the 19th century will be judged
as Maxwell’s discovery of the laws of electrodynamics. The American Civil War
will pale info provincial insignificance in comparison with this important scien-
tific event of the same decade.” Richard R. Feynman, Robert B. Leighton, and
Matthew Sands, The Feynman Lectures on Physics: Mainly Electromagnetism
and Matier, Reading, MA: Addison-Wesley, 1964.

2 J.C. Maxwell (1831-1879) — outstanding Scottish physicist; he created the math-
ematical theory of the electromagnetic field and is also famous for his researach
in the kinetic theory of gases, optics and mechanics.

? W.R. Hamilton (1805-1865) — famous Irish mathematician and specialist in
mechanics; he stated the variational principle (Hamilton’s principle) and con-
structed a phenomenological theory of optic phenomena; he was the creator of
the theory of quaternions and the founder of vector analysis (in fact, the term
“vector” is due to him).
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d 0 0
Vf = B]Egi" +823—£§ +E3*é-g§ ’
which coincides with the field (14.9), that is, the nabla operator is simply
the grad operator written in a different notation.

Using, however, the vector form in which V is written, Hamilton pro-
posed a system of formal operations with it that imitates the corresponding
algebraic operations with vectors,

Before we illustrate these operations, we note that in dealing with V one
must adhere to the same principles and cautionary rules as in dealing with
the usual differentiation operator D = a% For example, wDf equals ga%% and

not a%(t,o f)or f %‘fg. Thus, the operator operates on whatever is placed to the
right of it; left multiplication in this case plays the role of a coefficient, that
is, @D is the new differential operator go—&‘im—, not the function %E, Moreover,

D?=D-D, that is, D?f = D(Df) = & (£ 1) = £=7.
If we now, following Hamilton, deal with V as if it were a vector field
defined in Cartesian coordinates, then, comparing relations (14.13), (14.9'),

(14.10"), and (14.11'), we obtain

grad f = Vf (14.14)
curlA = Vx A, (14.15)
divB = V-B. (14.16)

In this way the operators grad, curl, and div, can be written in terms of
the Hamilton operator and the vector operations in R3.

Example 2. Only the curl and div operators occurred in writing out the
Maxwell equations (14.12). Using the principles for dealing with V = grad,
we rewrite the Maxwell equations as follows, to compensate for the absence
of grad in them:

1. O E=2L . 2. V-B=0.

€g
6B i  16E
3. VXE=—-——. 4 VXB=—"—1+——.
X ot X 50c2+c23t

(14.12")

14.1.4 Some Differential Formulas of Vector Analysis

In the oriented Euclidean space R? we have established the connection (14.1)-
(14.4) between forms on the one hand and vector and scalar fields on the
other. This connection enabled us to associate corresponding operators on
fields with exterior differentiation (see formulas (14.5), (14.6), and (14.9)-
(14.11)).

This correspondence can be used to obtain a number of basic differential
formulas of vector analysis.
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For example, the following relations hold:

curl (fA) = feurl A — A X grad f , (14.17)
div(fA) = A -grad f + fdivA (14.18)
div(AxB) =B:curlA—- A .curlB. (14.19)

Proof. We shall verify this last equality:

3 T 1 1y — 4,1 1 1 1 _
Wiiv AxB = dWaxp = d(wa Awp) = dwp Awp —wa Adwg =
g 1 1 2 -, 3 3 — 3
= Weurl A NWB ~ WA AWeyn B = WB.curlA — WA.curlB = wB-cur] A-A-curls -
The first two relations are verified similarly. Of course, the verification

of all these equalities can also be carried out by direct differentiation in
coordinates. [

If we take account of the relation d*w = 0 for any form w, we can also
assert that the following equalities hold:

curlgrad f = 0, (14.20)
divcurl A = 0. (14.21)

Proof. Indeed:

wgurlgradf = dw‘;mdf = d(dw_?»} = d2w‘?¢ =0,

3 _ 2 _ 1y _ 32 1 _
Wiy eurl A = dwcurlA — d(de) =d Wp = 0.0

In formulas (14.17)—(14.19) the operators grad, curl, and div are applied
once, while (14.20) and (14.21) involve the second-order operators obtained
by successive execution of two of the three original operations. Besides the
rules given in (14.20) and (14.21), one can also consider other combinations
of these operators:

grad divA, curlcurlA, divgradf. (14.22)

The operator div grad is applied, as one can see, to a scalar field. This op-
erator is denoted A (Delta) and is called the Laplace operator? or Laplacian.
1t follows from (14.9') and (14.11") that in Cartesian coordinates

2
oy ot  Of (14.23)

A= 3@ T oy T oy

4 PS. Laplace (1749-1827) — famous French astronomer, mathematician, and
physicist; he made fundamental contributions to the development of celestial
mechanics, the mathematical theory of probability, and experimental and math-
ematical physics.
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Since the operator A acts on numerical functions, it can be applied com-
ponentwise to the coordinates of vector fields A = e; A' +-e34% 4 e343, where
ey, ez, and eg are an orthonormal basis in R3. In that case

AA = e AA' + e2 AA® + o3 AAS .

Taking account of this last equality, we can write the following relation
for the triple of second-order operators (14.22):

curlcurl A = graddivA — AA (14.24)

whose proof we shall not take the time to present (see Problem 2 below). The
equality (14.24) can serve as the definition of AA in any coordinate system,
not necessarily orthogonal.

Using the language of vector algebra and formulas (14.14)—(14.16), we can
write all the second-order operators (14.20)—(14.22) in terms of the Hamilton
operator V:

curl grad f=V xVf=0,

div curlA=V - (VX A) =0,
grad divA=V(V-A),

curl curlA =V x (V x A),
div grad f =V - Vf.

From the point of view of vector algebra the vanishing of the first two of
these operators seems completely natural.

The last equality means that the following relation holds between the
Hamilton operator V and the Laplacian A:

A=V?,

14.1.5 *Vector Operations in Curvilinear Coordinates

a. Just as, for example, the sphere 2% + 3% + 22 = a? has a particularly simple
equation R = a in spherical coordinates, vector fields z — A(z) in R3 (or
R™) often assume a simpler expression in a coordinate system that is not
Cartesian. For that reason we now wish to find explicit formulas from which
one can find grad, curl, and div in a rather extensive class of curvilinear
coordinates.

But first it is necessary to be precise as to what is meant by the coordinate
expression for a field A in a curvilinear coordinate system.

We begin with two introductory examples of a descriptive character.

Ezample 3. Suppose we have a fixed Cartesian coordinate system z',z? in
the Euclidean plane R?. When we say that a vector field (A%, A%)(z) is defined
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in R?, we mean that some vector A(z) € TR? is connected with each point
z = (z',2°) € R?, and in the basis of TRZ consisting of the unit vectors
e1(z), eg(z) in the coordinate directions we have the expansion A(z) =
Al(z)e)(z) + A%(z)ea(z) (see Fig. 14.1). In this case the basis {e;(z),ea2(z)}
of TR? is essentially independent of z.

e2(2) i Alz)

€2

Fig. 14.2.
Fig. 14.1.

Ezample 4. In the case when polar coordinates (r, ¢) are defined in the same
plane R?, at each point z € R? \ 0 one can also attach unit vectors e; (z) =
eq(z), ez = e, (z) (Fig. 14.2) in the coordinate directions. They also form a
basis in TR2 with respect to which one can expand the vector A(z) of the
field A attached to z: A(z) = A'(z)e;(z) + A%(z)ez(x). It is then natural
to regard the ordered pair of functions (AI,A2) (z) as the expression for the
field A in polar coordinates.

Thus, if (A!, A%)(z) = (1,0), this is a field of unit vectors in R? pointing
radially away from the center 0.

The field (A, A?)(z) = (0, 1) can be obtained from the preceding field by
rotating each vector in it counterclockwise by the angle 7 /2.

These are not constant fields in R?, although the components of their
coordinate representation are constant. The point is that the basis in which
the expansion is taken varies synchronously with the vector of the field in a
transition from one point to another.

It is clear that the components of the coordinate representation of these
fields in Cartesian coordinates would not be constant at all. On the other
hand, a truly constant field (consisting of a vector translated parallel to itself
to all points of the plane) which does have constant components in a Cartesian
coordinate system, would have variable components in polar coordinates.

b. After these introductory considerations, let us consider more formally the
problem of defining vector fields in curvilinear coordinate systems.
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We recall first of all that a curvilinear coordinate system ¢!,¢2,#% in a
domain D C R3 is a diffeomorphism ¢ : Dy — D of a domain Dy in the
Euclidean parameter space R? onto the domain D, as a result of which each
point z = ¢(t) € D acquires the Cartesian coordinates #!,t2,t3 of the corre-
sponding point ¢ € D;.

Since ¢ is a diffeomorphism, the tangent mapping ¢'(¢) : TR} — T’l["i_p (t)
is a vector-space isomorphism. To the canonical basis €, () = (1,0,0), &5(t) =
(0,1,0), & (t) = (0,0,1) of TR3 corresponds the basis of TR;’;:W) consisting

of the vectors &;(z) = ' (t)€;(¢t) = %’éﬁl, i = 1,2,3, giving the coordinate
directions. To the expansion A(z) = a1€,(z) + afs(z) + @aks(z) of any
vector A(z) € TR in this basis there corresponds the same expansion A (t) =
@1&1(2) + 0€s(t) + az€s(t) (with the same components ay, @z, as!) of the
vector A(t) = (¢') "' A(z) in the canonical basis &, (£), £€5(t), &€5(¢) in TR, In
the absense of a Euclidean structure in R®, the numbers a;, @3, &3 would be
the most natural coordinate expression for the vector A(z) connected with
this curvilinear coordinate system.

c. However, adopting such a coordinate representation would not be quite
consistent with what we agreed to in Example 4. The point is that
the basis £&,(2),&;(x),€3(x) in TR2 corresponding to the canonical basis
£,(2),&5(t), €5(t) in TR, although it consists of vectors in the coordinate
directions, is not at all required to consist of unit vectors in those directions,
that is, in general (§;,&;)(z) # 1. ‘

We shall now take account of this circumstance which results from the
presence of a Euclidean structure in R® and consequently in each vector space
TR also.

Because of the isomorphism /() : TR} — TR3_ o(t) We can transfer the
Euclidean structure of TR? into TR by setting {71, T32) := (¢'T1,¢ T3) for
every pair of vectors 71,72 € TR}, In particular, we obtain from this the
following expression for the square of the length of a vector:

(r,7) = ()T, ' (t)T) = (%ﬂ s &’o(t)frg >

= <§EE’ ag;,)(") T = (€, €))7 = gi;(t)dti(T) dti (T) .

The quadratic form _
ds? = gi;(t) dt* at? (14.25)

whose coefficients are the pairwise inner products of the vectors in the canon-
ical basis determines the inner product on TR} completely. If such a form is
defined at each point of a domain D; C R3, then, as is known from geometry,
one says that a Riemannian metric is defined in this domain. A Riemannian
meiric makes it possible to introduce a Euclidean structure in each tangent
space TR} (¢t € D,) within the context of rectilinear coordinates ¢',t?,¢* in
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R2, corresponding to the “curved” embedding ¢ : D; — D of the domain D,
in the Euclidean space R3.

If the vectors £;(z) = ¢'(¢)€;(1) 53%(1,‘ ¢ = 1,2,3, are orthogonal in
TRZ, then g¢;;(t) = 0 for 1+ # j. This means that we are dealing with a
triorthogonal coordinate grid. In terms of the space TR? it means that the
vectors &;(t), 2 = 1,2, 3, in the canonical basis are mutually orthogonal in the
senge of the inner product in TR} defined by the quadratic form (14.25). In
what follows, for the sake of simplicity, we shall consider only triorthogonal
curvilinear coordinate systems. For them, as has been noted, the quadratic
form (14.25) has the following special form:

ds? = Ey(t)(dt")? + Ea(t)(dt?)? + Ea(t)(ds®)? (14.26)
where E;(t) = gi(t), i = 1,2,.3.

Ezxample 5. In Cartesian coordinates (x,y,z), cylindrical coordinates
(7, ¢, 2z), and spherical coordinates (R,¢,0) on Euclidean space R? the
quadratic form (14.25) has the respective forms

ds® = dz? +dy? +d2* = (14.26")
= dr? +r’dy® + d2® = (14.26")
=dR? + R? cos® 6 dyp® + R2d6? . (14.26"")

Thus, each of these coordinate systems is a triorthogonal system in its
domain of definition.

The  vectors  &;(t),&2(t),€3(t) of the  canomical  basis
(1,0,0),(0,1,0),(0,0,1) in TRJ, like the Vectors £.(x) € TR corre-
sponding to them, have the following norm?®: |£;| = \@ Hence the unit
vectors (in the sense of the square-norm of a vector) in the coordinate
directions have the following coordinate representation for the triorthogonal
system (14.26):

oy (B = ( 0 0), exft) = (0%0) es(t) = (0,0, ﬁ) (14.27)

Ezample 6. It follows from formulas (14.27) and the results of Example 5
that for Cartesian, cylindrical, and spherical coordinates, the triples of unit
vectors along the coordinate directions have respectively the following forms:

e; = (1,0,0), e,=(0,1,0), e, = (0,0,1); (14.27")
1
=(1,0,0), e, = (0,;,0) , e, =(0,0,1);  (14.27")
| 1
= {1 = _ — == 1
er = (1,0,0), e, (0, Rcosg,o) . (O,O,R) . (14.27™)

® In the triorthogonal system (14.26) we have |§,| = vE; = H;, i = 1,2,3. The
quantities H,, Ha, Hs are usually called the Lamé meﬁnczents or Lamé parame-
ters. G. Lamé (1795-1870) — French engineer, mathematician, and physicist,
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Examples 3 and 4 considered above assumed that the vector of the field
was expanded in a basis consisting of unit vectors along the coordinate direc-
tions. Hence the vector A(t) € TR} corresponding to the vector A(z) € TRS
of the field should be expanded in the basis e;(t),ex(t), es(t) consisting of
unit vectors in the coordinate directions, rather than in the canonical basis
El (t): 52(0? 63(2‘) ¥

Thus, abstracting from the original space R®, one can assume that a
Riemannian metric (14.25) or (14.26) and a vector field ¢ — A(t) are defined
in the domain Dy C R} and that the coordinate representation (A', A2, A%)(t)
of A(t) at each point ¢t € D, is obtained from the expansion of the vector
A(t) = A*(t)e;(t) of the field corresponding to this point with respect to unit
vectors along the coordinate axes.

d. Let us now investigate forms. Under the diffeomorphism ¢ : D; — D every
form in D automatically transfers to the domain D:. This transfer, as we
know, occurs at each point = € D from the space TRS into the corresponding
space TR3. Since we have transferred the Buclidean structure into TR} from
TR3, it follows from the definition of the transfer of vectors and forms that, for
example, to a given form w} (z) = (A(x), ) defined in TIRS there corresponds
exactly the same kind of form w}(¥) = (A(t),-) in TR}, where A(z) =
¢'(t)A(t). The same can be said of forms of the type wj and w3, to say
nothing of forms w} - that is, functions.

After these clariﬁcations, the rest of our study can be confined to the
domain D; C R}, abstracting from the original space R® and assuming that
a Riemannian metric (14.25) is defined in D; and that scalar ﬁelds 7 P and
vector fields A, B are defined in D, along with the forms w? I wh, wh, W
which are defined at each point ¢ € D; in accordance with the Euchdean
structure on TR? defined by the Riemannian metric.

Example 7. The volume element dV in curvilinear coordinates t!,t2,13, as
we know, has the form

= 4/ det gij (t) dtl A dt2 A dta i
For a triorthogonal system
dV = +/E B E3(t) dt* A dt? Adt® . (14.28)

In particular, in Cartesian, cylindrical, and spherical coordinates, respec-
tively, we obtain

dV =dzAdyAndz = (14.28)
=rdrAdpAdz= . (14.28")
= R*cos@dRAdpAds . (14.28"")

What has just been said enables us to write the form wj = pdV in
different curvilinear coordinate systems.
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e. Our main problem (now easily solvable) is, knowing the expansion
A(t) = A'(t)e;(t) for a vector A(t) € TR? with respect to the unit vectors
e;(t) € TRZ, i = 1,2,3, of the triorthogonal coordinate system determined
by the Riemannian metric (14.26), to find the expansion of the forms w} (t)
and w§(t) in terms of the canonical 1-forms dt* and the canonical 2-forms
dt* A dt’ respectively.

Since all the reasoning applies at every given point ¢, we shall abbreviate
the notation by suppressing the letter ¢ that shows that the vectors and forms
are attached to the tangent space at ¢.

Thus, e;,ez,es is & basis in 7R} consisting of the unit vectors (14.27)
along the coordinate directions, and A = Ale; +A%e, +A3e; is the expansion
of A € TR? in that basis.

We remark first of all that formula (14.27) implies that

dt?(e;) = Ltﬁ; , where 6} = A (14.29)
vE: (1, ifi=j,
2 i oo - i Oa If(zsj)?é(k:l):
dt* A dt’ (ex,e1) = ——===4,3, where &} = ¢ (14.30)
iEj (1, if () = (k).

f. Thus, if w} = (A, ) = a1dt! + eadt? + a3dt?, then on the one hand
wa(e) = (A, e) = A,

and on the other hand, as one can see from (14.29),

1
wk(et-) = (ﬂ-l dt] + ag dtg + a3 dt3)(e,;) =aQi- \/_E':; .
Consequently, a; = A*+/E;, and we have found the expansion
wh = ANWE) dt' + A%\/Ez dt? + A*\/E3 dt? (14.31)

for the form w}a corresponding to the expansion A = A'e; + A%ey + A%e;z of
the vector A.

Ezample 8. Since in Cartesian, spherical, and cylindrical coordinates we have
respectively
A = Amez '*' Ay&y + Azez —_
= Aper + Ape, + Ase;
= Agregr + Ag,e,,,, + Agep ,

as follows from the results of Example 6,
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wh = Agdz+ Aydy+ A, dz = (14.31")
=Ardr+ Ayrdp+ A, dz = (14.31")
= ApdR+ A,Rcos pdp + AgRd8 . (14.31")

g. Now let B = B'e; + B2%ey + Bes and wg = by di? A di3 + by dt® A dt! +
bs.dt* A dt?. Then, on the one hand,

wg(Emes) = dV(B,82,93) =
3
= ZB‘ dV(ei, 92,93) = Bl . (91,92593) = B! 2

i=1

where dV is the volume element in TR? (see (14.28) and (14.27)).
On the other hand, by (14.30) we obtain

wh(e2,e3) = (b dt® Adt? + by At A dt? + bs dt A dt?)(ez, e3) =
b1
VERE3
Comparing these results, we conclude that by = B'y/F,FE3. Similarly, we
verify that by = B%\/E, E3 and bz = B3\/F, Fs.
Thus we have found the representation
wh = B'\/EyE3di® A dt® + B?\/E3E, dt® A dt' + B3 \/E Ex dt' Adt? =

Bl BZ BS
= \/E\EEs| —==dt2 A dt3 + A3 Ade! + dt! A dt?
Ak S(N/EI VE> VEs )

=il dt® A dt3(ez, 83) =

(14.32)

of the form wd corresponding to the vector B = Ble; + B%e; + Be.

Ezample 9. Using the notation introduced in Example 8 and formulas
(14.26’), (14.26") and (14.26"), we obtain in Cartesian, cylindrical, and
spherical coordinates respectively

wh =By dyAdz+ B,dzAdz + B,dz Ady = (14.32')
= B,rdpAdz+B,dzAdr+ B,rdr Adp = (14.32")
= BpR?cos@dp Adf+ B,RdOAdR+ BgRcosOdRAdp .  (14.32")

h. We add further that on the basis of (14.28) we can write

wh = p\/E1EpEx dt' Adt® A dt® . (14.33)

Ezample 10. Tn particular, for Cartesian, cylindrical, and spherical coordi-
nates respectively, formula (14.33) has the following forms:
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wh =pdzAdyAdz= (14.33)
=prdr AdpAdz = (14.33")
= pR%*cosfdRAdpAdS . (14.33")

Now that we have obtained formulas (14.31)-(14.33), it is easy to find the
coordinate representation of the operators grad, curl, and div in a triorthog-
onal curvilinear coordinate system using Definitions (14.9)-(14.11).

Let grad f = A'e; + A2%e; + A%e3. Using the definitions, we write

_of af af
1 — .‘2 3

From this, using formula (14.31), we conclude that

1 af 1 8f . 1 of
VB T R0 JHor

Ezample 11. In Cartesian, polar, and spherical coordinates respectively,

grad f = (14.34)

0
grad f = 6—:1; 4 a—fey 4 a—iez = (14.34)
e 108, O ’
=5-er 8,4 - e, + 5 (14.34")
of 1 of of

— w
=R Remito Y T B2 R2 36 (434

Suppose given a field A(t) = (A'e; + A%e; + A%e3)(t). Let us find the co-
ordinates B*, B2, B3 of the field curl A(t) = B(t) = (Ble; +B%ez+ B3e3) (t).
Based on the definition (14.10) and formula (14.31), we obtain

wana =dwp =d(A'VE1dt! + A’/ Eadt® + A3/ E3dt®) =

dA3/E5 3A21/ 5 3
- ( 6132 = )dt AdeS +
+( 8t3 at! )dt hat +( atl ot? )dt e

On the basis of (14.32) we now conclude that
P (aAWE‘;, 3A2«./E"_2)

B vV EsE3 T T
B 1 (BAlx/E _ BASJE_s)
~ JVEiE; at3 ol '

B e L (U 28T
—\fElEg ot! Ot2 :
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that is,
VEIER By \/g—il A1 \/%12 \/‘%3:43
Ezample 12. In Cartesian, cylindrical, and spherical coordinates respectively

curl A = (14.35)

curl A = (Eﬂ -~ ﬁ-‘*)ew (3;” = 3£:“‘)ey+(aa‘:f - 5;;)95 = (14.35)
STCONC T T R

-t ) A )
+%(3§;”’ = 00159 agpﬂ)eg_. (14.35")

i. Now suppose given a field B(t) = (B'e; + B%es + B3e3)(t). Let us find an
expression for div B.
Starting from the definition (14.11) and formula (14.32), we obtain

Waiv B = dw%, == d(Bl\/ EgEgdtz Adt +
+ B2\/E3Eydt® A dt! + B3\/E Exdt! Adt? =

VE:E3B' 8y > OVE\EB?
=(6 ng3 32 Eale 2 %t?z )dtlndf?;\dﬁ.

On the basis of formula (14.33) we now conclude that

1 (6\,3 EgEgBl i 3\!E3E132 1 3\!E1E2.B3
VE1EoE; ot ot? ot3
In Cartesian, cylindrical, and spherical coordinates respectively, we obtain

, 8B, OB, OB,
divB — y _ 14.36'
vo="0c T8y T & 486)

divB =

) . (14.36)

_1(6rB, 0B,\ 0B, ;

-5 +31p)+6z_ )
1 OR?cosfBr = ORB, 0ORcosfBy

- . (14.36"

H 20 T o0 ) - (1436")

j- Relations (14.34) and (14.36) can be used to obtain an expression for the
Laplacian A = divgrad in an arbitrary triorthogonal coordinate system:
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e /1 af 1 of 1 af \
Af — d.lvgradf = le(EmE] + V/E—zweg + '\/?_3@93) ==
1 8 ( E,Es af) s
VEFE3E3 \ Ot! E, &t

8 ( [BEL0f\ . & [ [EiE; of
+55 (V5 ) * 3 Es &3))'(14'37)

Example 13, In particular, for Cartesian, cylindirical, and spherical coordi-
nates, we obtain respectively

o*f 0  0f
A — — 3 !
f=%2 57 T 522 (14.37)
18 0f\, 10°f 8 .
= ol or) TR 43T

L L 2 97 ! o%f 1 0 of 1
- ﬁaR(R BR) T B o000 | Reoosd 39(""8935) . (14.377)

14.1.6 Problems and Exercises

1. The operators grad, curl, and div and the algebraic operations.
Verify the following relations:
for grad:
a) V(f+9)=Vf+Vy,
b) V(f-g)= fVg+gV/,
¢c) VIA.-B)=(B:-V)A+ (A . V) B+B x (VxA)+ A x (V xB).
d) v(-;-ﬁ) =(A-V)A+A x (V x A);

for curl:
e) Vx (fA)=fVxA+VfxA
f)Vx(AxB)=(B-V)A— (A -V)B+(V-B)A-(V-A)B;
for div:
g) V- (fA)=Vf-A+ fV-A,
h) V- (AxB)=B-(VxA)—A.(VxB)
and rewrite them in the symbols grad, curl, and div.
(Hints. A . V= A3 + A% + A% %, B. V£ V.B;Ax (BxC) =
B(A-C)-C(A-B).)
2. a) Write the operators (14.20)—(14.22) in Cartesian coordinates.
b) Verify relations (14.20) and (14.21) by direct computation.
c) Verify formula (14.24) in Cartesian coordinates.

d) Write formula (14.24) in terms of V and prove it, using the formulas of vector
algebra.
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3. From the system of Maxwell equations in Example 2 deduce that V - j = —%‘f.

4. a) Exhibit the Lamé parameters Hi, Ha, H3 of Cartesian, cylindrical, and spher-
ical coordinates in R3.
b) Rewrite formulas (14.28), (14.34)—(14.37), using the Lamé parameters.

5. Write the field A = grad &, where r = /22 + 32 + 22 in
a) Cartesian coordinates z,y, 2;
b) eylindrical coordinates;
c) spherical coordinates.
d) Find curl A and div A.

6. In cylindrical coordinates (r,, z) the function f has the form In 1. Write the
field A = grad f in

a) Cartesian coordinates;
b) eylindrical coordinates;
c) spherical coordinates.

d) Find curl A and div A.

7. Write the formula for transformation of coordinates in a fixed tangent space
TR2, p € R®, when passing from Cartesian coordinates in R® to

a) cylindrical coordinates;
b) spherical coordinates; )
c) an arbitrary triorthogonal curvilinear coordinate system.

d) Applying the formulas obtained in ¢) and formulas (14.34)—(14.37), verify
directly that the vector fields grad f, curl A, and the quantities div A and Af are
invariant relative to the choice of the coordinate system in which they are computed.

8. The space R?, being a rigid body, revolves about a certain axis with constant
angular velocity w. Let v be the field of linear velocities of the points at a fixed
instant of time.

a) Write the field v in the corresponding cylindrical coordinates.

b) Find curl v.

c) Indicate how the field curl v is directed relative to the axis of rotation.
d) Verify that |curl v| = 2w at each point of space.

e) Interpret the geometric meaning of curl v and the geometric meaning of the
constancy of this vector at all points of space for the situation in d).
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14.2 The Integral Formulas of Field Theory

14.2.1 The Classical Integral Formulas in Vector Notation

a. Vector Notation for the Forms w} and w% In the preceding chapter
we noted (see Sect. 13.2, formulas (13.23) and (13.24)) that the restriction of
the work form wi of a field F to an oriented smooth curve (path) + or the
restriction of the flux form w2, of a field V to an oriented surface S can be
written respectively in the following forms:

wi;.‘,yz(F,e)ds, w%;|3=(V,n)dcr,

where e is the unit vector that orients -y, codirectional with the velocity vector
of the motion along +y, ds is the element (form) of arc length on v, n is the
unit normal vector to S that orients the surface, and do is the element (form)

of area on S.

In vector analysis we often use the vector element of length of a curve
ds := eds and the vector element of area on a surface do := ndo. Using this
notation, we can now write:

wal, = (A,e)ds=(A,ds) = A -ds, (14.38)
wi|g = (B,n)do = (B,do) =B -do . (14.39)
b. The Newton—Leibniz Formula Let f € CV)(D,R), and let « : [a,b] —

D be a path in the domain D.
Applied to the O-form w$, Stokes’ formula,

/ (d?c = / dw?
oy Y
means, on the one hand, the equality
[1=[ar,
Oy ¥
which agrees with the classical formula
() - £(4(a) f af(y

of Newton-Leibniz (the fundamental theorem of calculus). On the other hand,
by definition of the gradient, it means that

/w‘?: - fwér&df i (14.40)

Oy v
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Thus, using relation (14.38), we can rewrite the Newton—Leibniz formula,
as

Fx(B) = flx(a)) = / (grad f) - ds . (14.40)

¥

In this form it means that
the increment of a function on a path equals the work done by the
gradient of the function on the path.

This is a very convenient and informative notation. In addition to the
obvious deduction that the work of the field grad f along a path v depends
only on the endpoints of the path, the formula enables us to make a somewhat
more subtle observation. To be specific, motion over a level surface f = ¢ of
f takes place without any work being done by the field grad f since in this
case grad f -do = (. Then, as the left-hand side of the formula shows, the
work of the field grad f depends not even on the initial and final points of
the path but only on the level surfaces of f to which they belong.

c. Stokes’ Formula We recall that the work of a field on a closed path is

called the circulation of the field on that path. To indicate that the integral is

taken over a closed path, we often write ¢ F - ds rather than the traditional
.

notation [F -ds. If 4 is a curve in the plane, we often use the symbols 56
¥
¥

and ﬁ, in which the direction of traversal of the curve ~ is indicated.

T'irle term circulation is also used when speaking of the integral over some
finite set of closed curves. For example, it might be the integral over the
boundary of a compact surface with boundary.

Let A be a smooth vector field in a domain D of the oriented Euclidean
space R? and S a (piecewise) smooth oriented compact surface with boundary
in D. Applied to the 1-form w} , taking account of the definition of the curl
of a vector field, Stokes’ formula means the equality

-/WL = ]wzurIA L (1441)
as S

Using relation (14.39), we can rewrite (14.41) as the classical Stokes for-
mula

j{A-ds = f/(curlA) .do . (14.41)
a5 i
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In this notation it means that

the circulation of a vector field on the boundary of a surface equals
the flux of the curl of the field across the surface.

As always, the orientation chosen on 95 is the one induced by the orien-
tation of S.

d. The Gauss—Ostrogradskii Formula Let V' be a compact domain of
the oriented Euclidean space R3 bounded by a (piecewise-) smooth surface
8V, the boundary of V, If B is a smooth field in V, then in accordance with
the definition of the divergence of a field, Stokes’ formula yields the equality

f wh = / 7 A (14.42)
oV v

Using relation (14.39) and the notation pdV for the form w3 in terms
of the volume element dV in R3, we can rewrite Eq. (14.42) as the classical
Gauss—-Ostrogradskii formula

//B.da=f/ divBdV . (14.42')

av v

In this form it means that

the fluz of a vector field across the boundary of a domain equals
the integral of the divergence of the field over the domain itself.

e. Summary of the Classical Integral Formulas In sum, we have arrived
at the following vector notation for the three classical integral formulas of
analysis:

/ f= / (Vf)-ds (the Newton—Leibniz formula) , (14.40")
ay g

fA -ds = /(V X A)-do (Stokes’ formula) , (14.41")
as S

/ B-do= [ (V- B)dV (the Gauss-Ostrogradskii formula) .  (14.42")

8V v

14.2.2 The Physical Interpretation of div, curl, and grad

a. The Divergence Formula (14.42’) can be used to explain the physical
meaning of divB(z) — the divergence of the vector field B at a point z in
the domain V' in which the field is defined. Let V() be a neighborhood of
z (for example, a ball) contained in V. We permit ourselves to denote the
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volume of this neighborhood by the same symbol V(z) and its diameter by
the letter d.

By the mean-value theorem and the formula (14.42') we obtain the fol-
lowing relation for the triple integral

/ / B -do = divB(z')V(z) ,

av ()

where z’ is a point in the neighborhood V(z). If d — 0, then 2’ — 2, and
since B is a smooth field, we also have divB(z') — divB(z). Hence

/[ B.do

i = oV (z
B - g, 7

(14.43)

Let us regard B as the velocity field for a flow (of liquid or gas). Then,
by the law of conservation of mass, a flux of this field across the boundary of
the domain V or, what is the same, a volume of the medium diverging across
the boundary of the domain, can arise only when there are sinks or sources
(including those associated with a change in the density of the medium). The
flux is equal to the total power of all these factors, which we shall collectively
call “sources,” in the domain V (z). Hence the fraction on the right-hand side
of (14.43) is the mean intensity (per unit volume) of sources in the domain
V(z), and the limit of that quantity, that is, div B(z), is the specific intensity
(per unit volume) of the source at the point z. But the limit of the ratio of
the total amount of some quantity in the domain V(x) to the volume of that
domain as d — ( is customarily called the density of that quantity at z,
and the density as a function of a point is usually called the density of the
distribution of the given quantity in a portion of space.

Thus, we can interpret the divergence divB of a vector field B as the
density of the distribution of sources in the domain of the flow, that is, in
the domain of definition of the field B.

Ezample 1. If, in particular, div B = 0, that is, there are no sources, then the
flux across the boundary of the region must be zero: the amount flowing in
equals the amount flowing out. And, as formula (14.42') shows, this is indeed
the case,

Example 2. A point electric charge of magnitude ¢ creates an electric field
in space. Suppose the charge is located at the origin. By Coulomb’s law® the
intensity E = E(z) of the field at the point z € R? (that is, the force acting

® Ch.O. Coulomb (1736-1806) — French physicist. He discovered experimentally
the law (Coulomb’s law) of interaction of charges and magnetic fields using a
torsion balance that he invented himself.
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on a unit test charge at the point z) can be written as

q r

4meg EF ’

where gy i8 a dimensioning constant and r is the radius-vector of the
point .

The field E is defined at all points different from the origin. In spherical
coordinates E = i-J;ep, so that by formula (14.36") of the preceding
section, one can see immediately that div E = 0 everywhere in the domain of
definition of the field E.

Hence, if we take any domain V' not containing the origin, then by formula
(14.42') the flux of E across the boundary oV of V is zero.

Let us now take the sphere Sp = {z € R3| x| = R} of radius R with
center at the origin and find the outward flux (relative to the ball bounded
by the sphere) of E across this surface. Since the vector eg is itself the unit
outward normal to the sphere, we find

g 1 q 2 q
R = o R = A =i
/ E-do / 47eg R2 o 47 E(]R2 & Eo
Sr Sa

Thus, up to the dimensioning constant £y, which depends on the choice
of the system of physical units, we have found the amount of charge in the
volume bounded by the sphere.

We remark that under the hypotheses of Example 2 just studied the left-
hand side of formula (14.42") is well-defined on the sphere 8V = Sg, but the
integrand on the right-hand side is defined and equal to zero everywhere in
the ball V' except at one point — the origin. Nevertheless, the computations
show that the integral on the right-hand side of (14.42') cannot be interpreted
as the integral of a function that is identically zero.

From the formal point of view one could dismiss the need to study this
situation by saying that the field E is not defined at the point 0 € V, and
hence we do not have the right to speak about the equality (14.42'), which
was proved for smooth fields defined in the entire domain V' of integration.
However, the physical interpretation of (14.42") as the law of conservation of
mass shows that, when suitably interpreted, it ought to be valid always.

Let us study the indeterminacy of div E at the origin in Example 2 more
attentively to see what is causing it. Formally the original field E is not
defined at the origin, but, if we seek divE from formula (14.43), then, as
Example 2 shows, we would have to assume that div E(0) = 4+-c0. Hence the
integrand on the right-hand side of (14.42) would be a “function” equal to zero
everywhere except at one point, where it is equal to infinity, This corresponds
to the fact that there are no charges at all outside the origin, and we somehow
managed to put the entire charge ¢ into a space of volume zero — into the
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single point 0, at which the charge density naturally became infinite. Here
we are encountering the so-called Dirac? §-function (delta-function).

The densities of physical quantities are needed ultimately so that one can
find the values of the quantities themselves by integrating the density. For
that reason there is no need to define the é-function at each individual point;
it is more important to define its integral. If we assume that physically the
“function” d,(x) = §(x0; 2) must correspond to the density of a distribution,
for example the distribution of mass in space, for which the entire mass, equal
to 1 in magnitude, is concentrated at the single point zg, it is natural to set

1, WhBﬂngEV,

f&(mo,m)de
- 0, whenz ¢V .

Thus, from the point of view of a mathematical idealization of our ideas of
the possible distribution of a physical quantity (mass, charge, and the like) in
space, we must assume that its distribution density is the sum of an ordinary
finite function corresponding to a continuous distribution of the quantity in
space and a certain set of singular “functions” (of the same type as the Dirac
é-function) corresponding to a concentration of the quantity at individual
points of space.

Hence, starting from these positions, the results of the computations in
Example 2 can be expressed as the single equality divE = 14(0;z). Then,
as applied to the field E, the integral on the right-hand side of (14.42') is
indeed equal either to g/ep or to 0, according as the domain V contains the
origin (and the point charge concentrated there) or not.

In this sense ope can assert (following Gauss) that the flux of electric field
intensity across the surface of a body equals (up to a factor depending on the
units chosen) the sum of the electric charges contained in the body. In this
same sense one must interpret the electric charge density p in the Maxwell
equations considered in Sect. 14.1 (formula (14.12)).

b. The Curl We begin our study of the physical meaning of the curl with
an example.

Example 8. Suppose the entire space, regarded as a rigid body, is rotating
with constant angular speed w about a fixed axis (let it be the z-axis). Let
us find the curl of the field v of linear velocities of the points of space. (The
field is being studied at any fixed instant of time.)

In cylindrical coordinates (r,¢,z) we have the simple expression
v(r,¢,z) = wre,. Then by formula (14.35") of Sect. 14.1, we find imme-
diatly that curlv = 2we,. That is, curl v is a vector directed along the axis

7 P.A.M. Dirac (1902-1984) — British theoretical physicist, one of the founders
of quantum mechanics. More details on the Dirac é-function will be given in
Subsects. 17.4.4 and 17.5.4.
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of rotation. Its magnitude 2w equals the angular velocity of the rotation, up
to the coefficient 2, and the direction of the vector, taking account of the
orientation of the whole space R3, completely determines the direction of
rotation. :

The field described in Example 3 in the small resembles the velocity field
of a funnel (sink) or the field of the vorticial motion of air in the neighborhood
of a tornado (also a sink, but one that drains upward). Thus, the curl of a
vector field at a point characterizes the degree of vorticity of the field in a
neighborhood of the point.

We remark that the circulation of a field over a closed contour varies in
direct proportion to the magnitude of the vectors in the field, and, as one
can verify using the same Example 3, it can also be used to characterize the
vorticity of the field. Only now, to describe completely the vorticity of the field
in a neighborhood of a point, it is necessary to compute the circulation over
contours lying in three different planes, Let us now carry out this program.

We take a disk S;(z) with center at the point = and lying in a plane
perpendicular to the sth coordinate axis, ¢ = 1,2,3. We orient S;(z) using
a normal, which we take to be the unit vector e; along this coordinate axis.
Let d be the diameter of S;(z). From formula (14.41) for a smooth field A
we find that

A ds

s 0S;i(z)
(curl A) - e; = é]_z_}:% 5.(2)

: (14.44)

where S;(z) denotes the area of the disk under discussion. Thus the circula-
tion of the field A over the boundary @5; per unit area in the plane orthogonal
to the sth coordinate axis characterizes the ith component of curl A.

To clarify still further the meaning of the curl of a vector field, we recall
that every linear transformation of space is a composition of dilations in three
mutually perpendicular directions, translation of the space as a rigid body,
and rotation as a rigid body. Moreover, every rotation can be realized as a
rotation about some axis. Every smooth deformation of the medium (flow
of a liquid or gas, sliding of the ground, bending of a steel rod) is locally
linear. Taking account of what has just been said and Example 3, we can
conclude that if there is a vector field that describes the motion of a medium
(the velocity field of the points in the medium), then the curl of that field at
each point gives the instantaneous axis of rotation of a neighborhood of the .
point, the magnitude of the instantaneous angular velocity, and the direction
of rotation about the instantaneous axis. That is, the curl characterizes com-
pletely the rotational part of the motion of the medium. This will be made
slightly more precise below, where it will be shown that the curl should be
regarded as a sort of density for the distribution of local rotations of the
medium.
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c. The Gradient We have already said quite a bit about the gradient of a
scalar field, that is, about the gradient of a function. Hence at this point we
shall merely recall the main things.

Since w4 £(§) = (grad £, &) = df(&) = Def, where D¢ f is the derivative
of the function f with respect to the vector §, it follows that grad f is orthog-
onal to the level surfaces of f, and at each point it points in the direction
of most rapid increase in the values of the function. Its magnitude |grad f|
gives the rate of that growth (per unit of length in the space in which the
argument varies).

The significance of the gradient as a density will be discussed below.

14.2.3 Other Integral Formulas

a. Vector Versions of the Gauss—Ostrogradskii Formula The interpre-
tation of the curl and gradient as vector densities, analogous to the interpreta-
tion (14.43) of the divergence as a density, can be obtained from the following
classical formulas of vector analysis, connected with the Gauss—Ostrogradskii
formula.

f V-BdV = / do - B (the divergence theorem) (14.45)
v 8V
/ VxAdV = f do x A (the curl theorem) (14.46)
1% av
/ | VfdV = / dof (the gﬁent theorem) (14.47)
v av

The first of these three relations coincides with (14.42') up to notation
and is the Gauss—Ostrogradskii formula. The vector equalities (14.46) and
- (14.47) follow from (14.45) if we apply that formula to each component of
the corresponding vector field.

Retaining the notation V(z) and d used in Eq. (14.43), we obtain from
formulas (14.45)—(14.47) in a unified manner,

[ do-B
. V(=
V-B(z) = lim ‘;,(x) , (14.43")
[ dox A
V x A(z) = lim 6‘"$)V ] (14.48)
[ dof
Vf(z) = lim =) (14.49)

=0  V(z)
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The right-hand sides of (14.45)—-(14.47) can be interpreted respectively
as the scalar flux of the vector field B, the vector flux of the vector field
A, and the vector flux of the scalar field f across the surface 0V bounding
the domain V. Then the quantities div B, curl A, and grad f on the left-
hand sides of Eqs. (14.43"), (14.48), and (14.49) can be interpreted as the
corresponding source densities of these fields.

We remark that the right-hand sides of Eqs. (14.43'), (14.48), and (14.49)
are independent of the coordinate system. From these we can once again
derive the invariance of the gradient, curl, and divergence.

b. Vector Versions of Stokes’ Formula Just as formulas (14.45)—-(14.47)
were the result of combining the Gauss~Ostrogradskii formula with the alge-
braic operations on vector and scalar fields, the following triple of formulas
can be obtained by combining these same operations with the classical Stokes
formula (which appears as the first of the three relations).

Let S be a (piecewise-) smooth compact oriented surface with a consis-
tently oriented boundary @S, let do be the vector element of area on S, and
ds the vector element of length on @S. Then for smooth fields A, B, and f,
the following relations hold:

/ dor (V' AY = / ds- A, (14.50)
f(daxV)xB:ajdst, (14.51)
S )

Sfda x Vf =5£de . (14.52)

Formulas (14.51) and (14.52) follow from Stokes’ formula (14.50). We shall
not take time to give the proofs.

c. Green’s Formulas If S is a surface and n a unit normal vector to S,
then the derivative Dy, f of the function f with respect to n is usually denoted
3” in field theory. For example, (V f,de) = (Vf,n)do = {(grad f,n)do =
Dnfdor = Enj; do. Thus, 5% do is the flux of grad f across the element of
surface do.
In this notation we can write the following formulas of Green, which are
very widely used in analysis: "

/Vf-ngV+/gV2de=f(gi) dor (-:/gg‘i dcr) ,  (14.53)
% av 1%

v

w25 - v av - [(vs—v5)-do (= /(s 8 - 125 dcr) .
av av

v
(14.54)
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In particular, if we set f = g in (14.53) and g = 1 in (14.54), we find
respectively,

f|Vf|2dV+/fAde=ffv'ﬁda(:/fg—::do), (14.53)
Vv v 8V av

/Ade=fo-da(= /g—idcr) i (14.54")
v av av

This last equality is often called Gauss’ theorem. Let us prove, for exam-
ple, the second of Egs. (14.53) and (14.54):

Proaof.

f(gi—ng)-da=fV-(gi—fvg)dV=
av Vv
=f(VQ'Vf+gvzf—Vf-Vg-fV2g)dV=
J
= [V - 1% av = [(gaf - ragyav.
v Vv

In this formula we have used the Gauss—Ostrogradskii formula and the
relation V- (pA) =Vp- A+ V- -A, D

14.2.4 Problems and Exercises

1. Using the Gauss-Ostrogradskii formula (14.45), prove relations (14.46) and
(14.47).

2. Using Stokes’ formula (14.50), prove relations (14.51) and (14.52).

3. a) Verify that formulas (14.45), (14.46), and (14.47) remaind valid for an un-
bounded domain V if the integrands in the surface integrals are of order O(;:lg) as
T — oo, (Here » = |r|, and r is the radius-vector in R?.)

b) Determine whether formulas (14.50), (14.51), and (14.52) remain valid for
a noncompact surface § € R® if the integrands in the line integrals are of order

O(;};) as r — oo,
¢) Give examples showing that for unbounded surfaces and domains Stokes’

formula (14.41') and the Gauss—Ostrogradskii formula (14.42') are in general not
true.
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4. a) Starting from the interpretation of the divergence as a source density, explain
why the second of the Maxwell equations (formula (14.12) of Sect. 14.1) implies
that there are no point sources in the magnetic field (that is, there are no magnetic
charges).

b) Using the Gauss-Ostrogradskii formula and the Maxwell equations (formula
(14.12) of Sect. 14.1), show that no rigid configuration of test charges (for example a
single charge) can be in a stable cquilibrium state in the domain of an electrostatic
field that is free of the (other) charges that create the field. (1t is assumed that no
forces except those exerted by the field act on the system.) This fact is known as
Earnshaw’s theorem.

5. If an electromagnetic field is steady, that is, independent of time, then the
system of Maxwell equations (formula (14.12) of Sect. 14.1) decomposes into two
independent parts — the electrostatic equations V-E = £, V X E = 0, and the
magnetostatic equalions V x B = 8—013, V:B=0.

The equation V - E = p/eo, where p is the charge density, transforms via the
Gauss—-Ostrogradskii formula into [ E - do = Q/en, where the left-hand side is the

=

flux of the electric field intensity across the closed surface S and the right-hand
side is the sum @Q of the charges in the domain bounded by S, divided by the
dimensioning constant 0. In electrostatics this relation is usually called Gauss’
law. Using Gauss’ law, find the electric field E

a) created by a uniformly charged sphere, and verify that outside the sphere
it is the same as the field of a point charge of the same magnitude located at the
center of the sphere;

b) of a upiformly charged line;

c¢) of a uniformly charged plane;

d) of a pair of parallel planes uniformly charged with charges of opposite sign;
e) of a uniformly charged ball.

6. a) Prove Green's formula (14.53).

b) Let f be a harmonic function in the bounded domain V' (that is, f satisfies
Laplace’s equation Af =0 in V). Show, starting from (14.54") that the flux of the
gradient of this function across the boundary of the domain V is zero.

c) Verify that a harmonic function in a bounded connected domain is determined
up to an additive constant by the values of its normal derivative on the boundary
of the domain.

d) Starting from (14.53’), prove that if a harmonic function in a bounded domain
vanishes on the boundary, it is identically zero throughout the domain.

e) Show that if the values of two barmonic functions are the same on the bound-
ary of a bounded domain, then the functions are equal in the domain.

f) Starting from (14.53), verifly the following principle of Dirichlet. Among ell
continuous differentiable functions in ¢ domatn assuming prescribed values on the
boundary, a harmonic function in the region 18 the only one that minimizes the
Dirichlet integral (that is, the integral of the squared-modulus of the gradient over
the domain).
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7. a) Let r(p,q) = |p — q| be the distance between the points p and g in the
Buclidean space R®. By fixing p, we obtain a function 7,(g) of ¢ € R®. Show that
Ar; ' (q) = 4n8(p; q), where § is the -function.

b) Let g be harmonic in the domain V. Setting f = 1/r, in (14.54) and taking
account of the preceding result, we obtain

1 1
4‘21’_{}(]9) = f (QVTF - avg) deo .

3
Prove this equality precisely.
c) Deduce from the preceding equality that if S is a sphere of radius R with

center at p, then
1
90P) = 1 —m fydﬂf-
5

This is the so-called mean-value theorem for harmonic functions.

d) Starting from the preceding result, show that if B is the ball bounded by the
sphere S considered in part c) and V(B) is its volume, then

g(P)=i,—(1§73fng-

e) If p and g are points of the Buclidean plane B2, then along with the function
f; considered in a) above (corresponding to the potential of a charge located at

p), we now lake the function In r_l,; (corresponding to the potential of a uniformly
charged line in space). Show that Aln % = 2rf(p;q), where 6(p;q) is now the
5-function in R%.

f) By repeating the reasoning in a), b), ¢), and d), obtain the mean-value the-
orem for functions that are harmonic in plane regions.

8. Cauchy’s multi-dimensionael mean-value theorem.

The classical mean-value theorem for the integral (“Lagrange’s thecorem”) as-
sertg that if the function f : D — R is continucus on a compact, measurable, and
connected set D C R™ (for example, in a domain), then there exists a point £ € D
such that

f f(z)dz = f(€)- DI,
b

where |D| is the measure (voluine) of D.

a) Now let f,g € C(D,R), that is, f and g are continuous real-valued functions
in D. Show that the following theorem (“Cauchy’'s theorem") holds: There exists
& € D such that

9 [ @z = 1(6) [ gt@)da
D D

b) Let D be a compact domain with smooth boundary 8D and f and g two
smooth vector fields in D. Show that there exists a point £ € D such that

divg(€) - Fluxf = div£(¢) - Fluxg ,

where F‘;Bx is the flux of a vector field across the surface 8D,
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14.3 Potential Fields

14.3.1 The Potential of a Vector Field

Definition 1. Let A be a vector field in the domain D € R”, A function
U:D — Ris called a potential of the field A if A = gradU in D,

Definition 2. A field that has a potential is called a potential field.

Since the partial derivatives of a function determine the function up to
an additive constant in a connected domain, the potential is unique in such
a domain up to an additive constant.

We briefly mentioned potentials in the first part of this course, Now we
shall discuss this important concept in somewhat more detail, In connection
with these definitions we note that when different force fields are studied in
physics, the potential of a field F is usually defined as a function U such that
F = —gradU, This potential differs from the one given in Definition 1 only
in sign,

Ezample 1. At a point of space having radius-vector r the intensity F of
the gravitational field due to a point mass A located at the origin can be
computed from Newton'’s law as

r
F = -GM;_—:—; . (14.55)
where r = [r|.
This is the force with which the field acts on a unit mass at this point of
space. The gravitational field (14.55) is a potential field. Its potential in the
sense of Definition 1 is the function

U= GM% . (14.56)

Ezample 2. At a point of space having radius-vector r the intensity E of the
electric field due to a point charge g located at the origin can be computed
from Coulomb’s law

Thus such an electrostatic field, like the gravitational field, is a potential field.
Its potential ¢ in the sense of physical terminology is defined by the relation
_.a1

4meg T
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14.3.2 Necessary Condition for Existence of a Potential

In the language of differential forins the equality A = grad U means that
wh = dw? =dU, from which it follows that

dwj =0, (14.57)

since d*wf, = 0. This is a necessary condition for the field A to be a potential
field.

In Cartesian coordinates this condition can be expressed very simply. If
A= (AY,...,A") and A = gradU, then A* = 2% i=1,...,n, and if the
potential U is sufficiently smooth (for examp]e, 1f its second-order partial
derivatives are continuous), we must have

BA' QAT ..

i = e 5.7 = Lyuonythy (14.57")
which simply means that the mixed partial derivatives are equal in both
orders:

U 5*U

Ozidrd — 8zidzt

n - -
In Cartesian coordinates wh = Y, A*dz®, and therefore the equalities
i=1
(14.57) and (14.57') are indeed equivalent in this case.
In the case of B3 we have dw} = w? , A, S0 that the necessary condition
(14.57) can be rewritten as

cwlA =0,
which corresponds to the relation curl grad U = 0, which we already know.

Example 3. The field A = (z,zy, zyz) in Cartesian coordinates in R3 cannot
be a potential field, since, for example, 2 # &2,

Ezample 4. Consider the field A = (A;, Ay) given by

B S &
A= zgﬂg,mgﬂz), (14.58)
defined in Cartesian coordinates at all points of the plane exceéﬁ; the origin.
The necessary condition for a field to be a potential field %’%ﬁ is fulfilled
in this case. However, as we shall soon verify, this field is not a potentla.l field
in its domain of definition.

Thus the necessary condition (14.57), or, in Cartesian coordinates
(14.57'), is in general not sufficient for a field to be a potential field.
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14.3.3 Criterion for a Field to be Potential

Proposition 1. A continuous vector field A in a domain D C R™ iz a po-
tential field in D if and only ¥ its circulation (work) around every closed
curve vy contained in D 18 zevo:

ng-ds=D. (14,59)

Proof. Necessity. Suppose A = grad U. Then by the Newton—Leibniz for-
mula (Formula (14.40°) of Sect. 14.2),

j( A-ds =U(y(b) - Ulv(a))

where «y : [a,b] — D. If y(a) = ~(b), that is, when the path 7 is closed, it is
obvious that the right-hand side of this last equality vanishes, and hence the
left-hand side does also.

Sufficiency. Suppose condition (5) holds. Then the integral over any (not
necessarily closed) path in D depends only on its initial and terminal points,
not on the path joining them. Indeed, if y; and 7, are two paths having the
same initial and terminal points, then, traversing first -y, then —v (that
is, traversing -, in the opposite direction), we obtain a closed path v whose
integral, by (14.59), equals zero, but is also the difference of the integrals over
v and 2. IHence these last two integrals really are equal.
We now fix some point zp € D and set

U(z) = f A-ds, (14.60)

where the integral on the right is the integral over any path in D from =z to z.
We shall verify that the function U so defined is the required potential for the
field A. For convenience, we shall assume that a Cartesian coordinate system
(z!,...,2") has been chosen in R™. Then A -ds= A'da' +--- + A™dz™. If
we move away from T along a straight line in the direction he;, where €; is
the unit vector along the 2%-axis, the function U receives an increment equal
to .

zf+h

U(z+he;) - Ule) = f A, @ et s de,
o

equal to the integral of the form A -ds over this path from z to z 4 he;. By
the continuity of A and the mean-value theorem, this last equality can be
written as

Uz + hey) — U(z) = A*(2,..., 2" ' + oh, o', ..,.2™h,
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where 0 < # < 1. Dividing this last equality by h and letting # tend to zero,
we find -

oxt

(z) = A'(z)
that is, A =gradU. O

Hemark 1. As can be seen from the proof, a sufficient condition for a field to
be a potential field is that (14.59) hold for smooth paths or, for example, for
broken lines whose links are parallel to the ¢coordinate axes.

We now return to Exainple 4. Earlier (Example 1 of Sect. 8.1) we com-
puted that the circulation of the field (14.58) over the circle z* + 2 = 1
traversed once in the counterclockwise divection was 27 (£ 0).

Thus, by Proposition 1 we can conclude that the field (14.58) is not a
potential field in the domain R? \ 0.

But surely, for example,

Y Y Z

gl'ad arcta.n:—r-—( ;2+y2,$2+y2),
and it would seem that the function arctan Z is a potential for (14.58). What
is this, a contradiction?! There is no contradiction as yet, since the only
correct conclusion that one can make in this situation is that the function
arctan £ is not defined in the entire domain ®?\ 0. And that is indeed the
case: Take for example, the points on the y-axis. But then, you may say,
we could consider the function ¢(z,y), the polar angular coordinate of the
point (z,y). That is practically the same thing as arctan £, but ¢(z, y) is also
defined for x = 0, provided the point (z,¥) is not at the origin. Throughout
the domain R? \ 0 we have

dp=——Y —dz+

_ di.
22 + 12 Y

:L‘2 o} .y2
However, there is still no contradiction, although the situation is now more
delicate. Please note that in fact ¢ is not a continuous single-valued function
of a point in the domain R2\ 0. As a point encircles the origin counterclock-
wise, its polar angle, varying continuously, will have increased by 27 when
the point returns to its starting position. That is, we arrive at the original
point with a new value of the function, different from the one we began with.
Consequently, we must give up either the continuity or the single-valuedness
of the function ¢ in the domain R? \ 0.

In a small neighborhood (not containing the origin) of each point of the
domain R?\ 0 one can distinguish a continuous single-valued branch of the
function ¢. All such branches differ from one another by an additive constant,
a multiple of 2%. That is why they all have the same differential and can all
serve locally as potentials of the field (14.58). Nevertheless, the field (14.58)
has no potential in the entire domain R?\ 0.
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The situation studied in Exainple 4 turns out to be typical in the sense
that the necessary condition (14.57) or (14.57") for the field A to be a poten-
tial field is locally also sufficient. The following proposition holds.

Proposition 2. If the necessary condition for a field to be a potential field
holds in a ball, then the field has a potential in that ball.

Proof. For the sake of intuitiveness we first carry out the proof in the case of
a disk D = {(z,y) € R?| 22 4 ¢ < r} in the plane R2. One can arrive at the
point (z,y) of the disk from the origin along two different two-link broken
lines ; and ~ya with links parallel to the coordinate axes (see Fig. 14.3).
Since D is a convex domain, the entire rectangle / bounded by these lines is
contained in D.

By Stokes’ formula, taking account of condition (14.57), we obtain

fw;=fdw;=o.
ar I

Fig. 14.3.

By the remark to Proposition 1 we can conclude from this that the field A
is a potential field in D. Moreover, by the proof of sufficiency in Proposition 1,
the function (14.60) can again be taken as the potential, the integral being
interpreted as the integral over a broken line from the center to the point in
question with links parallel to the axes. In this case the independence of the
choice of path vj, 72 for such an integral followed immediately from Stokes’
formula for a rectangle. .

In higher dimensions it follows from Stokes' formula for a two-dimensional
rectangle that replacing two adjacent links of the broken line by two links
forming the sides of a rectangle parallel to the original does not change the
value of the integral over the path. Since one can pass from one broken-line
path to any other broken-line path leading to the same point by a sequence
of such reconstructions, the potential is unambiguously defined in the general
case. O
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14.3.4 Topological Structure of a Domain and Potentials

Comparing Example 4 and Proposition 2, one can conclude that when the
necessary condition (14.57) for a field to be a potential field holds, the ques-
tion whether it is always a potential field depends on the (topological) struc-
ture of the domain in which the field is defined. The following considerations
(here and in Subsect. 14.3.5 below) give an elementary idea as to exactly how
the characteristics of the domain bring this about.

It turns out that if the domain D is such that every closed path in D can
be contracted to a point of the domain without going outside the domain,
then the necessary condition (14.57) for a field to be a potential field in D is
also sufficient. We shall call such domains simply connected below. A ball ig
a simply connected domain (and that is why Proposition 2 holds). But the
punctured plane B2 \ 0 is not simply connected, since a path that encircles
the origin cannot be contracted to a point without going outside the region.
This is why not every field in B?\ 0 satisfying (14.57'), as we saw in Example
4, is necessarily a potential field in B2 \ 0.

We now turn from the general description to precise formulations. We
begin by stating clearly what we mean we speak of deforming or contracting
a path.

Definition 3. A homotopy (or deformation) in D from a closed path ~y -
[0,1]) — D to a closed path v : [0,1] — D is a continuous mapping I :
1?2 - D of the square I? = {(t!,#*) € R?|0 < ¢! < 1,7 = 1,2} into D
such that I'(t,0) = yo(t!), I'(t!,1) = m(t!), and I"(0,t2) = I'(1,1?) for all
£, ¢ € [0,1].

Thus a homotopy is a mapping I" : I2 — D (Fig. 14.4). If the variable 2
is regarded as time, according to Definition 3 at each instant of time £ = ¢?
we have a closed path I'(t!,t) = v, (Fig. 14.4).% The change in this path with
time is such that at the initial instant £ = £2 = 0 it coincides with ~g and at
time ¢ = ¢2 = 1 it becomes ;.

Since the condition v:(0) = [(0,t) = I'(1,£) = (1), which means that
the path = is closed, holds at all times ¢ € [0, 1], the mapping I" : 12 - D
induces the same mappings Fo(t!) := I'(¢',0) = I'(t},1) =: B1(#*) on the
vertical sides of the square I2.

The mapping I" is a formalization of our intuitive picture of gradually
deforming g to v1.

It is clear that time can be allowed to run backwards, and then we obtain
the path v from ~;.

8 Orienting arrows are shown along certain curves in Fig, 14.4. These arrows will
be used a little later; for the time being the reader should not pay any attention
to them.
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Definition 4. Two closed paths are homotopic in a domain if they can be
obtained from each other by a homotopy in that domain, that is a homotopy
can be constructed in that domain from one to the other.

Remark 2. Since the paths we have to deal with in analysis are as a rule paths
of integration, we shall consider only smooth or piecewise-smooth paths and
smooth or piecewise-smooth homotopies among them, without noting this
explicitly.

For domains in R™ one can verify that the presence of a continuous ho-
motopy of (piecewise-) smooth paths guarantees the existence of (piecewise-)
smooth homotopies of these paths.

Proposition 3. If the 1-form wk in the domain D is such that dta.{},L =
and the closed paths vg and 1 are homotopic in D, then

fwi:/wk.
o [t 7

Pyoof. Let I' : I? — D be a homotopy from ~ to ¥1 (see Fig. 14.4). If I,
and I; are the bases of the square I? and Jy and J, its vertical sides, then
by definition of a homotopy of closed paths, the restrictions of I" to [; and
I coincide with vy and - respectively, and the restrictions of I" to Jg and
J1 give some paths fy and 8; in D. Since I'(0,#2) = I'(1,%?), the paths &,
and f; are the same. As a result of the change of variables = = I'(%), the
form wh transfers to the square I? as some 1-form w = I™w} . In the process
dw =dI™w)y = I''dwy =0, since dw} = 0. Hence, by Stokes’ formula

w= J]dw=0.
o112 I2
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Definition 5. A domain is stmply connected if every closed path in it is
homotopic to & point (that is, a constant path).

Thus simply connected domains are those in which every closed path can
be contracted to a point.

Proposition 4. Ifa field A defined in a simply connected domain D salisfies
the necessary condition (14.57) or (14.57’) to be a potential field, then it is a
potential field in D.

Proof. By Proposition 1 and Remark 1 it suffices to verify that Eq. (14.59)
holds for every smooth path 4 in D. The path « is by hypothesis homotopic
to & constant path whose support consists of & single point. The integral over
such & one-point path is obviously zero. But by Proposition 3 the integral
does not change under a homotopy, and so Eq. (14.59) must hold for v. D

Remark 3. Proposition 4 subsumes Proposition 2. However, since we had
certain applications in mind, we considered it useful to give an independent
constructive proof of Proposition 2.

Remark 4. Proposition 2 was proved without invoking the possibility of a
smooth homotopy of smooth paths.

14.3.5 Vector Potential, Exact and Closed Forms

Definition 6. A field A is a veclor potential for a field B in a domain D C JR®
if the relation B = curl A holds in the domain.

If we recall the connection between vector fields and forms in the oriented
Euclidean space B® and also the definition of the curl of a vector field, the
relation B = curl A can be rewritten as wg = dwl. It follows from this
relation that w} 5 = dwg = d?w} = 0. Thus we obtain the nccessary
condition

divB =0, (14.61)

which the field B must satisfy in D in order to bave & vector potential, that
is, in order to be the curl of a vector field A in that domain.

A field satisfying condition (14.61) is often, especially in physics, called a
solenoidal field,
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Ezample 5. In Sect. 14.1 we wrote out the system of Maxwell equations.
The second equation of this systemn i exactly Eq. (14.61). Thus, the desire
naturally arises to regard a magnetic field B as the curl of some vector field A
— the vector potential of B. When solving the Maxwell equations, one passes
Lo exactly such a vector potential.

As can be seen from Definitions 1 and 6, the questions of the scalar and
vector potential of vector fields (the latter question being posed only in R3)
are special cases of the general question as to when a differential p-form w?
is the differential dwP—* of somne form w2,

Definition 7. A differential form w?” is exact in 8 domain D if there exists
a form wP™! in D such that w?P = dw?=2,

If the form w? is exact in D, then dw? = d*wP~! = 0. Thus the condition
dw =0 ‘ (14.62)

is a necessary condition for the form w to be exact.
As we have already seen (Example 4), not every form satisfying this con-
dition is exact. For that reason we nake the following definition.

Definition 8. The differential form « is closed in a domain D if it satisfies
condition (14.62) there.

The following theorem holds.

Theorem. (Poincaré’s lemma.) If a form is closed in a ball, then it is ezact
there.

Here we are talking about a ball in R” and a form of any order, so that
Proposition 2 is an elementary special case of this theorem.

The Poincaré lemma can also be interpreted as follows: The necessary
condition (14.62) for a form to be exact is also locslly sufficient, that is,
every point of a domain in which (14.62) holds has a neighborhood in which
w is exact.

In particular, if a vector field B satisfies eondition (14.61), it follows from
the Poincaré lemma that at least locally it is the curl of some vector field A.

We shall not take the time at this point to prove this important theorem
(those who wish to do so can read it in Chap. 15). We prefer to conclude
by explaining in general outline the connection between the problem of the
exactness of closed forms and the topology of their domains of definition
(based on information about 1-forms).

Ezample 6. Consider the plane R? with two points p; and p9 removed
(Fig. 14.5), and the paths ~g, v;, and 92 whose supports are shown in the
figure. The path ~, can be contracted to a point inside D, and therefore if a
closed form w is given in D, its integral over v, is zero. The path ~y cannot
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Fig. 14.5.

be contracted to a point, but without changing the value of the integral of
the form, it can be homotopically converted into the path 7.

The integral over ;) obviously reduces to the integral over one cycle en-
closing the point p; clockwise and the double of the integral over a cycle
enclosing p» counterclockwise. If 77 and T are the integrals of the form w
over small circles enclosing the points p; and p, and traversed, say, counter-
clockwise, one can see that the integral of the form w over any closed path
in D will be equal to ny T + n275, where n; and n, are certain integers indi-
cating how many times we have encircled each of the holes p; and p, in the
plane R? and in which direction.

Circles ¢; and ¢; enclosing p) and p, serve as & sort of basis in which every
closed path v C D has the form v = nje; + nacz, up to a homotopy, which
has no effect on the integral. The quantities f w = T} are called the cyclic

constants o~ the periods of the integral. If the domain is more complicated
and there are & independent elementary cycles, then in agreement with the
expansion y = njcy + -+ - + NgCx, it results that fw =n1 Ty + -+« + 0Ty It

%
turns out that for any set 71,...,7; of numbers in such a domain one can
construct a closed 1-form that will have exactly that set of periods. (This is
a special case of de Rham’s theorem — see Chap. 15.)

For the sake of visualization, we have resorted here to considering & plane
domain, but everything that has been said can be repeated for any domain
D c R™.

Ezample 7. In an anchor ring (the solid domain in R?® enclosed by a torus)
all closed paths are obviously homotopic to a circle that encircles the hole a
certain number of times. This circle serves as the unique non-constant basic
cycle c.
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Moreover, everything that has just been said ean be repeated for paths of
higher dimension. If instead of one-dimensional closed paths — mappings of
a circle or, what is the same, mappings of the one-dimensional sphere — we
take mappings of a k-dimensional sphere, introduce the concept of homotopy
for them, and examine how many mutually nonhomotopic mappings of the k-
dimensional sphere into a given domain D C R™ exist, the result is a certain
characteristic of the domain D which is formalized in topology as the so-
called kth homotopy group of D and denoted m (D). If all the mappings of
tlie A-dimensional sphere into DD are homotopic to a constant mapping, the
group 7 (D) is considered trivial. (It consists of the identity element alone.)
It can happen that @y (D) is trivial and 73(D) is not.

Ezample 8. If D is taken to be thie space R® with the point 0 removed,
obviously every closed path in D can be contracted to a point, but a sphere
enclosing the point 0 cannot be homotopically converted to & point.

It turns out that the homotopy group mi(D) has less to do with the
periods of & closed k-form than the so-called homology group Hi(D). (See
Chap. 15.)

Example 9. From what has been said we can conclude that, for example, in
the domain R® \ 0 every closed 1-form is exact (R®\ 0 is a simply connected
domain), but not very closed 2-form is exact. In the language of vector fields,
this means that every irrotational field A in R3\0 is the gradient of a function,
but not every source-free field B (div B = 0) is the curl of some field in this
domain.

Ezample 10. To balance Example 9 we take the ancho! ring. For the anchor
ring the group (D) is not trivial (see Example 7), but w2(D) is trivial, since
every mapping f : S — D of the two-sphere into D can be contracted to a
constant mapping (any image of a sphere can be contracted to & point). In this
domain not every irrotational field is a potential field, but every source-free
field is the curl of some field.

14.3.6 Problems and Exercises

1. Show that every central field A = f(r)r is a potential fleld.

2. Let F = —gradU be a potential force ficld. Show that the stable equilibrium
positions of a particle in such a fleld are the minima of the potential U of that field.

3. For an electrostatic fleld E the Maxwell equations (formula (14.12) of Scct. 14.1),
as already noted, reduce to the pair of equations V-E = £ and VX E =0.

The condition V x E = 0 means, at least locally, that E = —grady. The
fleld of a point charge is a potential field, and since overy electric field is the sum
(or integral) of such fields, it is always a potential field. Substituting E = —V
in the first equation of the electrostatic fleld, we find that its potential satisfies
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Poisson’s equation? Ay = J-°— The potential @ determines the fleld completely, so
that describing E reduces to finding the function @, the solution of the Poisson
equation.

Knowing the potential of a point charge (Example 2), solve the following prob-
lem.

a) Two charges +¢ and —g are located at the points (0,0, —d/2) and (0,0, d/2)
in R® with Cartesian coordinates (z,v,z). Show that at dnstances that are large
relative to d the potential of the electrostatic field has the form

1 =z 1
0= Treg e @ "(ﬁ) '
where r is the absolute value of the radius-vector r of the point (z, y, ).

b) Moving very far away from the charges is equivalent to moving the charges
together, that is, decreasing the distance d. If we now fix the quantity gd =: p and
decrease d, then in the limit we obtain the function ¢ = =—Z%p in the domain
R* \ 0. It is convenient to introduce the vector p equal to p in absolute value and
directed from —q to +g. We call the pair of charges —q and +¢ and the construction
obtained by the limiting procedure just described a dipole, and the vector p the
dipole moment. The function ¢ obtained in the limit is called the dipole potential
Find the asymptotics of the dipole potential as one moves away from the dipole
along a ray forming angle 8 with the direction of the dipole moment.

c) Let g be the potential of a unit point charge and (; the dipole potential
having dipole moment py. Show that @3 = —(p1 - V)e.

d) We can repeat the construction with the limiting passage that we carried
out for a pair of charges in obtaining the dipole for the case of four charges (more
precisely, for two dipoles with moments p; and ps) and obtain a quadrupole and a
corresponding potential. In general we can obtain a mudtipole of order j with poten-
tial @5 = (—=1)7(p; * V)(Pi-1- V) =+ (P1- V)wo = 2 Qs 313:,, et Where Q%

ithtl=j
are the so-called components of the multipole moment. Carry out the computations

and verify the formula for the potential of a multipole in the case of a quadrupole.

e) Show that the main term in the asymptotics of the potential of a cluster of
charges with increasing distance from the cluster is 4—:?0-%'-, where @ is the total
charge of the cluster.

f) Show that the main term of the asymptotics of the potential of an electrically
neutral body eonsisting of charges of opposite signs (for example, a mo]ecule) at
a distance that is large compared to the dimensions of the body is —— lﬂ Pae. l-Iere
e, i3 a unit vector directed from the body to the observer; p = Eq,d,, where g; is
the magnitude of the ith charge and d; is its radius-vector. The origin is chosen at
some point of the body.

g) The potential of any cluster of charges at a great distance from the cluster
can be expanded (asymptotically) in functions of multipole potential type. Show
this using the example of the first two terms of such a potential (see d), e), and f)).

 8.D. Poisson {1781-1849) — French scientist, specializing in mechanies and
physics; his mnain work was on theoretical and celestial mechanics, mathematical
physics, and probability theory. The Poisson equation arose in his research into
gravitational potential and attraction by spheroids.
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4. Determine whether the following domains are simply connected,
a) the disk {(z,y) € lelca:2 +3* < 1}

b) the disk with its center removed {(z,y) € R?|0 < z* +¢* < 1}

c) & ball with its center removed {(z,y,z) € R? I o<+ + 2 <1}

d) an annulus {(:z:,y) € R?

;< +y’ < 1};
e) a spherical annulus {(:c,y,z) =z IR“I—% <z? 4y’ +2% < 1};
f) an anchor ring in R,

5. a) Give the definition of homotopy of paths with endpoints fixed.

b) Prove that a domain is simply connected if and only if every two paths in
it having common initial and terminal points are homotopic in the sense of the
definition given in part a).

6. Show that

a) every continuous mapping f : §' — 5% of a circle S (a one-dimensional
sphere) into a two-dimensional sphere S? can be contracted in S* to a point (&
constant mapping);

b) every continuous mapping f : §* — S is also homotopic to & single point;

¢) every mapping f : S = §' is homotopic to & mapping © - ne for some
n € Z, where  is the polar angle;

d) every mapping of the sphere 52 into an anchor ring is homot.opic to a mapping
to a single point;

e) every mapping of a circle S* into an anchor ring is homotopic to a closed
path encircling the hole in the anchor ring n times, for some n € Z.

7. In the domain B3\ 0 (three-dimensional space with the point 0 removed) con-
struct:

a) a closed but not exact 2-form;

b) a source-free vector fleld that is not the curl of any vector field in that
domain.

8, a) Can there be closed, but not exact forms of degree p < n — 1 in the domain
D =R"\ 0 (the space R™ with the point O removed)?

b) Construct a closed but not exact form of degree p=n ~1in D =R*\ 0.

9, If a 1-form w is closed in a domain D C R", then by Proposition 2 every point
z € D has a neighborhood U (z) inside which w is exact. From now on w is assumed
to be a closed form.

a) Show that if two paths ; : [0,1] — D, ¢ = 1,2, have the same initial and
terminal points and differ only on an interval [a, 3] C [0,1] whose image under
either of the mappings 7: is contained inside the same neighborhood U(z), then

Jw=fw.

1 12
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b) Show that for every path [0,1] 3 ¢ — 4(¢) € D one can find a number § > 0
such that if the path ¥ has the same initial and terminal point as -y and differs from
v at most by &, that is Jnax [F(t) —(t)] < 4, then fw= [w.

> 3 Y

¢) Show that if two paths 7 and 42 with the same initial and terminal points

are homotopic in D as paths with fixed endpoints, then f = f w for any closed

- Y1 2
form w in D.

10. a) It will be proved below that every continuous mapping I" : I* — D of
the square I? can be uniformly approximated with arbitrary accuracy by a smooth
mapping (in fact by a mapping with polynomial components). Deduce from this that
if the paths 71 and 72 in the domain D are homotopic, then for every & > 0 there
exist smooth mutually homotopic paths ¥, and 59 such that Joax Fi(t)—7(®)] < &,

stg
i=1,2

b) Using the results of Example 9, show now that if the integrals of a closed
form in D over smooth homotopic paths are equal, then they are equal for any paths
that are homotopic in this domain (regardless of the smoothness of the homotopy).
The paths themselves, of course, are assumed to be as regular as they need to be
for integration over them.

11. a) Show that if the forms w®, w” !, and &' are such that w? = dw™' =
d®~"', then (at least locally) one can find a form w?™? such that &7~! = w?™! 4
dw”?™*. (The fact that any two forms that differ by the differential of a form have
the same differential obviously follows from the relation d%w = 0.)

b) Show that the potential ¢ of an electrostatic field (Problem 3) is determined
up to an additive constant, which is fixed if we require that the potential tend to
zero at infinity,

12, The Maxwell equations (formula (14.12) of Sect. 14.1) yield the following pair
of magnetostatic equations: V- B =0, VxB = —2—0-’;;. The first of these shows
that at least locally, B hag a veetor potential A, that is, B=V x A,

a) Describe the amount of arbitrariness in the choice of the potential A of the
magnctic fleld B (see Problem 11a)).

b) Let z,y, # be Cartesian coordinates in R®. Find potentials A for a uniform
magnetic field B directed along the z-axis, each satisfying one of the following
additional requirements: the ficld A msut have the form (0, 44, 0); the field A must
have the form (A, 0,0); the field A must have the form (A, A,,0); the field A
must be invariant under rotations about the z-axis.

c¢) Show that the choice of the potential A satisfying the additional requirement
VA = 0 reduces to solving Poisson's equation; more precisely, to finding a scalar-
valued function 3 satisfying the equation Ay = f for a given scalar-valued function
£

d) Show that if the potential A of a static magnetic field B is chosen so that
VA =0, it will satisfy the vector Poisson equation AA = = #55 Thus, invoking
the potential makes it possible to reduce the problem of finding electrostatic and
magnetostatic fields to solving Poisson’s equation.
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18. The following theorem of Helmholtz'® is well known: Every smooth field F in a
domain D of oriented Buclidean space B® can be decomposed into a sum F = F+Fs
of an trrotational field F1 ond a solenoidal field F'3. Show that the construction of
such a decomposition can be reduced to solving a certain Poisson equation,

14. Suppese & given mass of a certain substance passes from a state characterized
thermodynamically by the parameters Vo, Po (Tb) into the state V', P, (T"). Assume
that the process takes place slowly (quasi-statically) and over a path <y in the plane
of states (with coordinates V, P). It can be proved in thermodynamics that the
quantity S = [ 42, where §Q is the heat exchange form, depends only on the

-
initial point (Vo, Po) and the terminal point (V, P) of the path, that is, after one of
these points is fixed, for example (Vo, Fp), S becomes a function of the state (V] P)
of the system. This function is called the entropy of the system.

&) Deduce from this that the form w = 52 is exact, and that w =dS.

b) Using the form of 6@ given in Problem 6 of Sect. 13.1 for an ideal gas, find
the entropy of an ideal gas.

14.4 Examples of Applications

To show the concepts we have introduced in action, and also to explain the
physical meaning of the Gauss-Ostrogradskii-Stokes formula as a conserva-
tion law, we shall examine here some illustrative and important equations of
mathematical physics.

14.4.1 The Heat Equation

We are studying the scalar field T' = T'(z,y, z, ) of the temperature of a body
being observed as a function of the point (z,y, z) of the body and the time 1.
As a result of heat trausfer between various parts of the body the field T may
vary. However, this variation is not arbitrary; it is subject to a particular law
which we now wish to write out explicitly.

Let D be a certam three-dimensional part of the observed body bounded
by a surface S. If there are no heat sources inside S, a change in the internal
energy of the substance in D can occur only as the result of heat transfer,
that is, in this case by the transfer of energy across the boundary S of D.

By computing separately the variation in internal energy in the volume D
and the flux of energy across the surface 5, we can use the law of conservation
of energy to equate these two quantities and obtain the needed relation,

It is known that an increase in the temperature of a homogeneous mass
m by AT requires energy emAT’, where ¢ is the specific heat capacity of

19 HL..F. Helmholtz (1821-1894) — German physicist and mathematician; one of
the first to discover the general law of conservation of energy. Actually, he was
the first to make a clear distinction between the concepts of force and energy.



14.4 Examples of Applications 303

the substance under consideration. Hence if our field T changes by AT =
T(z,y,z,t + At) — T(z,y, z,t) over the time interval A, the internal energy
in D will have changed by an amount

/ f f epAT AV, (14.63)
D

where p = p(z,y, z) is the density of the substance,

It is known from experiments that over a wide range of temperatures
the quantity of heat flowing across a distinguished area do = ndo per unit
time as the result of heat transfer is proportional to the fiux —grad 7' - do of
the field —grad 7" across that area (the gradient is taken with respect to the
spatial variables z,y, z). The coefficient of proportionality % depends on the
substance and is called its coefficient of thermal conductivity. The negative
sign in front of gradT corresponds to the fact that the energy flows from
hotter parts of the body to cooler parts. Thus, the energy flux (up to terms
of order o(At))

At f f e (14.64)

takes place across the boundary S of D in the direction of the external normal
over the time interval At.

Equating the quantity (14.63) to the negative of the quantity (14.64),
dividing by At, and passing to the limit as At — 0, we obtain

f/f Pop dv = / kgradT - do . (14.65)
s

This equality is the equation for the function 7. Assuming 7 is sufficiently
smooth, we transform (14.65) using the Gauss—Ostrogradskii formula:

//f P IV = /é/ div (k grad T) dV .

Hence, since D is arbitrary, it follows obviously that

cp% = div (kgradT) . (14.66)

We have now obtained the differential version of the integral equation
(14.65).

If there were heat sources (or sinks) in D whose intensities have density
F(z,y, z,t), instead of (14.65) we would write the equality

flfcp%rdV=lfkgradT-da+/Z/dej (14.65")
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and then instead of (14.66) we would have the equation

CP?ET =div(kgradT)+ F . (14.66")
If the body is assumed isotropic and homogeneous with respect to its heat
conductivity, the coefficient k in (14.66) will be constant, and the equation
will transform to the canonical form
or

= a*AT + f, (14.67)

where [ = ;f% and a? = c—’; is the coefficient of thermal diffusivity. The
equation (14.67) is usually called the heat equation.

In the case of steady-state heat transfer, in which the field T' is indepen-
dent of time, this equation becomes Poisson’s equation

AT = @, (14.68)
where ¢ = —J; f; and if in addition there are no heat sources in tle body,
the result is Laplace’s equation

AT =0. (14.69)

The solutions of Laplace’s equation, as already noted, are called har-
monic functions. In the thermophysical interpretation, harmonic functions
correspond to steady-state temperature fields in a body in which the heat
flows occur without any sinks or sources inside the body itself, that is, all
sources are located outside the body. For example, if we maintain a steady
temperature distribution 7’|, , = 7 over the boundary 8V of a body, then
the temperature field in the gody V will eventually stabilize in the form of &
harmonic function 7. Such an interpretation of the solutions of the Laplace
equation (14.69) enables us to predict a number of properties of harmonic
functions. For example, one must presume that & harmonic function inn V can-
not have local maxima inside the body; ot herwige heat would only flow away
from these hotter portions of the body, and they would cool off, contrary to
the assumption that the field is stationary.

14.4.2 The Equation of Continuity

Let p = p(z,, z,t) be the density of a mafterial medium that fills a space
being observed and v = v(z, y, z,1) the velocity field of motion of the medium
as function of the point of space (z,y, z) and the time {.

From the law of conservation of 1nass, using the Gauss—Ostrogradskii for-
mula, we can find an interconnection between these quantities.
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Let D be a domain in the space being observed bounded by a surface S.
Over the time interval At the quantity of matter in D varies by an amount

// (P(:B?y?z?t'l“dt) _p($1y:z:t)] dv .
D

Over this small time interval A¢, the flow of matter across the surface S in
the direction of the outward normal to S is (up to o(At))

At-//pv-do'.
s

If there were no sources or sinks in ), then by the law of conservation of
matter, we would have

f/ ApdV=—-Atf/pv-da-
D 5

or, in the limit as At — 0

[ av=-[fmso

Applying the Gauss—Ostrogradskii formula to the right-hand side of this
equality and taking account of the fact that D is an arbitrary domain, we con-
clude that the following relation must hold for sufficiently smooth functions
p and v:
dp .
ik —div (pv) , (14.70)
called the equation of continuity of & continuous medium.

In vector notation the equation of continuity can be written as

gf +V-(pv) =0, (14.70)
or, in more expanded form,
—a£+v-Vp+pV-v=0, (14.70")

ot

If the medium is incompressible (a liquid), the volumetric outfiow of the
mediun across a closed surface S must be zero:

f/v-dc:!':ﬂ,
s

from which (again on the basis of the Gauss—Ostrogradskii formula) it follows
that for an incompressible medium

divv =0, (14.71)
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Hence, for an incompressible medium of variable density (a mixture of
water and oil) Eq. (14.70") becomes
dp

5 TV Vp=0. (14.72)

If the medium is also homogeneous, then Vp = 0 and therefore -‘?ﬁ =0.

14.4.3 The Basic Equations of the Dynamics of Continuous Media

We shall now derive the equations of the dynamics of a continuous mediumn
moving in space. Together with the functions p and v already considered,
which will again denote-the density and the velocity of the medium at a
given point (2,%, z) of space and at a given Instant ¢ of time, we cotisider the
pressure p = p(z, ¥, z,t) as a function of a point of space and time.

In the space occupied by the medium we distinguish a domain D bounded
by & surface S and consider the forces actitlg on the distinguished volume of
the medium at a fixed instant of time.

Certain force fields (for example, gravitation) are acting on each element
pdV of mass of the medium. These fields create the so-called mass forces.
Let F = F(z,y, z,t) be the density of the external fields of mass force. Then
a force FpdV acts on the element from the direction of these felds. If this
element has an acceleration a at a given instant of time, then by Newton’s
second law, this is equivalent to the presence of another mass force called
inertia, equal to —apdV.

Finally, on each element do = ndo of the surface S there is a surface
tension due to the pressure of the particles of the medium near those in D,
and this surface force equals —pdo (where n is the outward normal tc S).

By d'Alembert’s principle, at each instant during the motion of of any
inaterial system, all the forces applied to it, including inertia, are in mutual
equilibrium, that is, the force required to balance themn is zero. In our case,

this means that
[é (F—a)pdV—_é/.pdo'=0. (14.73)

The first term in this sum is the equilibrant of the inass and inertial forces,
and the second is the equilibrant of the pressure on the surface S bounding
the volume. For simplicity we shall assume that we are dealing with an ideal
(nonviscous) fluid or gas, in which the pressure on the surface der has the
form pde, where the number p is independent of the orientation of the area
fnn the space.

Applying formula (14.47) from Sect. 14.2, we find by (14.73) that

fff(FHa)pdVHfffgradpdv:0,
D D
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from which, since the domain D is arbitrary, it follows that
pa=pF —gradp . (14.74)

In this local form the equation of motion of the medium corresponds
perfectly to Newton's law of motion for a material particle.

The acceleration a of a particle of tlie medium is the derivative ﬁ—: of the
velocity v of the particle. If ¢ = z(t), y = y(t), z = z(1) is the law of motion
of a particle in space and v = v(z, y, z, ) is the velocity field of the medium,
then for each individual particle we obtain

dv._8v Ovdr O8vdy Ovde

TR T =X TV T P
or B
a= E -+ (V . V)V .
Thus the equation of motion (14.74) assumes the following form
dv 1
— =F — —grad .
= pgr p (14.75)
or v 3
o+ (v-V)v=F— ;Vp . (14.76)

Equation (14.76) is usually called Fuler’s hydrodynamic equation.

The vector equation (14.76) is equivalent to a system of three scalar equa-
tions for the three components of the vector v and the pair of functions p
and p.

Thus, Euler’s equation does not completely determine the motion of an
ideal continuous medium. To be sure, it is natural to adjoin to it the equation
of continuity (14.70), but even then the system is underdetermined.

To make the motion of the medium determinate one must also add to
Eqgs. (14.70) and (14.76) some information on the thermodynamic state of the
medium (for example, the equation of state f(p,p,T) = 0 and the equation
for heat transfer.) The reader may obtain some idea of what these relations
can yield in the final subsection of this section.

14.4.4 The Wave Equation

We now consider the motion of a medium corresponding to the propagation of
an acoustic wave. It is clear that such a motion is also subject to Eq. (14.76);
this equation can be simplified due to the specifics of the phenomenon.
Sound is an alternating state of rarefaction and compression of a medium,
the deviation of the pressure from its mean value in a sound wave being very
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small — of the order of 1%. Therefore acoustic motion consists of small devi-
ations of the elements of volume of the medium from the equilibrium posi-
tion at small velocities. However, the rate of propagation of the disturbance
(wave) through the medium is comparable with the mean velocity of motion
of the molecules of the medium and usually exceeds the rate of heat trans-
fer between the different parts of the medium under consideration. Thus,
an acoustic motion of a volume of gas can be regarded as small oscillations
about the equilibrium position occurring without heat transfer (an adiabatic
process).

Neglecting the term (v - V)v in the equation of motion (14.76) in view of
the small size of the macroscopic velocities v, we obtain the equality

v
— =pF-Vp.
=P p

If we neglect the term of the form %gv for the same reason, the last
equality reduces to the equation

0
7 (Pv) = pF = Vp.

Applying the operator V (on 2,y, z coordinates) to it, we obtain
o \Y =V -pF-A
(V- pv) =V pF~Ap.

Using the equation of continuity (14.70") and introducing the notation
V « pF = —&, we arrive at the equation
8%p
— = ) 14.77
ez @4+ Ap (14.77)
If we can neglect the influence of the exterior fields, Eq. (14.77) reduces
to the relation

=5 = Ap - (14.78)

between the density and pressure in the acoustic medium. Since the process
is adiabatic, the equation of state f(p,p,T) = 0 reduces to a relation p =
(p), from which it follows that £ = ¥/(p)Z2 + 4"(p)(2)’. Since the
pressure oscillations are small in an acoustic wave, one may assunle that
' (p) = ¥'(pg), where po is the equilibrium pressure. Then %" = 0 and
%if} ~ fg&'(p)%;g. Taking this into account, from (14.78) we finally obtain

5°

an = a2Ap, (14.79)

—1/2 s & . - 5
where @ = (¥/(pg)) 2 T equation describes the variation in pressure
in a medium in a state of acoustic motion. Equation (14.79) describes the
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simplest wave process in & continuous medium. It is called the homogeneous
wave equation. The quantity a has & simple physical meaning; it is the speed
of propagation of an acoustic disturbance in the medium, that is, the speed
of sound in it (see Problem 4).

In the case of forced oscillations, when certain forces are acting on each
element of volume of the medium, the three-dimensional density of whose
distribution is given, Eq. (14.79) is replaced by the relation

82
an =d®Ap+f (14.80)
corresponding to Eq. (14.77), which for f # 0 is called the inhomogeneous

wave equation.

14.4.5 Problems and Exercises

1. Suppose the velocity field v of a moving continuous medium is a potential field.
Show that if the medium is incompressible, the potential ¢ of the field v is a
harmonic function, that is, Ap =0 (see (14.71).

2. a) Show that Euler’s equation (14.76) can be rewritten as

ov 1.5 1
Ty - grad (5" )—vxcurlv—F— Bgradp

(see Problem 1 of Sect. 14.1).

b) Verify on the basis of the equation of a) that an irrotational flow (curl v = 0)
of a homogeneous incompressible liquid can occur cnly in a potential field F.

c¢) It turns out (Lagrange’s theorem) that if at some instant the flow in a po-
tential field F = grad U is irrotational, then it always has been and always will be
irrotational. Such a fiow consequently is at least locally a potential flow, that is,
v = grad . Verify that for a potential fiow of a hoamogeneous incompressible liquid
taking place in a potential field F, the following relation holds at each instant of

time: b )
v P _
gmd(at g +p U) 0.
d) Derive the so-called Cauchy integral from the equality just obtained:

ot - 2
a relation that asserts that the left-hand side is independent of the spatial coordi-
nates.

e) Show that if the flow is also steady-state, that ig, the field v is independent
of time, the following relation holds

2
@+”—+%—U=d&(1),

2
v
2

™ I3

- U = const ,

called the Bernoulli tntegrol.
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3. A fiow whose velocity field has the form v = (vg, vy, 0) is naturally called piane-
parallel or simply a planar flow.

a) Show that the conditions div v = 0, curl v = 0 for a flow to be incompressible
and irrotational have the following forms:

Ove  Ovy g Ouz _Ouwy
6z &y ' Oy 6z

b) Show that these equations at least locally guarantee the existence of functions
w(z,y) and @z, y) such that (—vy,vg) = grad ¢ and (v=,vy) = grad p.

c) Verify that the level curves ¢ = ¢; and % = ¢z of these functions are or-
thogonal and show that in the steady-state flow the curves 1 = ¢ eoincide with the
trajectories of the moving particles of the medium. It is for that reason that the
function % is called the current function, in contrast to the function ¢, which is the
velocity poteniial.

d) Show, assuming that the functions ¢ and ¥ are sufficiently smooth, that they
are both harmonic functions and satisfy the Cauchy—Riemann equations;

8 v Oo oW
6z By ' Oy Oz’

Harmonic functions satisfying the Cauchy—Riemann equations are called conjugate
harmonic functions.

e) Verify that the function f(z) = (@ + i0)(z,y), where z = = + iy, is a dif-
ferentiable function of the complex variable z. This determines the connection of
the planar problems of hydrodynamics with the theory of functions of a complex
. variable.

4, Consider the elementary version %if = a,gg—:{‘} of the wave equation (14.79). This
is the case of a plane wave in which the pressure depends only on the @-coordinate
of the point (z,y, z) of space.

a) By making the change of variable u = & —at, v = £+ at, reduce this equation
to the form 222 = 0 and show that the general form of the solution of the original
cq(u;a!cion is p = f(z+at) + g{z —at), where f and g are arbitrary functions of class
c®@,

b) Interpret the solution just obtained as two waves f(z) and 9(z) propagating
left and right along the z-axis with velocity a.

c) Assuming that the quantity e is the velocity of propagation of & dis-

turbance even in the general case (14.79), and taking account of the relation
—1/2

&= (;{p'(poj) , find, following Newton, the velocity ¢y of sound in air, assum-

ing that the temperature in an acoustic wave is constant, that is, assuaming that

the process of acoustic oscillation is isothermic. (The equation of state is p = £E,

R = 8.31 gﬁf'm is the universal gas constant, and p = 28.8 —& is the molecular

weight of air. Carry out the computation for air at a temperature of 0° C, that is,

T = 273 K. Newton found that ex = 280 m/s.)

d) Assuming that the process of acoustic vibrations is adiabatic, find, following
Laplace, the velocity cr of sound in air, and thereby sharpen Newton’s result cw.
(In an adiabatic process p = cp”. This is Poisson’s formula from Problem 6 of
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Sect. 13.1. Show that if ey = ﬁ, then cL =« 5. For air v = 1.4. Laplace found
er. = 330m/s, which is in excellent agreement with experiment,)

5. Using the scalar and vecter potentials one can reduce the Maxwell equations
((14.12) of Sect. 14.1) to the wave equation (more precisely,to several wave equations
of the same type). By solving this problem, you will verify this statement.

a) It follows from the equation VB = 0 that at least locally B = V x A, where
A is the vector potential of the fleld B.

b) Knowing that B = V x A, show that the equation V x E = —28 jmplies

that at least locally there exists a scalar function ¢ such that E = -~V — %‘%.

¢) Verify that the flelds E = —Vgp— %‘%— and B = Vx A do not change if instead
of v and A we take another pair of potentials  and A such that g = @ — %’f’— and
A = A + V1, where ¢ is an arbitrary function of class C®,

d) The equation V- E = £ implies the first relation —Vip - -%V A= 3%
between the potentials @ and A.

e) The equation ¢?V x B — 3% = 5-;3 implies the second relation

—?V2A 4+ EV(V-A) + %pr WA 3

_-_—

3] % (o))

between the potentials ¢ and A.
8%

f) Using c), show that by solving the auxiliary wave equation Ay + f = 2 57,
without changing the fields E and B one can choose the potentials ¢ and A so that
{hey satisfy the additional (so-called gauge) condition V- A = —--01; %‘f.

g) Show that if the potentials ¢ and A are chosen as stated in f), then the
required inhomogeneous wave equations

32(]0 2 pt:2 BzA 2 J
5?:—(: gﬂlp'l';:?, ___3132 —CzﬁA‘!‘g

for the potentials ¢ and A follow from d) and e). By finding ¢ and A, we also find
the fields E=Vp, B=V x A,



15 *Integration of Differential Forms
on Manifolds

15.1 A Brief Review of Linear Algebra

15.1.1 The Algebra of Forms

Let X be a vector space and F* ;: X* — B a real-valued k-form on X. If
€1,...,€n is & basis in X and 7y = z™e;,...,zx = x'*e;, is the expansion
of the vectors z1,...,2; € X with respect to this basis, then by the linearity
of F* with respect to each argument

Fo @y, o0 sar) = Fé(zMe, .0 aher,) =
= F¥ei,... L8 )T Lt =gy 2Lz, (16.1)

Thus, after a basis is given in X, one can identify the k-form F*: X* - R
with the set of numbers a;,, ;. = F*(eq,. . ., €5, )-

If €1,...,epn is another basis in X and @;,,.;, = F*@&;.,...,€;,), then,
setting & = cie;, 7 = 1,...,n, we find the (tensor) law

3 Lo ks ba iy =T ) . Sk
ajl-_-:”' - F (cjlgial,a * 163,:8*"3) e a:l..'ihc‘fl " cjk (1512)

for transformation of the number sets a;;. i, @j,...5. corresponding to the
same form ¥,

The set F* := {F* : X* — R} of k-forms on a vector space X is itself a
vector space relative to the standard operations

(FY + F5)(z) := Ff(z) + F5(z) (15.3)
(AF¥)(z) 1= AF¥(z) (15.4)
of addition of k-forms and multiplication of a k-form by a scalar.

For forms F* and F' of arbitrary degrees & and ! the following tensor
product operation ® is defined:

(FFQ F')(@1, ... 8k Tkt -+ 1 Thpt) 1=
= F¥zy,...,26) FNTke1, . - o s Trsl) - (15.5)

Thus F* @ F! is a form F**! of degree k + {. The following relations are
obvious:
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A\F*)@ It = A\(FF @ F!), (15.6)
(FFyFYe F' = FfFoF + Fro I, (15.7)
Fr@(Fl+F)= FFo Fl + F* g F}, (15.8)
(FF@ FYg F™ = FF g (F'e F™). (15.9)

Thus the set F = {F*} of forms on the vector space X is a graded
algebra F = (& F* with respect to these operations, in which the vector-
k :

space operations are carried out inside each space F* occurring in the direct
sum, and if #F ¢ F* F' ¢ F!, then F*® F! ¢ F*+,

Ezample 1. Let X* be the dual space to X (consisting of the linear function-
als on X) and €!,...,e™ the basis of X* dual to the basis e1,...,e, in X,
that is, e*(e;) = &}

Since e'(z) = ei(zle;) = zle(e;) = 28t = gz, taking account of (15.1)
and (15.9), we can write any k-form F¥: X* R as

Fr=g; '@ -.Qe%, (15.10)

15.1.2 The Algebra of Skew-symmetric Forms

Let us now consider the space 2% of skew-symmetric forms in F*, that is,
w € 2% if the equality

O w0y By ooy Biys o0 58) = S0P o w0 JByssny By sy TR)

holds for any distinct indices ¢, § € {1,...,n}.
From any form F¥ € F* one can obtain a skew-symmetric form using the
operation A : F — 2% of alternation, defined by the relation

1 -
AFR(zy, ... zp) = EFk(a:g, bee ey Tig O RE (15.11)
where

[ “ . '51 whe 'ik .
1, if the permutation 1 g | iseven,

1tk = { =1, if the permutation (zi ' ';’;‘) is odd ,

0, if Rpoeth is not a permutation .
L s [

If F* ig a skew-symmetric form, then, as one can see from (15.11), AF* =
F*, Thus A(AF*) = AF* and Aw = w if w € 2%. Hence A : F* —» ¥ is a
mapping of F¥ onto 2%,

Comparing Definitions (15.3), (15.4), and (15.11), we obtain

A(FF + FF) = AF} 4 AF¥ | (15.12)
AF*) = X\AF* . (15.13)
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Example 2. Taking account of relations (15.12) and (15.13), we find by
(15.10) that _ |
AF* = a4, A(E" ®---® &%),
so that it is of interest to find A(e? @ -- - ® e'*).
From Definition (15.11), taking account of the relation e*(z) = z*, we find

A" -+ R™*)(z1,...,ak) = Hejl (i) - - - - - €% (mg, )O3 ik =
e
1
Iimﬁf RE o s o H IRRRRRRRRREE : (15.14)

The tensor product of skew-symmetric forms is in general not skew-
symmetric, so that we introduce the following ezterior product in the class
of skew-symmetric forms:

koot (B+D)}
W A=

Thus w* A w! is a skew-symmetric form w**! of degree & -+ {.

FEzample 3. Based on the result (15.14) of Example 2, we find by Definition
(15.15) that

Aw* ®w'). (15.15)

. 21
et A (zy,22) = 1!“}1(&“ ® €2)(zy,23) =
”(a:,) e2(zy) | :1:1’ ;t:i2
et (xn) €%(z2)| |23 ¥ (15:16)

Example 4. Using the equality obtained in Example 3, relation (15.14), and
the definitions (15.11) and (15.15), we can write

Ch A (Ciz A Eiﬂ)(xl,l‘z,ﬂ.‘.s) =

(14 2)!
=S A( M@ Qe 3))(:::1,3;2,3.3)

30 . . . - 1 Q; zt3 GBS
9% g A g C\sdijads _ i 2 | gdrjags
= “—1,2,‘3 H@g ) (e A €R)(®400T5)01 55 = 2|$31 zga 61'23

B . i . ) _‘?a “Js

1 T 1 ‘i- 1
7 m?z Ty | _ i | % 3: " 4z 11 mlg zy 2
1 3:32 3,'53 2 m;a 372 .:cf.f

Il
8

A similar computatijon shows that

el A (e Ae®) = (et Ae?)Ae® . (156.17)
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Using the expansion of the determinant along a column, we conclude by
induction that

eil (-'131) —— Eik(q"’}]_)

B Noes KB B oaBr) = | wiovinin impnasieiis : (15.18)

eit(zy) v eis(zp)
and, as ore can see from the computations just carried out, formula (15.18)
holds for any 1-forms e™,...,e™* (not just the basis forms of the space X*).

Taking the properties of the tensor product and the alternation operation
listed above into account, we obtain the following properties of the exterior
product of skew-symmetric forms:

W + W AW = wE AW+ AW, (15.19)
Mw®) Aw! = Mw® AW, (15.20)

w* AW = (1M AWk, (15.21)

W A AW™ = W* A (W AW™). (15.22)

Proof. Equalities (15.19) and (15.20) follow obviously from relations (15.6)-
(15.8) and (15.12) and (15.13).

From relations (15.10)-(15.14) and (15.17), for every skew-symmetric
form w = a;, " ® -+ ® e* we obtain

. . 1 ; "
W= Aw = g5 Al 8-+ B 6*) = Say e Ao At

Using the equalities (15.19) and (15.20) we see that it now suffices to
verify (15.21) and (15.22) for the forms &' A--+ A &'¥,

Associativity (15.22) for such forms was already established by (15.17).

We now obtain (15.21) immediately from (15.18) and the properties of
determinants for these particular forms. U

Along the way we have shown that every form w € 2% can be represented
as
w= z By in € A At (15.23)
1<4 QigLr<igEn

Thus, the set 2 = {2*} of skew-symmetric forms on the vector space

X relative to the linear vector-space operations (15.3) and (15.4) and the
dim X

exterior multiplication (15.15) is & graded algebra 2 = & £2F. The vector-
k=0

space operations on {2 are carried out inside each vector space 2%, and if
wk e 2F, ot € 2, then w* AW € 25,

In the direct sum € 2* the summation runs from zero the dimension of
the space X, since the skew-symmetric forms w* : X* — R of degree larger
than the dimension of X are necessarily identically zero, 8s one can see by
(15.21) (or from relations (15.23) and (15.8)).
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15.1.3 Linear Mappings of Vector Spaces
and the Adjoint Mappings of the Conjugate Spaces

Let X and Y be vector spaces over the field R of real numbers (or any other
field, so long as it is the same field for both X and ¥Y), and let { : X = Y
be a linear mapping of X into Y, that is, for every z,z1,72 € X and every
AeER,
Iz + z2) = Uz1) +l(z2) and {(Az) = N(z) . (15.24)
A linear mapping ! : X — Y naturally generates its adjoint mapping
I* : Fy = Fx from the set of linear functionals on Y (Fy ) into the analogous
set Fx. If F{i is a k-form on Y, then by definition

(*FEY (1,00, k) 1= FE(z1, 0000 bz « (15.25)

It can be seen by (15.24) and (15.25) that [*F¥ is a k-form F& on X,
that is, I*(F¥) C F%. Moreover, if the form F was skew-symmetric, then
(I*Ff) = FE is also skew-symmetric, that is, (*(£2£) C £2%. Inside each
vector space F¥ and 2§ the mapping {* is obviously linear, that is,

NEF 4 F¥)=1"FF 4 I'FF and 1*(VF*) = N*F* . (15.26)

Now comparing definition (15.25) with the definitions (15.5), (15.11), and
(15.15) of the tensor product, alternation, and exterior product of forms, we
conclude that

M(FP@F%) = (IFF?) @ (I*F9) , (15.27)
I*(AF?) = A(I"F?), (16.28)
PP Aw?) = (ITWP) A (I"wf) . (16.29)

Ea:ampic 5. Let ey,...,em beabasisin X, &,...,6, abasisin Y, and i(e;) =
c’cj, i € {1,.. ,m}, i € {1,...,n}. If the k-form Ff has the coordinate
representation
ke 1
FY(yl:”‘#yk) = jl---jky:{ Free 'y-ij:k

in the basis &,...,&n, where b;, ;. = F¥(€5,,...,8, ), then
(t*F{E-)(:Bl, . ‘1$k) = fl,'l__'«jk-'ﬂil e * mi" y
where ay;...i, = bjy...35C1 ... 2%, since
iy i = (I*FY)(EH crk) = F}_’(leiu wie ?Jcik) = . _
_FY( e.‘h Ci;fgs'u)‘:Fl’;(%unngn)Cﬁ"--'Cf;f-
Example 6. Let ¢',...,e™ and &,...,&" be the bases of the conjugate Spaces
X* and Y* dual to the bases in Example 5. Under the hypotheses of Example
5 we obfain
(I*87)(z) = (F)(z'e;) = T (z'le;) = 2T (FEr) =
= o' cfF (&) = 2'cf8l = clz* = cle(x) .
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Ezample 7. Retaining the notation of Example 6 and taking account of rela-
tions (15.22) and (15.29), we now obtain

lt(é‘jl A---Aé’j") =£*§:h A'--AT“ej“ —

11 ik kY . g1 TR i __
(cl?le!)A..'A(cgke —Cjil'.-.'cgkelf\"'/\ek-—
oL, ik
c‘il B
= z ............ 1A Aet .
1<ty < i S . )
1 %
gy e ofr

Keeping Eq, (15.26) in mind, we can conclude from this that

I'( > bj,...,-,,’éfln---né‘f*)=

1<j1 << En

31 , 7k
G o
— . AL, i
= E ;TTRE —— e A eNES -
léili"'{ih%m . .
IS h < in E o k
C-Ek cl?;,

; i
= ) Biynif € N Ae™
1<ty < --Cig Sm

15.1.4 Problems and Exercises

1. Show by examples that in general
a) F*® F* £ F' @ "
b) A(F* ® F') # AF* @ AF*,
c) if F*.F' € 2, then it is not always true that F* ® F' € 2.

2. a) Show that if €1,...,e. is a basis of the vector space X and the linear func-
tionals e',...,€" on X (that is elements of the conjugate space X™) are such that
ef(e;) = &7, then €',...,e" is a basis in X".

b) Verify that one can always form a basis of the space F* = F*(X) from

k-forms of the form e ® - -- ® e**, and find the dimension (dim F*) of this space,
kuowing that dim X =n.

¢) Verify that one can always form a basis of the space 2* from forms of the
form e A -+ A €', and find dim 2* knowing that dim X = n.
k=n
d) Show that if 2 = @ 2%, then dmp=2", *
k=0=
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3. The erlerior (Grassmann)' olgebra G over a vector space X and a field P
(usually denoted A(X) in agrcement with the symbol A for the multiplication
operation in G) is defined as the associative algebra with identity 1 having the
following properties:

1° G is generated by the identity and X, that is, any subalgebra of G containing
1 and X is equal to G;

2% 2 A = = 0 for every vector z € X;

3% dim G = 29™ X,

a) Show that if e,,...,en 15 a basis in X, then the set 1,e1,...,en,e1 A
€2,+++3€na1 Alny..., €1 Ao Aen of elements of G of the form e, A--- Aej, = ey,
where I = {§; < +++ < ix} C {1,2,...,n}, forms a basis in G.

b) Starting from the result in a) one can carry out the following formal con-
struction of the algebra G = A(X).

For the subsets I = {1,...,%x} of {1,2,...,n} shown in a) we form the formal
elements ey, (by identifying e(;j with e;, and ey with 1), which we take as a basis
of the vector space G over the field P. We define multiplication in G by the formula

(Zare;) (Zb.ﬂi‘-.}) = Zﬂ.rbﬁ(f-.- JDeyus ,
I J 1,

where (I,J) = sgn [] (7 ~i). Verify that the Grassmann algebra A(X) is
i€l jeJd
obtained in this way.

¢) Prove the uniqueness (up to isomorphism) of the algebra A(X).

k=n

d) Show that the algebra A(X) is graded: A(X) = @ A®(X), where A®(X)
k=0

is the linear span of the elements of the form e;, A---Ae;,; here if a € AP(X) and

be A'(X), then a A b & APYI(X). Verify that e Ab= (—1)"?bAa.

4. a) Let A: X — Y be a linear mapping of X into Y. Show that there exists a
unique homomorphism A(A) : A(X) = A(Y) from A(X) into A(Y) that agrees
with A on the subspace A'(X) € A(X) identified with X.

b) Show that the homomorphism A{4) maps A*(X) into A®(Y). The restriction
of A(A) to AF(X) is denoted by A*(A).

c) Let {e;: i=1,...,m} be a basis in X and {e; : § = 1,...,n} a basis in
Y, and let the matrix (a}) correspond to the operator A in these bases. Show that
if {e7: I € {L,...,m}}, {es : J C {1,...,n}} are the corresponding bases of
the spaces A(X) and A(Y), then the matrix of the operator /\"{A) has the form
af =det(a}), i €I, j € J, where card I = card J = k.

d) Verify that f A: X - Y, B: Y — Z are llnear operators, then the equality
A(B o 4) = A(B) o A(A) holds.

! H. Grassmann (1809-1877) — German mathematician, physicist and philologist;
in particular, he created the first systematic theory of multidimensional and
Euclidean vector spaces and gave the definition of the inner product of vectors,
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15.2 Manifolds

15.2.1 Definition of a Manifold

Definition 1. A Hausdorff topological space whose topology has & count-
able base® is called an n-dimensional manifold if each of its points has
& neighborhood U homeomorphic either to all of R™ or to the half-space
H" ={z €R*|z' < 0}.

Definition 2, A mapping ¢ : B* - U C M (or ¢ : H" - U C M) that
realizes the homeomorphism of Definition 1 is a local charl of the manifold
M, R"™ (or H") is called the parameter domain, and U the range of the chart
on the manifold M.

A local chart endows each point £ € U with the coordinates of the point
t = ¢~(z) € R™ corresponding to it. Thus, a local coordinate system is
introduced in the region U; for that reason the mapping ¢, or, in more ex-
panded notation, the pair (U, ) is a map of the region U in the ordinary
meaning of the term.

Definition 3. A set of charts whose ranges taken together cover the entire
manifold is called an atlas of the manifold.

Bzample 1. The sphere §% = {z € R}||z| = 1} is a two-dimensional mani-
fold. If we interpret S? as the surface of the Earth, then an atlas of geograph-
ical maps will be an atlas of the manifold §2.

The one-dimensional sphere S! = {z € R?||z| = 1} - a circle in R -
is obviously & one-diinensional manifold. In general, the sphere 8" = {z €
R™+!| |z| = 1} is an n-dimensional manifold. (See Sect. 12.1.)

Remark 1. The object (the manifold M) introduced by Definition 1 obviously
does not change if we replace R™ and H® by any parameter domains in R”
homeomorphic to them. For example, such a domain might be the open cube
" ={zx € R“[O <<, i= 1,...,n} and the cube with a face attached

"n={r eR*0 <z £1,0 <1 <1li=2...,n} Such standard
parameter doinains are used quite often.

It is also not difficult to verify that the object introduced by Definition 1
does not change if we require only that each point z € M have a neighborhood
U in M homeomorphic to somne open subset of the half-space F"™.

Fzample 2. I X is an m-dimensional manifold with an atlas of charts
{(Ua,¥a)} and Y is an n-dimensional manifold with atlas {(Vg,¥3)}, then
X x Y can be regarded as an (T 4 n)-dimensional manifold with the atlas

{(Wag, Xag)}, where Wos = U, X V3 and the mapping Xap = (a: ¥g) 1naps
the direct product of the domains of definition of ¢, and 13 into Wyy.

2 See Sect. 9.2 and also Remarks 2 and 3 in the present section.
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In particular, the two-dimensional torus 7% = S* x §! (Fig. 12.1) or the
n-dimensional torus 7" = §" x - x 8! is a manifold of the corresponding

il

n factors

dimension.

If the ranges U; and U; of two charts (U;, ¢;) and (Uj, ;) of a manifold
M intersect, that is, U; N U; # @, mutually inverse homeomorphisms ¢;; :
I; = Ij; and ;i : Ij; — I;; paturally arise between the sets Ir; = ¢;  (U;

N | : : — =1

and Iji = ¢; (Us). These homeomorphisms are given by ¢;; = ¢; o ¢ I
and pj; = p; F 0 cpjl L' These homeomorphisms are often called echanges of
coordinates, since they effect a transition from one local coordinate system to
another system of the same kind in their common range U; N U; (Fig. 15.1).

Fig. 15.1.

Definition 4. The number n in Definition 1 is the dimension of the manifold
M and is usually denoted dim M.

Definition 5. If a point ¢~ !(z) on the boundary 8H™ of the half-space H™
corresponds to a point £ € U under the homeomorphism ¢ : H® — U, then
x is called a boundary point of the manifold M (and of the neighborhood U).
The set of all boundary points of a manifold M is called the boundary of this
manifold and is usually denoted M.

By the topological invariance of interior points (Brouwer's theorem®) the
concepts of dimension and boundary point of a manifold are unambiguously

* This theorem asscrts that under & homeomorphism © : E — o(B) of & set
E c R™ onto a set p(E) C R™ the interior points of £ map to interior points of
w(E).



322 15 *Integration of Differential Forms on Manifolds

deflned, that is, independent of the particular local charts used in Defini-
tions 4 and 5. We have not proved Brouwer’s theorem, but the invariance of
interior points under diffeomorphisms is well-known to us (a consequence of
the inverse function theorem). Since it is diffeomorphisms that we shall be
dealing with, we shall not digress here to discuss Brouwer’s theorem.

Ezample 3. The closed ball B" = {z € R"||z| < 1} or, as we say, the
n-dimensional disk, is an n-dimensional manifold whose boundary is the
(n — 1)-dimensional sphere §°~' = {z € R"| [z| = 1}.

Remark 2. A manifold M having a non-cmpty set of boundary points is usu-
ally called a manifold with boundary, the term manifold (in the proper sense
of the term) being reserved for manifolds without boundary, In Definition 1
these cases are not distinguished.

Proposition 1. The boundary OM of an n-dimensional manifold with
boundary M is an (n — 1)-dimensional manifold without boundary.

Proof. Indeed, 8H™ = R™ ! and the restriction to 8H™ of a chart of the
form @; : H" — U; belonging to an atlas of M generates an atlas of M. O

Example 4. Consider the planar double pendulum (Fig. 15.2) with arm a
shorter than arm b, both being free to oscillate, except that the oscillations
of b are limited in range by barriers. The configuration of such a system is
characterized at each instant of time by the two angles a and 3. If there
were no constraints, the configuration space of the double pendulum could
be identified with the two-dimensional torus 72 = S, x §j.

Under these constraints, the configuration space of the double pendulum
is parametrized by the points of the cylinder S}, x I}, where S} is the circle,
corresponding to all possible positions of the arm a, and IS} ={B € IR] 18] <
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A} is the interval within which the angle # may vary, characterizing the
position of the arm b.

In this case we obtain a manifold with boundary. The boundary of this

manifold consists of the two circles 5 x {—A} and S} x {A}, which are the
products of the circle S. and the endpumts {—A} and {A} of the interval
Ig-
Remark 8. 1t can be seen from Example 4 just considered that coordinates
sometimes arise naturally on M (o and £ in this example), and they them-
selves induce a topology on M. Hence, in Definition 1 of a manifold, it is
not always necessary to require in advance that M have & topology. The
essence of the concept of a manifold is that the points of some set M can be
parametrized by the points of a set of subdomains of R™. A natural connec-
tion then arises between the coordinate systems that thereby arise on parts
of M, expressed in the mappings of the corresponding domains of [R™. Hence
we can assume that M is obtained from a collection of domains of R™ by
exhibiting some rule for identifying their points or, figuratively speaking, ex-
hibiting a rule for gluing them together. Thus defining a manifold essentially
means giving a set of subdomains of R™ and a rule of correspondence for the
points of these subdomains. We shall not take the time to make this any more
precise by formalizing the concept of gluing or identifying points, introducing
a topology on M, and the like.

Definition 6. A manifold is compael (resp. connected) if it is compact (resp.
connected) as a topological space.

The manifolds considered in Examples 14 are compact and connected.
The boundary of the cylinder S x I} ! in Example 4 consists of two indepen-
dent circles and is a on&dxmenmona] compact, but not connected, manifold.
The boundary $"~! = 8B of the n-dimensional disk of Example 3 is a com-
pact manifold, which is connected for n > 1 and disconnected (it consists of
two points) if n = 1.

Ezample 5. The space R” itself is obviously a connected noncompact mani-
fold without boundary, and the half-space H” provides the simplest example
of a connected noncompact manifold with boundary. (In both cases the at-
las can be taken to consist of the single chart corresponding to the identity

mapping. )
Proposition 2. If a manifold M is connecled, it is path connected.

Proof. After fixing a point zo € M, consider the set Iy, of points of A that
can be joined to g by a path in M. The set £;,, as one can easily verify
from the definition of a manifold, is both open and closed in M. But that
means that E,, = M. O
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Ezample 6. If to each real n x n matrix we assign the point of R® whose
coordinates are obtained by writing out the elements of the matrix in some
fixed order, then the group GL(n,R) of nonsingular n x n matrices becomes
a manifold of dimension n®. This manifold is noncompact (the elements of
the matrices are not bounded) and nonconnected. This last fact follows from
the fact that GL(n,R) contains matrices with both positive and negative
determinants. The points of GL(n,R) corresponding to two such matrices
cannot be joined by a path. (On such a path there would have to be a point
corresponding to a matrix whose determinant is zero.)

Example 7. The group SO(2,R) of orthogonal mappings of the plane R? hav-

cosa sinq
—sino  cosq
and hence can be regarded as a manifold that is identified with the circle —
the domain of variation of the angular parameter 0. Thus SO(2,R) is a one-
dimensional compact connected manifold. If we also allow reflections about
lines in the plane B2, we obtain the group O(2,R) of all real orthogonal 2 x 2
matrices. It can be naturally identified with two different circles, correspond-
ing to matrices with determinants +1 and —1 respectively. That is, O(2, R)
is a one-diinensional compact, but not connected manifold.

ing determinant equal to 1 consists of matrices of the form

Ezample 8. Let a be a vector in B2 and T}, the group of rigid motions of the
plane generated by a. The elements of 7T, are translations by vectors of the
form na, where n € Z. Under the action of the elements g of the group 7,
each point « of the plane is displaced to a point g(z) of the form z+ na. The
set of all points to which a given point z € IR? passes under the action of
the elements of this group of transformations is called its orbil. The property
of points of K? of belonging to the same orbit is obviously an equivalence
relation on B2, and the orbits are the equivalence classes of this relation.
A domain in B? containing one point from each equivalence class is called
a fundamental domain of this group of automorphisms (for a more precise
statement see Problem 5d)).

In the present case we can take as a fundamental domain a strip of width
|a] bounded by two parallel lines orthogonal to a. We need only take into
account that these lines themselves are obtained from each other through
translations by a and —a respectively. Inside a strip of width less than [a]
and orthogonal to a there are no equivalent points, so that all orbits having
representatives in that strip are endowed uniquely with the coordinates of
their representatives. Thus the quotient set R? /T, consisting of orbits of the
group T, becomes a manifold. From what was said above about a fundamental
domain, one can easily see that this manifold is homeomorphic to the cylinder
obtained by gluing the boundary lines of a strip of width |a| together at
equivalent points.

Ezample 9. Now let a and b be a pair of orthogonal vectors of the plane R?
and T,  the group of translations generated by these vectors. In this case a
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fundamental domain is the rectangle with sides a and b. Inside this rectangle
the only equivalent points are those that lie on opposite sides. After gluing
the sides of this fundamental rectangle together, we verify that the resulting
manifold &2 / T'a,b 15 homeomorphic to the two-dimensional torus.

Ezample 10. Now consider the group Gg,p of rigid motions of the plane R?
generated by the transformations a(z, y) = (z-+1, 1—y) and b(z, )= (z, y+1).

A fundamental domain for the group G, is the unit square whose hori-
zontal sides are identified at points lying on the same vertical line, but whose
vertical sides are identifled at points symmetric about the center. Thus the
resulting manifold R?/G, 5 turns out to be homeomorphijc to the Klein bottle
(see Sect. 12.1).

We shall not teke time to discuss here the useful and important examples
studied in Sect. 12.1.

15.2.2 Smooth Manifolds and Smooth Mappings

Definition 7. An atlas of a manifold is smooth (of class C*) or analytic)
if all the coordinate-changing functions for the atlas are smooth mappings
(difeomorphisms) of the corresponding smoothness class.

Two atlases of a given smoothness (the saine smoothness for both) are
equivalent if their union is an atlas of this smoothness.

Example 11. An atlas consisting of a single chart can be regarded as having
any desired smoothness. Consider in this connection the atlas on the line R?
generated by the identity mapping R! 2 = = ¢(z) = = € R?, and a second
atlas ~ generated by any strictly monotonic function R! 3 z — &(z) € B!,
mapping R! onto R'. The union of these atlases is an atlas having smoothness
equal to the smaller of the smoothnesses of @ and @—*.

In particular, if @(z) = z°, then the atlas consisting of the two charts
{z,z®} is not smooth, since $!(z) = z'/*. Using what has just been said,
we can construct infinitely smooth atlases in R! whose union is an atlas of a
preassigned smoothness class C*),

Definition 8. A smooth manifold (of class C*) or analytic) is a manifold
M with an equivalence class of atlases of the given smoothness.

After this definition the following terminology is comprehensible: topolog-
feal manifold (of class C@), C¥)-manifold, analytic manifold.

To give the entire equivalence class of atlases of a given smoothness on a
manifold M it suffices to give any atlas A of this equivalence class. Thus we
can assume that & smooth manifold is a pair (M, A), where M is a manifold
and A an atlas of the given smoothness on M.
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The set of equivalent atlases of & given smoothness on & manifold is often
called & structure of this smoothness on the manifold. There may be differ-
ent smooth structures of even the same smoothness on a given topological
manifold (see Example 11 and Problem 3).

Let us consider some more examples in which our main attention is di-
rected to the smoothness of the coordinate changes.

Ezample 12. The one-dimensional manifold RP! called the real projective
line, is the pencil of lines in R? passing through the origin, with the natural
notion of distance between two lines (1neasured, for example, by the magni-
tude of the smaller angle between them). Each line of the pencil is uniquely
determined by a nonzero direction vector (x!,z2), and two such vectors give
the same line if and only if they are collinear. Hence RP' can be regarded
as a set of equivalence classes of ordered pairs (z!,z2) of real numbers. Here
at least one of the numbers in the pair must be nonzero, and two pairs are
considered equivalent (identified) if they are proportional. The pairs (z!, z?)
are usually called homogeneous coordinates on RP'. Using the interpretation
of RIP' in homogeneous coordinates, it is easy to construct an atlas of two
charts on RP. Let Uy, i = 1,2, be the lines (classes of pairs (z*,z?)) in RP!
for which z* # 0. To each point (line) p € Uy there corresponds & unique
pair (1, g—) determined by the nwmber 2 = f:— Similarly the points of the
region U, are in one-to-one correspondence with pairs of the form (ﬁ, 1)

and are determined by the number 3 = 515 Thus local coordinates arise in
Uy and s, which obviously correspond to the topology introduced above on
RP'. In the common range U, N Uz of these local charts the coordinates they
introduce are connected by the relations i = (t2)~! and t? = (t1)™', which
shows that the atlas is not only C*) but even analytic.

It is useful to keep in mind the following interpretation of the manifold
RP!. Each line of the original pencil of lines is completely determined by
its intersection with the unit circle. But there are exactly two such points,
diametrically opposite to each other. Lines are near if and only if the cor-
responding points of the circle are near. Hence RP!' can be interpreted as
a circle with diametrically opposite points identified (glued together). If we
take only a semicircle, there is only one pair of identified points on it, the
end-points. Gluing them together, we again obtain & topological circle. Thus
RP! is homeomorphic to the circle as a topologlcal space.

Ezample 13. If we now consider the pencil of lines passing through the ori-
gin in R?, or, what is the same, the set of equivalence classes of ordered
triples of polnts (z!,z%, %) of real numbers that are not all three zero, we
obtain the real projective plane RF?. In the regions Uy, Up, and Us where
z' # 0, T° £ 0, z° # 0 respectively, we introduce local coordinate sys-
1:::2:53_ 2 13 2 43 i z3Y _ £41 tB 1t3
t.er::ls g » 211 Il') = (lﬂtl!tl) s (tlitl): (;5,1,;!') = (t3,1,83) ~ (2, 2), and
(%, 21, 1) = (13, t3,1) ~ (£3,2), which are obvlously connected by tle rela-
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tions ¢/ = (t)71, t] = #1(t1)~), which apply in the common portions of the
ranges of these charts.

For example, the transition from (t2,¢3) to (t3,#3) in the domain Uy NU;
is given by the formulas

=@, =17

The Jacobian of this transformation is —(43)~3, and since 2 = %’;, it is
defined and nonzero at points of the set Uy N Uy under consideration.

Thus RIP? is a two-dimensional manlfold having an analytic atlas consist-
ing of three charts.

By the same considerations as in Example 12, where we studied the
projective line IEJP’I, we can interpret the projective plane RP? as the two-
dimensional sphere §? C R? with antipodal points identified, or as a hemi-
sphere, with diametrically opposite points of its boundary circle identifled.
Projecting the hiemisphere into the plane, we obtain the possibility of inter-
preting BP? as a (two-dimensional) disk with dianetrically opposite points
of its boundary circle identified.

Ezample 14. The set of lines in the plane B2 can be parititioned into two
sets: U, the nonvertical lines, and V, the nonhorizontal lines. Each line in U
has an equation of the form ¢y = uyz 4 uy, and hence is characterized by the
coordinates (u1,u3), while each line In V has an equation £ = 1y + v2 and
is determined by coordinates (v, v2). For lines in the intersection U NV we
have the coordinate transformation »; = u 1wy = —2&21&1_1 and u; = 'vl'l,
Uy = —UVply !, Thus this set is endowed with an analytic atlas consisting of
two charts.

Every line in the plane has an equation az-+by+¢ = 0 and 1s characterized
by a triple of numbers (a, b, ¢), proportional triples defining the same line. For
that reason, it might appear that we are again dealing with the projective
plane RP? considered in Example 13. However, whereas in RP? we admitted
any triples of numbers not all zero, now we do not admit triples of the form
(0,0, ¢) where ¢ # 0. A single point in RIP? corresponds to the set of all such
triples. Hence the manifold obtained in our present example is homeomorphic
to the one obtained ftom RP® by removing one point. If we interpret RIP? as
a disk with diametrically opposite points of the boundary circle identified,
then, deleting the center of the circle, we obtain, up to homeomorphism, an
annulus whose outer circle is glued together at diametrically opposite points.
By a simple incision one can casily show that the result is none other than
tlie familiar Mobius band.

Definition 9. Let M and N be C*)-manifolds. A mapping f : M — N is
l-smooth (a C-mapping) if the local coordinates of the point f(z) € N are
CW_functions of the local coordinates of z € M.

This definition has an unambiguous meanlng (one that is independent of
the choice of local coordinates) if | < k.



328 15 *Integration of Differential Forms on Manifolds

In particular, the smooth mappings of M into R! are smooth functions
on M, and the smooth mappings of B! (or an interval of R!) into M are
smooth paths on M,

Thus the degree of smoothness of a function f : M — N on a manifold
M cannot exceed the degree of smoothness of the manifold itself.

15.2.3 Orientation of a Manifold and its Boundary

Definition 10. Two charts of a smooth manifold are consistent if the tran-
sition from the local coordinates in one to the other in their common range
is a diffeomorphism whose Jacobian is everywhere positive.

In particular, if the ranges of two local charts have empty intersection,
they are considered consistent.

Definition 11. An atlas A of a smooth manifold (M, A) is an orienting atlas
of M if it consists of pairwise consistent charts.

Definition 12. A manifold is orientable if it has an orienting atlas. Other-
wise it is nonorientable.

Two orienting atlases of a manifold will be regarded as equivalent (in the
sense of the question of orientation of the manifold considered just now) if
their union is also an orienting atlas of the manifold. It is easy to see that
this relation really is an equivalence relation.

Definition 13. An equivalence class of orienting atlases of & manifold in the
relation just defined is called an orientation cless of atlases of the manifold
or an orientation of the manifold.

Definition 14. An oriented manifold is a manifold with this c¢lass of orien-
tations of its atlases, that is, with a fixed orientation on the manifold.

Thus orienting the manifold means exhibiting (by somne means or other)
a certain orientation class of atlases on it. To do this, for example, it suffices
to exhibit any specific orienting atlas from the orientation class,

Various methods used in practice to define an orientation of manifolds
embedded in R™ are described in Sects. 12.2 and 12.3.

Proposition 3. A connected manfiold is either nonorientable or admits ez-
actly two orientations.

Proof. Let A and A be two orienting atlases of the manifold M with diffeo-
morphic transitions from the local coordinates of charts of one to charts of
the other. Assume that there is a point py € M and two charts of these atlases
wliose ranges U;, and U;, contain pg; and suppose the Jacobian of the change
of coordinates of the charts at points of the parameter space corresponding
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to the point pg is positive. We shall show that then for every point p € M
and any charts of the atlases A and A whose ranges contain p the Jacobian
of the coordinate transformation &t corresponding coordinate points is also
positive.

We begin by making the obvious observation that if the Jacobian of the
transformation is positive (resp. negative) at the point p for any pair of charts
containing p in the atlases A and A, then it is positive (resp. negative) at p
for any such pair of charts, since inside each given atlas the coordinate trans-
formations occur with positive Jacobian, and the Jacobian of & composition
of two mappings is the product of the Jacobians of the individual mappings.

Now let £ be the subset of M comnsisting of the points p € M at which
the coordinate transformations from the charts of one atlas to those of the
other have pogitive Jacobian.

The set E' is nonempty, since po € F. The set E is open in M. Indeed,
for every point p € E there exist ranges U; and U; of certain charts of
the atlases A and A containing p. The sets U; and U; are open in M, so
that the set U; N 5'_.,- is open in M. On the connected component of the set
U; N U; containing p, which is open in U; ﬁﬁj and in M, the Jacobian of the
transformation cannot change sign without vanishing at some point. That
is, in some neighborhood of p the Jacobian remains positive, which proves
that £ is open. But ¥ is also closed in M. This follows from the continuity
of the Jacobian of a diffeomorphism and the fact that the Jacobian of a
diffeomorphism never vanishes,

Thus £ is a non-empty open-closed subset of the connected set M. Flence
E = M, and the atlases A and A define the same orientation on M.

Replacing one coordinate, say t! by —#! in every chart of the atlas A, we
obtain the orienting atlas —A belonging to & different orientation class. Since
the Jacobians of the coordinate transformations from an arbitrary chart to
the charts of A and —A have opposite signs, every atlas that orients M is
equivalent either to 4 orto —A4. 0O

Definition 15. A finite sequence of charts of a given atlas will be called a
chain of charts if the ranges of any pair of charts having adjacent indices
have a non-empty intersection (U; N U; ) # @).

Definition 16. A chain of charts is contradictory or disorienting if the Ja-
cobian of the coordinate transformation from each chart i the chain to the
next is positive and the ranges of the first and last charts of the chain inter-
sect, but the coordinate transformation from the last to the first has negative
Jacobian.

Proposition 4. A manifold is orientable if and only if there does not exist
a contradictory chain of charts on il.

Proof. Since every manifold decomposes into connected components whose
orientations can be defined independently, it suffices to prove Proposition 4
for a connected manifold M.
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Necessity. Suppose the connected manifold M is orientable and A is
an atlas defining an orientation. From what has been said and Proposition 3,
every smooth local chart of the manifold M connected with the charts of the
atlas A is either consistent with all the charts of A or consistent with all the
charts of —A. This can easily be seen from Proposition 3 itself, if we resrict
charts of A to the range of the chart we have taken, which can be regarded
as & connected manifold oriented by one chart. It follows from this that there
is no contradictory chain of charts on M.

Sufficiency. It follows from Definition 1 that there exists an atlas on
the manifold consisting of a finite or countable number of charts, We take
such an atlas A and number its charts, Consider the chart (U;, ;) and any
chart (U;, ;) such that Uy N U; # @. Then the Jacobians of the coordinate
transformations ; and ;) are either everywhere negative or everywhere
positive in their domains of definition. The Jacobians cannot have values of
different signs, since otherwise one could exhibit connected subsets U_ and
U, in U1 UU; where the Jacobian is negative and positive respectively, and the
ehinof harts (Us.n); (Dlester); (U, [Us124) wotlld be coiradistany.

Thus, changing the sign of one coordinate if necessary in the charg (U;, v;),
we could obtain a chart with the same range U; and consistent with (Uy, ¢;).
After that procedure, two charts (U;, w;) and (Uj, p;) such that Uy NU; # @,
UyNU; # @, U;NU; # @ are themselves consistent: otherwise we would have
constructed & contradictory chain of three charts.

Thus, all the charts of an atlas whose ranges intersect U; can now be
considered consistent with one another, Taking each of those charts now as
the standard, one can adjust the charts of the atlas not covered in the first
stage so that they are consistent. No contradictions arise when we do this,
since by hypothesis, there are no contradictory chains on the manifold. Con-
tinuing this process and taking account of the connectedness of the manifold,
we construct on it an atlas consisting of pairwise consistent charts, which
proves the orientability of the manifold. 0

This criterion for orientability of the manifold, like the considerations
used in its proof, can be applied to the study of specific manifolds. Thus,
the manifold BP' studied in Example 12 is orientable. From the atlas shown
there it is easy to obtain an orienting atlas of RP'. To do this, it suffices to
reverse the sign of the local coordinates of one of the two charts constructed
there. However, the otientability of the projective line RP! obviously also
follows from the fact that the manifold EP' is homoeomorphic to a circle.

The projective plane BP? is nonorientable: every pair of charts in the atlas
constructed in Example 13 is such that the coordinate transformations have
domains of positivity and domains of negativity of the Jacobian. As we saw
in the proof of Proposition 4, it follows from this that a contradictory chain
of charts on BP? exists.

. Far the same reason the manifold considered in Example 14 is nonori-
entable, which, as was noted. is homeomorphic to a Mobius band.
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Proposition 5. The boundary of an orientable smooth n-dimensional man-
ifold is an orientable (n — 1)-dimensional manifold admitting a structure of
the same smoothness as the original manifold.

Proof. The proof of Proposition 5 is a verbatim repetition of the proof of the
analogous Proposition 2 of Subsect. 12.3.2 for surfaces embedded in B™. 1

Definition 17, If A(M) = {(H", ¢, U,)} U {(R",9;,U;)} is an at-
las that orients the manifold M, then the charts A(BM) =
{(R"‘l,(p.g! aH,,zﬁ,,_l,BUi)} provide an orienting atlas for the boundary oM
of M. The orientation of the boundary defined by this atlas is called the
orientation of the boundary induced by the orientation of the manifold.

Important techniques for defining the orientation of & surface embedded
in B and the induced orientation of its boundary, which are frequently used
in practice, were described in detail in Sects. 12.2 and 12.3.

15.2.4 Partitions of Unity and the Realization of Manifolds
as Surfaces in R™

In this subsection we shall describe a special construction called & partition of
unity. This construction is often the basic device for reducing global problems
to local ones. Later on we shall demonstrate it in deriving Stokes’ forinula
on & manifold, but here we shall use the partition of unity to clarify the
possibility of realizing any manifold as a surface in R™ of sufficiently high
dimension.

Lemma, One can construct a function f € C°NR,R) on IR such that
f(z)=0for|z| =23, f(z) =1 for|z| <1, and 0 < f(z) < 1 forl < |z| < 3.
Proof. We shall construct one such function using the familiar function

[—1}3:2)
g(z) = ¢ © ot ¢ 0, Previously (see Exercise 2 of Sect. 5.2) we
0 for z=0.

verified that g € C{®)(R,R) by showing that g™(0) = 0 for every value
n € N.
In such a case the nonnegative function

—(z-1)"?  =(=+1)"? ¢ ]
_Je e or |z| <1,
) { 0 for |z| > 1

also belongs to C{*}(R, R), and along with it the function

F(z) = /m G(t) dt / TOG(t)dt

belongs to this class, since F'(z) = G(z) / T G(t) dt.
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The function F is strictly increasing on [—1,1], F(z) =0 for z < —1, and
F(z)=1forz > 1.
We can now take the required function to be

f(z)=F(z+2)+ F(-z-2)—-1. 0O

Remark. If f : R — R is the function constructed in the proof of the lemma,
then the function

B(z,...,z") = f(z' —a')-...- f(z™ ~a™)

defined i B™ is such that # € C{®)}(R™, R), 0 < 8 < 1, at every point z € R",
8(z) = 1 on the interval I(a) = {z € R*||z' —a’| < 1,4=1,...,n}, and the
support supp @ of the function 8 is contained in the interval I(e) = {z € R"|
|zt - af| £3,i=1,...,n}.

Definition 18. Let M be a C*)-manifold and X a subset of M. The system
E = {ea, @ € A} of functions e, € C*V(M,R) is a C¥) partition of unity
on X if

1°0< eq(z) = 1 for every function ¢, € F and every z € M;

29 each point z € X has a neighborhood U(z) in M such that all but 2
finite number of functions of F are identically zero on U(z);
3° Y ex(z)=1o0n X.
€aCE
We remark that by condition 2° only & finite number of terms in this last
sum are nonzero at each point z € X.

Definition 19. Let O = {03, 8 € B} be an open covering of X C M. We
say that the partition of unily E = {es, @ € A} on X is subordinate to the
covering O if the support of each function in the system F is contained in at
least one of the sets of the system O.

Proposition 6. Let {(U;, i), i =1,...,m} be e finite set of charts of some
C®) atlas of the manifold M, whose ranges U;, i = 1,...,m, form a covering
of a compact set K C M. Then there exists a C™) partition of unity on K
subordinale to the covering {U;, i = 1,...,m}.

Proof. Tor any point g € K we first carry out the following construction.
We choose successively a domain U; containing z¢ corresponding to a chart
i : R = U; (or @; : H® = U;), the point £y = 50;1(:1:9) € R™ (or H™),
the function 8(¢ —ty) (where 8(t) is the function shown in the remark to the
lemina), and the restriction 8;, of 8(t — #g) to the parameter domain of ;.
Let Iy, be the intersection of the unit cube centered at £o € R™ with the
parameter domain of @;. Actually 8;, differs from 8(f — ¢9) and Iy, differs
from the corresponding unit cube only when the parameter domain of the
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chart ; is the half-space H™. The open sets @;(I;) constructed at each point
2 € K and the point ¢ = ;' (z), taken for all admissible values of { =
1,2,...,m, form an open covering of the compact set K. Let {w;. (I;),5 =
1,2,...,!} be a finite covering of K extracted from it. It is obvious that

@i, (It ),..C U;,. We define ou U;; the function g;(m) =8, 0 gp;l(m‘). We then
extend §;(x) to the entire manifold M by setting the function equal to zero
outside U;,. We retain the previous notation @:, for this function extended
to M. By construction @; € C)(M,R), suppaj cCU;, 0L é;(m) £~1 on
M, and 0;(z) = 1 on p; (I;;) C Uy,. Then the functions ei(z) = 6,(z),
e2(z) = Op(2)(1 = B1(2)),- .-, &x(z) = Bi(=) - (1 = By ()) - .- (1 - b1(x))
form the required partition of unity. We shall verify only that Zi e;(z) =1
=

on I, since the system of functions {e;,...,e } obviously satisfies the other
conditions required of a partition of unity on K subordinate to the covering
{Uiyy.- Uy} € {Ui, i =1,...,m}. But

l
1= ej() =(1-8i(x))-...-(1 -6 (2)) =0 on K,

i=1

since each point ¢ € K 18 covered by some set @;, (I:,) on which the corre-
sponding function #; is identically equal to 1. 0O

Corollary 1. If M is a compact manifold and A a C*) atlas on M, then
there ezists a finite partition of unity {e1,...,e1} on M subordinate to a
covering of the manifold by the ranges of the charts of A.

Proof. Since M 1s compact, the atlas A can be regarded as finite. We now
have the hypotheses of Proposition 6, if weset ' = M injt. O

Corollary 2. For every compact set K contained in a manifold M and every
open set G C M containing K, there exists a function f : M — R with
smoothness equal to thal of the manifold and such that f(z) =1 on K and
supp f C G.

Proof, Cover each point = € I by a ncighborhood U(z) contained in G and
inside the range of some chart of the manifold M. From the open covering
{U(z), z € K} of the compact set J{ extract a finite covering, and construct a

!
partition of unity {ey,...,¢€:} on K subordinate to it. The function f = }_ ¢;
=1

is the one required. DO

Corollary 3. Every (abstractly defined) compact smooth n-dimensional
manifold M i3 diffeomorphic to some compact smooth surface contained in
RY of sufficiently large dimension N.
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Proof. So as not to complicate the idea of the proof with inessential details,
we carry it out for the case of a compact manifold M without boundary. In
that case there is a finite smooth atlas A = {gp; : I > U;,i=1,...,m} on
M, where I is an open n-dimensional cube in R". We take a slightly smaller
cube I' such that I’ C I and the set {U] = @;(I'), i =1,...,m} still forins
a covering of M. Setting K = I', G = I, and M = R” in Corollary 2, we
construct a function f € C(=)(R™ R) such that f(t) = 1 for { € I' and
supp f C 1.

We now consider the coordinate functions t}(z),. .., {?{z) of the mappings
©; 1. Ur=1I,i=1,...,m, and use them to introduce the following function
on M:

(fop; ')(z) tf(z) for z€Us,
v (z) =
0 for z & U;,
f= 1,y =1,

At every point = € M the rank of the mapping M 5 2 — y(z) =
(s oyl oy ) (@) € BR™™ is maximal and equal to n. Indeed,
if z € Ul, then ] (z) =t € I', foy z) = 1, and y:‘(tp-,(t)) = B,
k=1,...,n

If finally, we consider the mapping M > z ~ Y(z) = (y(2),f o
@1 (T),..., [ 0 gl(z)) € R™™™ setting f o o7 (z) = 0 outside U,
i = 1,...,m, then this mapping, on the one hand will obviously have the
same rank n as the mapping z + y(z); on the other hand it will be demnon-
strably a one-to-one mapping of M onto the image of M in R ™ Let us
verify this last assertion. Let p, ¢ be different points of M. We find a domain
U; from the system {U, i = 1,...,m} covering M that contains the point p.
Then fop; ' (p) = 1. If fop7'(g) <1, then Y(p) # Y{q). If fop; {g) = 1,
then p,g € U;, yf(p) = t*(p), ¥¥(q) = t*(qg), and t£(p) # t¥(q) for at least
one value of k € {1,...,n}. That is, Y(p) # Y(g) in this case. 0

For information on the general Whitney embedding theorem for an ar-
bitrary manifold as a surface in R™ the reader may consult the specialized
geometric literature.

15.2.5 Problems and Exercises

1. Verify that the object (a manifold) introduced by Definition 1 does not change
if we require only that each point £ € M have a neighborhood U(z) C M homeo-
morphic to an open subset of the half-space H™.

2. Show that

a) the manifold GL(n,R) of Example 6 is noncompact and has exactly two
connected components;

b) the manifold SO(n, R) (see Example 7) is connected,;
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¢) the manifold O(n, R) is compact and has exactly two connected eomponents.

3. Let (M, A) and (I‘v‘f A') be manifolds with smooth structures of the same degree
of smoothness C**) on them. The smooth manifolds (M, A) and (M, 4) (smooth
structures) are considered esamarphzc if there exists a C*) mapping f : M = M
having a C™*) inverse = : M — M in the atlases A, A,

a) Show that all structures of the same smoothness on R' are isomorphic.

b) Verify the assertions made in Example 11, and determine whether they con-
tradict a).

c) Show that on the circle 5 (the one-dimensional sphere) any two C°) struc-
tures are isomorphic. We note that this assertion remains valid for spheres of dimen-
sion not larger than 6, but on §7, as Milnor? has shown, there exist nonisomorphic
C®) structures,

4. Let S be a subset of an n-dimensjonal manifold M such that for every point
zo € S there exists a chart = = () of the manifold M whose rauge U contains
%o, and the k-dimensional surface defined by the relations t**! = 0,.,.,t" = ¢
corresponds to the set SN U in the parameter domain t = (¢',...,t") of ¢. In this
case S is called a k-dimensional submanifold of M.

a) Show that a k-dimensional manifold structure naturally arises on S, induced
by the structure of M/ and having the same smoothness as the manifold M.

b) Verify that the k-dimensional surfaces S in R™ are precisely the k-dimensional
submanifolds of B™.

c) Show that under a smooth homeomorphic mapping f : R' — 77 of the line
R! into the torus 72 the image f(R') may be an evervwhere dense subset of T2
aud in that case will not be a one-dimensional submanifold of the torus, although
it will be an abstract one-dimensional manifold.

d) Verify that the extent of the concept “submanifold” does not change if we
consider S C M a k-dimensional submanifold of the n-dimensional manifold M
when there exists a local chart of the manifold M whose range contains zp for
every point Zo € S and some k-dimensional surface of the space R™ corresponds to
the set SN U in the parameter domain of the chart.

5. Let X be a Hausdorfl topological space (manifold) and G the group of homeo-
morphic transformations of X. The group G is a discrete group of iransformations
of X if for every two (possibly equal) points 21,%2 € X there exist neighborhoods

Uz and Us of them respectively, such that the set {g € GIg(U:}ﬂUg # @} is finite.
a) It follows from this that the orbit {g(z) € X|g € G} of every point 2 € X is
discrete, and the stebilizer G- = {g € G| g(z) = 2} of every point 2 € X is finite,

b) Verify that if G is a group of isometries of a metric space, having the two
properties in a), then G is a discrete group of transformations of X.

c) Introduce the natural topological space (manifold) structure on the set X/G
of orbits of the discrete group G.

% J. Milnor (b. 1931) — one of the most outstanding modern American mathemati-
cians; his main works are in algebraic topology and the topology of manifolds.
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d) A closed subset F of the topological space (manifold) X with a discrete
group G of transformations is a fundamente!l domain of the group G if it is the
closure of an open subset of X and the sets g(F), where ¢ € G, have no interior
points in common and form a locally finite covering of X. Show using Examples
8-10 how the quotient space X/G (of orbits) of the group G can be obtained from
F by “gluing” certain boundary points.

6. a) Using the construction of Examples 12 and 13, construct n-dimensional pro-
jective space RP".

b) Show that RIP" is orientable if = is odd and nonorientable if n is even.
c) Verify that the manifolds SO(3,R) and RI® are homeomorphic.

7. Verify that the manifold constructed in Example 14 is indeed homeomorphic to
the Mobius band.

8. a) A Lie group® is a group G endowed with the structure of an analytic manifold
such that the mappings (g1,92) = g1 - g2 and g ~+ g~ ' are analytic mappings of
G X G and G into G. Show that the manifolds in Examples 6 and 7 are Lie groups.

b) A topological group (or continuous group) is a group G endowed with the
structure of a topological space such that the group operations of multiplication
and inversion are continuous as mappings G X G = G, and G — G in the topology
of G. Using the example of the group @ of rational numbers show that not every
topological group is a Lie group.

c) Show that every Lie group is a topological group in the sense of the definition
given in b).

d) It has been proved® that every topological group G that is a manifold is a
Lie group (that is, as a manifold G admits an analytic structure in which the group
becomes a Lie group). Show that cvery group manifold (that is, every Lie group)
is an orientable manifold.

9. A system of subsets of a topological space is locally finite if each point of the
space has a neighborhood intersecting only a finite number of sets in the system,.
In particular, one may speak of a locally finite covering of a space.

A system of sets is said to be a refinement of a second system if every set of
the first system is contained in at least one of the sets of the second system. In
particular it makes sense to speak of one covering of a set being a refinement of
another.

a) Show that every open covering of B™ has a locally finite refinement.

b) Solve problem a) with B™ replaced by an arbitrary manifold M.

¢) Show that there exists a partition of unity on R™ subordinate to any preas-
signed open covering of R".

d) Verify that assertion ¢) remains valid for an arbitrary manifold.

% 8. Lie (1842-1899) - outstanding Norwegian mathematician, creator of the theory
of continuous groups (Lie groups), which is now of fundamental impertance in
geometry, topology, and the mathematical methods of physics; one of the winners
of the International Lobachevskii Prize (awarded in 1897 for his work in applying
group theory to the foundations of geometry).

¢ This is the solution to Hilbert’s fifth problem.



15.3 Differential Forms and Integration on Manifolds 337

15.3 Differential Forms and Integration on Manifolds
15.3.1 The Tangent Space to a Manifold at a Point

We recall that to each smooth path R 5 ¢t — z(t) € R® (a motion in R")
passing through the point &9 = z(ty) € R™ at time £y we have assigned the
instantaneous velocity vector £ = (£1,...,67): £(¢) = £(t) = (&', ...,5™)(¢a).
The set of all such vectors £ attached to the point 25 € R™ is naturally
identified with the arithmetic space R™ and is denoted TRE (or T, (IR")).
In TR, one introduces the same vector operations on elements £ € TR, as
on the corresponding elements of the vector space R™. In this way a vector
space TRY arises, called the tangent space to R™ al the point zq € R™.

Forgetting about motivation and introductory considerations, we can now
say that formally TR, is a pair (zo, R™) consisting of a point zo € R™ and
a copy of the vector space R™ attached to it.

Now let M be a smooth n-dimensional manifold with an atlas A of at
least ) smoothness. We wish to define a tangent vector £ and a tangent
space T M, to the manifold M at a point pg € M.

To do this we use the interpretation of the tangent vector as the instan-
tancous velocity of a motion. We take a smooth path R™ 3 ¢ w23 p(t) € M
on the manifold M passing through the point py = p(ts) € M at time .
The parameters of charts (that is, local coordinates) of thie manifold M will
be denoted by the letter 2 here, with the subscript of the corresponding
chart and a superscript giving the number of the coordinate. Thus, in the pa-
ra.meter doma‘m of each chart (U;, ;) whose range U; contains po, the path
t 2 ot op(t) = 2:(t) € R* (or H™) corresponds to the path . This path
is smooth by definition of the smooth mapping R 3 t —s p(t) € M.

Thus, in the parameter domain of the cha.rt (Ui, i), where ; is & mapping
p = @i(z;), there arises a point @;(t0) = ¢; '(pp) and a vector & = #:(tp) €
TR}, (4,)- In another such chart (Uj, ;) these objects will be respectively the
point z;(fp) = :p}lfpg) and the vector £ = &;(tp) € TRE. z5(to)* 1V 18 natural
to regard these as the coordinate expressions in different charts of what we
would like to call a tangent vector £ to the manifold M at the point pg € M.

Between the coordinates z; and 2; there are smooth mutually inverse
transition mappings

T = p;i(T5) . @ = pig(T) 5 (15.30)
as a result of which the pairs (z:(to), ), (;(t0),&;) turn out to be connected
by the relations

zi(to) = pji(2i(to)) »  z;(te) = wij(z:(to)) , (15.31)
& = gh(zi(to))és . & = oi;(milto)) & - (15.32)
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Equality (15.32) obviously follows from the formulas
&:(t) = @i (2 () E5(8) ,  25(t) = i (mal®))E:(8)
obtained from (15.30) by differentiation.

Definition 1. We shall say that a fangent vector € to the manifold M aof
the point p € M is defined if a vector &; is fixed in each space TR}, tangent
to R™at the point z; corresponding to p in the parameter domain of a chart
(U:, ¢;), where U; 2 p, in such a way that (15.32) holds.

If the elements of the Jacobian matrix ¢}; of the mapping y;; are written
k
out explicitly ag -é-?f,;, we find the following explicit form for the connection
J
between the two coordinate representations of a given vector £:

i (1 6:[:{:
=) ohr,  k=L2..m, (15.33)

where the partial derivatives are computed at the point z; = ¢} (p) corre-
sponding to p.

We denote by TM,, the set of all tangent vectors to the manifold M at
the point p € M.

Definition 2. 1If we introduce & vector-space structure on the set T'M, by
identifying T M, with the corresponding space TRZ (or THY,), that is, the
sum of vectors in T'M,, is regarded as the vector whose coordinate represen-
tation in TRE. (or TH,) corresponds to the sum of the coordinate repre-
sentations of the terms, and multiplication of & vector by a scalar is defined
analogously, the vector space so obtained is usually denoted either TM,, or
TpM, and is called the tangent space to the manifold M at the point p € M.

It can be seen from formulas (15.32) and (15.33) that the vector-space
structure introduced in T°M,, is independent of the choice of individual chart,
that is, Definition 2 is unambiguous in that sense.

Thus we have now defined the tangent space to a manifold. There are
various interpretations of a tangent vector and the tangent space (sce Problem
1). For example, one such interpretation is to identify a tangent vector with
a linear functional. This identification is based on the following observation,
which we make in R”.

Each vector £ € TIRE, is the velocity vector corresponding to some smooth
path = = z(t), that is, £ = &(1)|,_, Wwith zo = z(fo). This makes it possible
to define the derivative D¢ f(zp) of a smooth function f defined on R™ (or in
a neighborhood of 7o) with respect to the vector £ € TR . To be specific,

Def(:sg) = a%-(_f oz)(t)lt‘:tg ’ (15134)
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that is,
Dg f(zo) = f'(z0)€ , (15.35)

where f'(zp) is the tangent mapping to f (the differential of f) at a point
IQ-
The functional D, : C(R™, R) — R assigned to the vector £ € TRE, by
the formulas (15.34) and (15.35) is obviously linear with respect to f. It is
also clear from (15.35) that for a fixed function f the quantity D¢f(zo) is a
linear function of £, that is, the sum of the corresponding linear functionals
corresponds to a sum of vectors, and multiplication of a functional D, by &
number corresponds to multiplying the vector £ by the same number. Thus
there is an isomorphism between the vector space TRE and the vector space
of corresponding linear functionals Dg. It remains only to define the linear
functional D¢ by exhibiting a set of characteristic properties of it, in order
to obtain a new interpretation of the tangent space TR} , which is of course
isomorphic to the previous one.
We remark that, in addition to the linearity indicated above, the func-
tional D¢ possesses the following property: g

De(F +5)(ag) = Def (o) 9(0) + Flzn) » Dealzo) (15.36)

This is the law for differentiating a product.

In differential algebra an additive mapping e + o’ of a ring A satisfying
the relation (a-b)" = a’-b-+a-b is called derivation (more precisely derivation
of the ring A) Thus the functional D; : COY(®™,R) is a derivation of the ring
CUXR",R). But D¢ 15 also linear relative to the vector-space structure of
CO (R, R).

One can verify that a linear functional { : C{*®)(R™ R) — R possessing
the properties

Waf +B9) = al(f) +Blg), «,f€eR, (15.37)
IS - g) = I(f)g(zo) + f(z0)i(g) , (15.38)

has the form D;, where £ € TRZ,. Thus the tangent space TR} to R"
at zg can be interpreted as a vector space of functionals (derivations) on
C(=)(R*, R) satisfying conditions (15.37) and (15.38).

The functions D, f(zo) = 32 f ()], that compute the corresponding
partial derivative of the function f at ap correspond to the basis vectors
€1,...,ey of the space TRZ . Thus, under the functional interpretation of
TR}, one can say that the functionals {z2r,..., g2 }| -, form a basis of
TR® .

If £ = (€,...,€") € TR”., then the operator D; corresponding to the
vector £ has the form D; = £552;.

In a completely analogous manner the tangent vector £ to an n-
dimensional C*) manifold M at a point pyp € M can be interpreted (or
defined) as the element of the space of derivations ! on C(*)(3,R) having
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properties (15.37) and (15.38), zo¢ of course being replaced by pp in rela-
tion (15.38), so that the functional ! is connected with precisely the point
po € M. Such a definition of the tangent vector £ and the tangent space
TM,, does not formally require the invocation of any local coordinates, and
in that sense it is obviously invariant. In coord.matm (:z: = ,:1:"') of a local
chart (U;, ;) the operator ! has the form £} a;; + e+ am“ = Dg,. The

numbers (€L, . ..,£7) are naturally called the coordinates of the tangent vector
! € TM,, in coordinates of the chart (U;, ;). By the laws of differentiation,
the coordinate representations of the same functional ! € TM,, in the charts
(Ui, i), (Uj, p;) are connected by the relations

2 B = .. 0 & Az %] 3
Y= o= (X et )ag  (15)

k=1 L m=1 J k=1

which of course duplicate (15.33).

15.3.2 Differential Forms on a Manifold

Let us now consider the space 7" M, conjugate to the tangent space TM,,
that is, T* M, is the space of real-valued linear functionals on TMp,.

Definition 3. The space T*M,, conjugate to the tangent space TM}, to the
manifold M at the point p € M is called the cotangent space to M at p.

If the manifold M is a C®) manifold, f € C©)(M,R), and I is
the derivation corresponding to the vector £ € T My, then for a fixed
f € C'*)(M,R) the mapping £ ~» ¢/ will obviously be an element of the
space T* Mp,. In the case M = R™ we obtain £ =+ D¢ f(p) = f'(p)£, so that the
resulting mapping £ +» lcf is naturally called the differential of the function
f at p, and is denoted by the usual symbol df(p).

If TIR“..II ) (or TH;_1 @ when p € M) is the space corresponding to
the tangent space T'M,, in the chart (Us, ) on the manifold M, it is natural
to regard the space T*R"-l (2) conjugate to TRJ 1 [p) ag the representative of
the space T* M,, in this local chart. In coordmates (zL,...,zR) of a local chart
(Ua; @a) the dual basis {dz',...,dz"} in the cDﬂjugate space corresponds to
the basis {’&S};’ o4 Bam } of T’]E“_1( ; (or TH““@) if p € 8M). We recall that
dz*(€) = €', so that dz'(z2;) = 6i. The expressions for these dual bases in

"
another chart (Us, @) may turn out to be not so simple, for 32: = 92 0

a4 p O O’
dz}, = a—:_,:da:fg.

Definition 4. We say that a differential form w™ of degree m is defined on
an n-dimensional manifold M if a skew-symmetric form w™(p) : (TM,)™ —
R is defined on each tangent space T M, to M, p &€ M.
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In practice this means only that a corresponding m-form we(zs), where
ZTo = @5 (p), is defined on each space fITIlli:_,1 @) {or TH;‘, 1 (p}) corresponding
to TMy in the chart (U,, o) of the manifold M. The fact that two such
forms w, () and wg(zg) are representatives of the same form w(p) can be
expressed by the relation

wa(-rn) ((El)cn wmey (gm)n') = wﬁ(mﬁ) ((61)}31 sany ('Em)ﬁ) ) (15'39)

in which z, and zg are the representatives of the point p € M, and

(€1)as-- 1 (Em)a and (€1)p,...,(&n)ps are the coordinate representations of

the vectors &y, ...,&n € T'M, in the charts (Us, pa), (Us, pg) respectively.
In more formal notation this means that

Ta = ppa(Ts) ,  Tp = pep(Ta), (15.31")
o = ‘P;;aa('rﬁ)gﬁ ’ €8 = ‘P;ﬁ'(za)‘fa ) (15.32')

where, as usual, @g, and pas are respectively the functions ;! o pg and
tp;g.l © g for the coordinate transitions, and the tangent mappings to them
P8a = (PBa)s, Pog = (Pap)« Provide an isomorphism of the tangeut spaces
to B™ (or H™) at the corresponding points z, and zg. As stated in Subsect.
15.1.3, the adjoint mappings (¢j,)* = @h, and (p,5)" =: Yoz Provide the
transfer of the forms, and the relation (15.39) neans precisely that

Wa(Za) = ‘P;ﬁ(xa)wﬁ(zﬁ) ) (15.39°)

where a and J are indices (which can be interchanged).

The matrix (¢!) of the mapping Pnpl@a) is known: () = (g;g’-)(ﬂ?a).
Thus, if

WolTa) = > @iy, i, dTE A AdTip (15.40)
1<i; € i S

and
we(ze) = Y, bjie dTh Ao Adzp”, (15.41)
1< <o <im SR

then according to Example 7 of Sect. 15.1 we find that

Y it drit Aeee A dain =
1<8) <o Cim S
> 05 25)
= T1seedm i T
lq‘:il,{.,.{iméﬂ 8(3(}' pean ,:Ba )
12j1 < jmZn

(To)dz A+ Adzi (15.42)

where £ , a8 always, denotes the determinant of the matrix of corresponding

partial derivatives.
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Thus different coordinate expressions for the same form w can be ob-
tained from each other by direct substitution of the variables (expanding the
corresponding differentials of the coordinates followed by algebraic transfor-
mations in accordance with the laws of exterior products).

If we agree to regard the form w, as the transfer of a form « defined on
a manifold to the parameter domain of the chart (U, @a), it is natural to
write wy = hw and consider that w, = ¢, 0 ((pgl)"wﬁ = phpws, Where the
1)*

composition ¢, o {(@g~)" in this case plays the role of a formal elaboration of

the mapping ¢, = (wgl 0 pa)*.

Definition 5. A differential m-form « on an n-dimensional manifold M is
a C%) form if the coefficients a;, ;_(Zq) of its coordinate representation

Wa = Pa = E @iy..im (Ta) ATg A<+ Adz
1<i <o iy S

are ') functions in every chart (Uy,@a) of an atlas that defines a smooth
structure on M.

It is clear from (15.42) that Definition 5 is unambiguous if the manifold
M itself is a C*+1) manifold, for example if M is a €(°°) manifold.

For differential forms defined on a manifold the operations of addition,
multiplication by a scalar, and exterior multiplication are naturally defined
pointwise. (In particular, multiplication by a function f: M — R, which by
definition is regarded as a form of degree zero, is defined.) The first two of
these operations turn the set 27* of m-forms of class C'*) on M into a vector
space. In the case & = oo this vector space is usually denoted 2™. It is clear
that exterior multiplication of forms w™ € Q' and w™ € Q* yields &
form w™Hm2 = ™1 A ™ € QTR

15.3.3 The Exterior Derivative

Definition 6. The ezterior differential is the linear operator d : 2} —
27 possessing the following properties:

1% On every function f € £2) the differential d : 20 — 2}_; equals the
usual differential df of this function.

20 d: (W™ Aw™) = dw™ Aw™? +(—1)™w™ Adw™2, where w™ € 27
and w™ € 272,

30d%?:=dod=0.

This last equality means that d(dw) is zero for every form w.

Requirement 3° thus presumes that we are talking about forms whose
sinoothness is at least C'(®),

In practice this means that we are considering a C(*®) manifold M and
the operator d mapping 2™ to 2™M*1,
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A formula for computing the operator d in local coordinates of a specific
chart (and at the same time the uniqueness of the operator d) follows from
the relation

d( Z Ciy iy (T) dz™ A+ A d:ci'“) B
IS < <KimSn
= ) dey (@) AdZ? A Adain4 (15.43)

14 <o iy

‘|‘( E Cigureim d(cla:"l /\---Ad.’l:i"‘) =0) .

1<) oo i <12

The existence of the operator d now follows from the fact that the operator
defined by (15.43) in a local coordinate system satisfies conditions 1°, 2°, and
39 of Definition 6.

It follows in particular fromn what has been said that if w, = hw and
wp = @pw are the coordinate representations of the same form w, that is,
Wa = PagWs, then dwy and dwg will also be the coordinate representations
of the same form (dw), that is, dwa = ¢} zdwg. Thus the relation d(pj sws) =
pap(dwg) holds, which in abstract form asserts the commutativity

de" = ¢*d i _(]_544)

of the operator d and the operation ¢* that transfers forms.

15.3.4 The Integral of a Form over a Manifold

Definition 7. Let M be an n-dimensional smooth oriented manifold on
which the coordinates z',...,z" and the orientation are defined by a sin-
gle chart @, : D, — M with parameter domain D, C R™. Then

fw = /a[a:) dz' A---Ada™, (15.45)
M D,

where the left-hand side is the usual integral of the form w over the oriented
manifold M and the right-hand side is the integral of the function f(z) over
the domain D,.

If g, : Dy — M is another atlas of M consisting of a single chart defining
the same orientation on M as ¢, : D, —+ M, then the Jacobian det ¢/(t) of
the function = (t) of the coordinate change is everywhere positive in D;.
‘The form

¢ (a{z)dz? A+ Adz™) = a(z(t)) det ' (§)dt' A--- AdE”

in D, corresponds to the form w. By the theorem on change of variables in a
multiple integral we have the equality
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[a@ st --ao"= [ alav) devp(t)att - a,

Da Dy

which shows that the left-hand side of (15.45) is independent of the coordinate
system chosen in M.
Thus, Definition 7 is unambiguous.

Definition 8. The support of a form w defined on a manifold M is the
closure of the set of points z € M where w(z) s 0.

The support of a form w is denoted by suppw. In the case of O-forms, that
is, functions, we have already encountered this concept. Outside the support
the coordinate representation of the form in any local coordinate system is
the zero form of the corresponding degree.

Definition 9. A form w defined on a manifold M is of compact support if
suppw is a compact subset of M.

Definition 10. Let w be a form of degree n and compact support on an n-
dimensional smooth manifold M oriented by the atlas A. Let ¢; : D; — U;,
{(Uiy,), i = 1,...,m} be a finite set of charts of the atlas A whose ranges
Uty. .., Um cover suppw, and let €y, . .., ex be a partition of unity subordinate
to that covering on suppw. Repeating some charts several times if necessary,
we can assume that m = &, and that suppe; C U, i=1,...,m.

The integral of a form w of compact support over the oriented manifold

M is the quantity
fw ——Z-/.!p: (ew) , (15.46)

Su—lD

wlere ¢f(e;w) is the coordinate representation of the form eiw| in the
domain D; of variation of the coordinates of the corresponding local chart.

Let us prove that this definition is unambiguous.

Proof. Let A= {p;: D; = U; 7} be a second atlas defining the same smooth
structure and orientation on M as the atlas A, let Uh,..., Uz be the cor-
responding covering of suppw, and let &,...,€x a partitiou of unity on
suppw subordinate to this covering. We introduce the functions fi; = e;€;,
i=l,...,m,j = 1,...,?‘%, and weset.w,-_,- = ﬁjw,

We remark that suppwy; € Wi = Ui N f{,.-. From this and from the fact
that Definition 7 of the integral over an oriented manifold given by a single
chart is unambiguous it follows that

[ewn= [ = [ &w)=[Fws.

B; 7 (Wig) &7 H{Wiy) D,
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Summing these equalities on ¢ from 1 to m and on j from 1 to i, taking

m m

account of the relation )’ fi; =€, > fi; = e:, we find the identities we are
i=1 J=1

jnterested int. 0O

15.3.5 Stokes’ Formula

Theorem. Let M be an oriented smooth n-dimensional manifold and w a
smooth differential form of degree n — 1 and compact support on M. Then

f i f &, (15.47)
aM M

where the orientalion of the boundary OM of the manifold M is induced by
the orientation of the manifold M. If M = &, then [ dw =10
M

Proof. Without loss of generality we may assume that the domains of vari-
ation of the coordinates (parameters) of all local charts of the manifold M
are either the open cube I = {z e R*|0 < 2’ < 1,i=1,...,n}, or the cube
I={z €R"|0<a’ <1A0<2® <1,i=1,...,n} with one (definite!) face
adjoined to the cube I.

By the partition of unity the assertion of the theorem reduces to the
case when suppw is contained in the range U of a single chart of the form
@w: ] s Uor¢:I— U.In the coordinates of this chart the form  has the
form

n -~
N=Zﬂpi(ﬂ:)dﬂ:l A---Adz' A---Ada™,
i=1

where the frown —, a3 usual, means that the correspondiug factor is omitted.
By the linearity of the integral, it suffices to prove the assertion for one
term of the sum:

wi; =agz)dz' A---Adzf Ao Ada™ . (15.48)
The differential of such a form is the n-form
g ()1 2% 22 (x)da A+ Ada™ (15.49)

For a chart of the form ¢ : I — U both integrals in (15.47) of the cor-
responding forms (15.48) and (15.49) are zero: the first because suppa; C I
and the second for the same reason, if we take into account Fubini’s theorem

1

and the relation [ 8% da* = a;(1) —0;(0) = 0. This arguinent also covers the
0

case when OM = @.
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Thus it remains to verify (15.47) for a chart ¢ : [ — U.
If i > 1, both integrals are also zero for such a chart, which follows from

the reasoning given above.
And if 2 =1, then

fw1=/w1= aal(m)d_rl " =

M U I
1

[ ([

0

/---]al(l,m,--~,m“)d:r2-~-dm“=fw1= /w;.
0 0

eu .M

I

Thus formula (15.47) is proved for n > 1.

The case n = 1 is merely the Newton-Leibniz formula (the fundamental
theorem of calculus), if we agsume that the endpoints & and 3 of the oriented
interval [a, §] are denoted &~ and B, and the integral of a O-form g(z) over
such an oriented point is equal to —g(e) and +g(fF) respectively. O

We now make some remarks on this theorem.

Remark 1. Nothing is said in the statement of the theorem about the smooth-
ness of the manifold M and the form w. In such cases one usually assumes
thiat each of them is (), It is clear from the proof of the theorem, however,
that formula (15.47) is also true for forms of class C'? on a manifold M
admitting a form of this smootliness.

Remark 2. 1t is also clear from the proof of the theorem, as in fact it was
already from the formula (15.47), that if suppw is a compact set contained

strictly inside M, that is, suppw N @M = @, then [ dw =0.
M

Remark 3. If M is a compact manifold, then for every form «w on M the
support suppw, being & closed subset of the compact set M, is compact.
Consequently in this case every form w on M is of compact support and Eq.
(15.47) holds. In particular, if M is a compact manifold without boundary,
then the equality [ dw = 0 holds for every smooth form on M,

M

Remark 4. For arbitrary forms w (not of compact support) on a manifold
that is not itself compact, formula (15.47) is in genelal not true.

Let us consider, for example, the form w = _IE%Q_ in a circular annulus

M = {(z,y) IREII < z% + y? < 2}, endowed with standard Cartesian
coordinates. In this case M is a compact two-dimensional oriented manifold,



